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Abstract

In this paper we consider general consumption, portfolio and retirement optimization
problems in which a working investor has liquidity constraints. Closed-form solutions are
obtained for the utility maximization problems and numerical procedures are given for
the general utility function under the liquidity constraints. The numerical results for a
special utility function, for example, the constant relative risk aversion(CRRA) utility
function, suggest that the restriction to borrow future income makes the investor retire

in a lower critical wealth level than in the case of no liquidity constraints.
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1 Introduction

The optimal consumption and portfolio choice problems have been developed in various

strands and under the rational constraints. There were many literature about the optimal
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consumption and portfolio selection problem in continuous time after Merton [14, 15]. (See
[4], [9] and [10] etc.) Nowadays the voluntary retirement is considered importantly and the
financial market might enable this voluntary retirement. (See [5] and [6].) This problem
can be mathematically formulated under the framework of Karatzas and Wang [12].

In this paper, we consider general optimization problems in which an infinitely-lived
working investor who has liquidity constraints can choose her retirement time. During the
period the investor works, she receives a labor income and has disutility which indicates a
degree of repugnance about labor. The liquidity constraints mean that the investor should
hold nonnegative wealth in the financial market. In other words, she cannot borrow her
money from her future labor income. So the liquidity constraints restrict the investment
and the consumption of the investor. Since the labor income is nontradable, in general, this
liquidity constraints are more realistic. For computational convenience, only two assets
are considered, which are a risky asset and a riskless asset. This assumption makes the
value function and the optimal policies be expressed explicitly though the utility function
is general. So we also give the numerical procedures for the general utility function under
the liquidity constraints.

There are some results on similar issues. Choi and Shim [2] solved a general optimal
consumption and portfolio problem with labor income, disutility and the voluntary retire-
ment, but they didn’t consider the liquidity constraints. (We will consider this model as
the benchmark model.) Farhi and Panageas [6] considered not only the voluntary retire-
ment but also the liquidity constraints but they did not think about the case of general
utility. The voluntary retirement was also considered in [2], [3] and [5].

The numerical results suggest that the liquidity constraints which prevent borrowing
against future income make the investor retire in a lower critical wealth level than in
the case of no liquidity constraints. We show the results with the constant relative risk
aversion(CRRA) utility function in Section 5. In that section, it can be also shown that
there is a jump in portfolio at the retirement time wealth level.

The structure of the paper is as follows. In Section 2, the financial market setup is
discussed. In Section 3, we consider the utility maximization problem with the liquidity
constraints. The optimal policies of our problem are given in Section 4. In Section 5,
CRRA utility functions are applied to the solutions derived in Section 4 and there are

some numerical results. The concluding remarks are given in Section 6.
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2 The Financial Market Setup

We assume that there are two assets which are one riskless asset with constant interest
rate r > 0 and one risky asset S; satisfying the following stochastic differential equa-
tion(SDE) dS;/S; = pdt + odBy, Sy > 0, where p and o are positive constants and By is
a standard Brownian motion on suitable probability space (€, F,P), where {F}32, is the
augmentation of the filtration generated by B; and P is the probability measure on F.
(See Section 1.7 of Karatzas and Shreve [11] for the detailed mathematical construction
in the infinite horizon setting.)

We define the market-price-of-risk, the discount process, the exponential martingale

and the state-price-density process, respectively, as

— 1
0 £ H T, Ct £ exp{—rt}, Zt £ exp {—HBt — 592t} and Ht £ CtZt-
g
£

We also define an equivalent martingale measure as P(A) E[Z714], for any given
fixed T > 0 and any A € Fp. Then the Girsanov theorem gives that the new process
Et £ B, + 0t, for 0 <t < T, is a standard Brownian motion under the new measure P.
Let ¢; be an F;-progressively measurable consumption process ¢; : Q x RT — R¥ with
fooo csds < oo, almost surely(a.s.) and m; be an Fi-progressively measurable portfolio
process 7 : 0 x R — R with [~ 72ds < oo, a.s.
Let 7 be an F-stopping time considered as the retirement time and X; be the wealth

process with the initial endowment Xy = > 0. Then for the given consumption process

¢¢ and portfolio process 7, X; evolves
dXt = [T‘Xt + Wt(u — T) — ¢+ 61{0§t<‘r}} dt + FtUdBt (21)

= [T‘Xt — ¢+ 61{0§t<7}} dt + Wtddgt, (22)

where € is a constant labor income before retirement time 7. Then the pair (¢, 7) is called
admissible if X; > 0 for all 0 < t < 7. Since the investor cannot borrow future income

the wealth level should always be nonnegative, that is,
X; >0, forallt>0. (2.3)

This assumption (2.3) is called the liquidity constraint(or the borrowing constraint).
By multiplying the discount process ¢; on both sides to the wealth process (2.2) and

integrating from 0 to ¢ for 0 <t < 7, we have

t t t
GXy + / (scsds = x + / (seds + / (sms0dBs. (2.4)
0 0 0
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For an admissible pair (¢, 7) before the retirement time 7, the third term on the right-hand
side of (2.4) is a continuous local martingale bounded below and hence a supermartingale

under the new measure P by Fatou’s lemma. Then the optional sampling theorem gives
E [CTXT + /T Cocsds — /T Cseds] <z, foralTes,
0 0
where S denotes the set of all F-stopping time 7’s and consequently the Bayes rule gives
E [HTXT + /T Hycods — /T Hseds} <z, forallTes. (2.5)
0 0

To guarantee the existence of a optimal portfolio process, the wealth process X; should

have the form of

X, = iIE [CTXT —|—/ Cs(es —€)ds
Z ¢

7

1 T
=—F {HTXT—F/ Hy(cs — €)ds
H, '

ft}, forall0 <t <.

