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Abstract
The optimal conditions of mean reversion speed for log-return of a stock is
derived and approximate solutions are obtained. A value of a derivative under
the initial measure is compared with the value under minimum variance
measure. Moreover, the results provide an efficient way to simulate an
underlying asset so that more accurate sensitivity analysis can be performed.

Introduction

It is not too much to say that pricing, hedging and synthesizing of an asset are
everything in financial market. Specially, trader or risk manager lay emphasis on
hedging and synthesizing of their positions. These days many assets traded in over-the-
counter market are customized and hybrid so that there are hardly closed-form formulae
for pricing and hedging. Usual ways to handle such an asset are numerical methods like
trees, partial differential equations and simulations. It seems that Monte Carlo
simulations are more extensively used than the other two methods even though each
method has both advantages and disadvantages in stability as well as efficiency. To
pursue efficiency in calculating Greeks using Monte Carlo simulation, one can recycle
the random numbers which are already occurred to price the value. However for such a
case, the Greeks may be underestimated than as used to be. Or one can generate random
numbers one more time to value the position fully even though it is costly. In this case a
Greek like delta can have the opposite sign which means that a hedger should have their
position clear and make a new opposite position. This problem has been worse in
according to the number of underlying assets increased and the structure of payoffs
complicated. Indeed this situation can happen in real financial market.

The aim of this article is to provide a technical method to reduce potential trade-off
between stability and efficiency when Monte Carlo simulations are used in delta



hedging. The basic idea accomplishing the goal is to determine a control variable
minimizing the Radon-Nikodym derivative which measures the sensitivity of two
measures. This is in line with selecting an optimal measure from a class of probability
measure by perturbing the initial measure in incomplete markets as in Rouge and El
Karaoui (2000). Schellhorn (2004) applied the same idea for an interest rate whose
dynamic follows Ornstein-Uhlenbeck process. Linearity of OU process allows the
analytic tractability easy. However such a process is not appropriate for stocks, so we
try to extend the method with the stock which is governed by a lognormal process.

One advantage of our model is that stochastic control problem is transformed into a
system of ordinary differential equations which make implementation of the target
measure possible. (Here the initial measure is used to price the value of an derivative
and the target measure is for Greeks calculation.)

The rest of the paper is organized as follows. Section 2 sets up optimization problem
and solves two kinds of variance minimization problem. Section 4 presents numerical
results, and section 4 concludes.

Model

Let (Q, F, P') be the complete filtered probability space and W' a supported
Brownian motion. It is assumed that the dynamic of a stock price process is initially a
lognormal process

*

dSSj = rdt + odW,' (1)

t

where r is a constant risk-free interest rate and o a constant volatility of the stock

returns. The scaled stock price denominated by the current price, S, =S, /S,, follows

the same process as (1) but S, is normalized i.e., S, =1. The terminal measure P’

supports a Brownian motion W' and dwW ' is perturbed from the initial Brownian
motion by al(t)logs, /o, i.e.,

a(t)logS

dw,” = dw,' + gt )

(o)
where a(t) is a time-varying but deterministic function. It is noted that the terminal

variance of the state variable S, is the same as the initial one of the state variable S; .

Under the new measure P', the dynamic of stock price process is



oS, _ (r—a(t)logs, )dt + odw,’ A3)

t
and Ito’s lemma shows that log returns of stock are mean reversion process below,

dlogs, :(r—%az _a(t)log Stjdt+athT @)

so that a(t) represents a mean reversion speed of stock’s log return. Once al(t) is
specified, the terminal measure P’ is completely determined. When a(t):O, the
SDE (4) is the same as the dynamic of the log return under the initial measure. Since the
terminal measure is stochastically changed from the initial measure by (2), the Radon-
Nikodym derivative also moves stochastically and the second moment is calculated in
the Lemma below.

Lemma 2.1: Let &(T) be the Radon-Nikodym derivative of the terminal measure with
respect to the initial measure at time horizon T, i.e.,

dP’
)= -
Then the second moment is given by
e ]-ef [ o a0~ 300+ 10+ ot Ja ®
where
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dz_ft) = 2a(t)g(t)+ (07 + 20) () 207 £ (D)g ). ™
f(T)=g(T)=0

Proof : see Appendix.

Lemma shows the Radon-Nikodym derivative is an exponential function satisfying a
system of ordinary differential equations. A Riccardi equation (6) can not be analytically
solvable unless a(t) is a constant. The next theorem provides one way to select control
variable a(t) minimizing variance of the Radon-Nikodym derivative over the whole
time interval. The average variance constraint problem is set up to solve as follows;

for some constant M ,,



mpe ey ®

s.t. ET [J: (Iog S, )2dt} <M,, 9)
dSSt =(r—al(t)log$, )dt +cdW,", (10)
t
s, =1.

Theorem 2.1 : The solution a(t) of average variance constraint problem is given by
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a(t)= 20/11 (42, 1)+ 211,9(t) - p1,¥(t)) (11)

where f(t),g(t) are given by (6)-(7) and v, 4, u, and u, solve the following
boundary value problem: for some value A >0,

)
[ vitdt<m,,

) att(e)+ o, v0)=0, (12
d‘élt(‘) = o” —a4p (D) o” ()¢ wtNeo’0)-2r +0°)  m(T)=0, (13)
%(t) - [r 57 —Uzg(t))‘ 20, (t)a(t) - o (1)) ue(T)=0, (14)
dﬂd;t(t) _ 2+ 2a(t)mt) w(T)=0.  (15)

Proof: It is enough to show that a(t) satisfying (8) minimizes logE' [zj(T)zJ instead
of (5) under the same constraints. Let A be an Lagrange multiplier of inequality
constraint (9) and v(t)= ETl(Iog S, )2J Solving the SDE (10), logS, is a Gaussian

process below,
log$, = exp(— J'Ot a(u )duj{ J'; eprOu a(s)ds)[r — %02 jdu + jot eprOu a(s)dsjodw ! (s)} :

The dynamic of the second moment of logarithm of S, is



d\égt) _dET [(I;th s,)] _ %(exp(— 2](: a(u )du)j;texp(Z jou a(s)ds)duj
= _2a(t)v(t)+ o

Applying Pontryagin Maximum Principle (see Intriligator 2002) to the equivalent
maximization problem, Hamiltonian becomes

r 1 1 df (t dg(t dv(t

=0 Lot)-Lal)s 1)+ 5070 ) L, B0, )

so that the solution of Hamiltonian equation oH(t)/da=0 is given by the formula
(11) and conditions (12)-(15) also follow. O3

While Theorem 2.1 has an advantage that a stochastic control problem is changed into a
system of ordinary differential equations, it states only a necessary condition since the
Hessian of the minimized Hamiltonian is not positive-definite. So the solution described
in Theorem 2.1 is a suboptimal solution. It is worthy to mention that it has a problem to
implement a(t) since the initial condition for v(t) is given while all other equations
start with terminal conditions. So start any value for v(T) and find v(0) finally. If
v(0) is not 0, it needs to adjust v(T) and iterate the procedure. The next proposition
finds another suboptimal solution which approximates the variance Var'[£(T)]. It is
possible that all terms multiplied by f(t) or g(t) in (6) and (7) turn out to be small
when the variance of £(T) is small.

Proposition 2.1: Suppose that

>20‘2 (t)-(2r+o?
(1) aft)> "2 29((0 )

) alt)> 20°(21(T 1)+ Zg(T 0 T

f(t) and

Then the variance has an upper bound below
Var' [¢3(T)|<Var! |£3(T)]
where

Var,, HoE eprOT ow(t )dt) -1 (16)



dw(t) a(t)’ 17)

w(0)=0. (18)

Proof: Condition (1) guarantees that g'(t)>0 forall t by (7). Since g(T)=0 atthe
terminal time, g(t)<0 on the whole time interval so that

0

min E'le2()< rg(!? exp(J‘Taz(—%g(tﬁ f(t)Jr%g(t)2 jdtj.
Hence it suffices to show that
T L 1 1 2 T 2
exp[ [ [—Eg(t)+ f(0)+ 3 () jdtJ <onp( [ o*alth). (19)

Let x(t)=a(T —t)*/o? and y(t)=-g(T —t)/2+ f(T —t)+ g(T —t)*/2. Then

dt
B E (o)) = LT 1)~ (T ~t)g(T 1) £/ 1)
_ [a(T 00T 1)+ @r+o? (T —t)}
_2g(T —t)[a(T ~t)g(T —t)+%(2r +o?)f(T —t)}

+ £(T —t)-4a(T —t)- o2g(T —t)+ 202g(T —t)+ 22 (T —t)]+ x(t)
< x(t)
_ dw(t)

dt

The inequality step follows since the first three terms are negative by hypotheses (1)
and (2). Since y(0)= z(0), Sturm Comparison Theorem says that

[[ o*y(that < [ o*wit)t.

which asserts (19). O

Using integration by parts, (16) in Proposition 2.1 can be restated below:

var! [2(T))= exp( [ (T -ty dt) 1 (20)



Corollary 2.1 The approximated average variance constraint problem has the solution
as follows:

T-t

) M)

where v(t), u,(t) satisfy (12), (15), respectively.

Proof: Applying Pontryagin Maximum Principle to minimizing of the equation (20)
once again, the result is obtained. [

Instead of minimizing average variance on the whole time interval, the variance at
terminal time can be minimized as follows;

min E'|&(T )]

a(t)

s.t. ETl(Iog S; )ZJS Y/

dSSt =(r—a(t)log$, )dt + odW,"
t

S, =1.

The solution of this problem is similar with the one in Theorem 2.1. In this case the
terminal variance condition is specifically given.

The analog of Theorem 2.1 for terminal variance constraint problem is

Theorem 2.2 A necessary condition for terminal variance constraint problem is

2
o

a(t) = 2_’%(4#1 f (t)+ Zﬂzg(t)_ ,usv(t))

where f(t),g(t) are given by (6)-(7) and v, s, x, and u, solve the following

boundary value problems:

M) afth(e)+ o, vT)=M, (1)



) _ o2 4y falt)- o @)+ e O2o?0(0)-2r 102} selT)=0

dt
W)+ -20% - gl 210 0halt)- o 1) w(T)=0,
90 _ ) 1) (T)=0.

Solving terminal variance constraint problem is easier than solving average variance
constraint problem since Lagrangian multiplier A disappears. Since the control
parameter a is a constant for terminal variance constraint problem, (6) and (7) will be
explicitly solved so that Radon-Nikodym derivative given by (2) is specifically
calculated.

Corollary 2.2 The terminal variance constraint problem has the solution as follows:

Proof : Terminal value of the solution of Equation (21) has the upper bound

v(T):%Z(l—e‘zaT)s%z.

Hence the minimum is attained when v(T)=M,. O

Since the control variable a(t) is chosen for each constraint problem, the terminal

measure PT and Radon-Nikodym derivative are completely determined so that pricing
of derivatives is possible as in theorem next.

Theorem 2.3 Under the measure P, the price of a derivative whose payoff V(T) at
T is

V(0)=E’ E(:)V(T )} 22)

where &(T) is a Radon-Nikydym derivative defined by (5).
Proof : Let @(t)=—a(t)logS, /o be a market price of risk. Since the drift and diffusion

of (3) is adapted to the filtration, Girsanov theorem shows that Z(TN(T) is a
martingale where



z(T)= exp(— J'OT O(s)dw, - Jj (r + %49(3)2 jds] : (23)

Then the price of the derivative is

v<o>=ET[z<T>«<T>]=E{e v(ﬂ] @

. Application to Greeks

Conclusion

This article is mainly contributed to show that the variance of the Radon-Nikodym
derivative is the exponential of the time-integral of the solution of a system of ordinary
differential equations. Average variance constraint problem and terminal variance
constraint problem are solved. Using the control variables which are solutions of
minimization problems, Greeks can be efficiently calculated without generating random
numbers twice. However it is unfortunate that the solutions satisfy only a necessary
condition so are suboptimal.
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Appendix
Proof of Lemma

Define a new measure P“ so that the process defined below becomes a new
Brownian motion under this measure,

a(t)logS

AWM = dw, + Lt
(e

Note that Radon-Nykodym derivatives between these measures are

T 2
L p( [ elons gy _1 1 aless, dt],
dP 0 o 2o o

and
dP’ ra(t)logs, .., u log S,
dP—M:eXp[_L%dW e dt]
so that
ez gm|[ AP’ * dp' _ dP™ dP’
E'le2(T)=E [[WJ dP—M}E {dP o } " [expu (t)dtﬂ.
where

o

x(t) = (it)log StT.

By Ito’s lemma, the dynamics of new scaled process above is

axt) = *Q10gs et + 220 L jogs ds,
o o S

t

:(a(t)z+(2r—o-2)@\/x_(tj+(2:(t()) 4a()j jdt+2a () xE)aw," .

O
Integration by parts shows that
[ = x(u)exp( [ ' x(s)ds)du —1- exp(J'uT x(s)ds) .
Taking a conditional expectation up to tunder P and defining h(x,t) as

M T :
E, [exp( J.t x(s)dsﬂ , we have an equation as follows:



(x(t)t)= " [0(T) T [ B [an(x(s).s)]

A trial function is defined by

h(x(t)t) = exp(A(z) + B(z Wx(t) + C(e)x(t)),

A system of simultaneous ordinary differential equation is derived below

A'(r)+(r _"_zj@ 5(c) +altf ofe) + 2 gey =0,

2 | o

—e(e)+ 2U B 2a)B(0) + [__ j a()C(c)+ 2t Br)C(r) = 0
(o) (ZT(:)) _ 4a(t)JC(r)+ 2alt P C(e)f =0.

Terminal conditions are  A(0) = B(0)=C(0)=0.

It is hardly to have a closed form solution since a(t) is a time-varying function. By
changing variables as f(t)=a(t)’C(z)/c® and g(t)=a(t)B(z)/ o, a simpler system
of ordinary differential equations is followed:

f'(t):—%22+4a(t)f(t)—202f(r)2, f(T)=

g'(t)=2a(t)g(t) + (2r + o) () - 20f (o(t),  9(T)=

Since A(0)=0,

0
0.

AT)= [l o L) Sa0)+ 10+ 2ol |

Using x(0)=1logS, =0 and E'[£?(T)|=h(x(0),0)=exp(A(T)), the result is held.0I
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