(See the proof of Lemma 6.3 of Karatzas and Wang [12].) So the liquidity constraint (2.3)
implies

E [/ Hscsds—l—HTXT—/ Hgeds
t t

ft} >0, forall0<t<T. (2.6)

(See He and Pages [7] and Farhi and Panageas [6].)

3 The Optimization Problem

We now define a general utility function.

Definition 3.1. A function u : (0,00) — R is a utility function if it is strictly increasing,

strictly concave, continuously differentiable and satisfying

u'(04) = lig)lu/(c) =00, u'(x)2 liTm u'(c) = 0.

With an admissible plan (¢, 7) and an initial endowment z, the immortal investor’s

expected discounted utility is given by

J(z;e,m,7) 2 E {/ e Bt {u(ct) — ll{ogt<r}} dt|, (3.1)
0

where 5 > 0 is a subjective discount factor which contains moral hazard rate and [ > 0 is a
constant disutility which comes from labor. Let A(z) be the admissible class of the triple
(c,m,7) which makes (3.1) well-defined. i.e., E[[ e P (u(c;) — I1p<tary)~dt] < oo,

where =~ £ max(—u,0).
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Problem For the given initial endowment x and the utility function u(-) in Definition
3.1, the main problem is to find the value function defined by
V(z)= sup J(z;¢,m,71)
(e,m,T)EA

= sup E[/ e Pu(ey) = 1}dt + e PU(X,)| (3.2)
(e,m,T)EA 0

subject to the liquidity constraint (2.6) and the budget constraint (2.5).

Lemma 3.1. The value function U(-) in the equation (3.2) is given by

) 2(A*)n+ )/”* 211 (z) —u(Il(z))dZ

C02(ny —n_ Zn+tl

2(\*¥)n- /:)‘ 2l (z) —u(l (Z))dz + (), (33)

C 2(ny —n_) Zn-t1
where § > 0 is an arbitrary constant, I1(-) is the inverse function of v'(-) and \** is

determined by the following algebraic equation

on (A )+ —1 /A** 21 (2) — u(I1(2))

— d
02(ny —n_) Zn+tl :

on_ (A==t A7 20(2) — u(l1(2))
dz = 3.4
+ 02(n, —n_) /y o+l z (34)
Here ny > 1 and n_ < 0 are two roots of the following quadratic equation
Lo o Lo
5971—1— 5—7‘—59 n—p=0. (3.5)

Proof. The procedure of proof of this lemma is similar to the results of Shin, Lim, and

Choi [16]. O

Remark 3.1. If the utility function is CRRA type, then the value function U(-) after

retirement is a classical Merton’s solution. (See Section 5.)

Remark 3.2. The real number gy in Lemma 3.1 is chosen as an arbitrary positive constant,
but we will consider § as the boundary value which makes zero wealth level for later

computation. (See Variational Inequality 1 in Appendiz B.)

In order to find the value function (3.2), for a fixed stopping time 7 € S, we will
consider the reduced utility maximization problem for which only consumption and port-
folio pair (¢, 7) € II;(z) are considered, where II.(z) is the set of pair (c,7) satisfying
(¢,m,7) € A(z) under the framework of Karatzas and Wang [12]. (The whole process is

given in Appendix A and B.)
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4 The Optimal Values

Now we will present the value function and the optimal policies based on Appendix A

and B.

Theorem 4.1. Let the critical wealth level

T = Ir(y)
—ny—1 g _ n, 1 Yy _
_ 2yt / zI1(2) U(Il(z))dz—i— 2n_ / zI(2) U(Il(z))dz,
0?(ny —n_) Jg Zn+tl 92(n+ -n_)J; zn-t1

then the value function V(x) is given by

Ci(A*)™ + Co(X)"~ + (N\")z

A*)"+ A 4z z)—€)—u z
+(~)2((n+)n )f (0 (z)"+)+1 ol ))dz

- A* z zZ)—€)—u z . —
—922((&)7717) f,v; S Z)m)ﬂ L@ gy, if 0<z <z,

U(z) Jif T> T

Vix) =

where \* is the solution of the following algebraic equation
on (AF)n+—t /A* I+ 2(I(z) — €) — u(Il(z))dZ
02(ny —n_) J; Zn+tl

n_(\*)"-—1 /’\* I+ 2(I1(2) —€) — U(Il(z))dz — (4.1)

Zn,Jrl

—n+Cl(/\*)"+71 _ TL,CQ(/\*)H771 _

L2
02(ny —n_)

Since V(-) given in Appendix A is strictly convex, V'(-) is a strictly increasing function.
Therefore one-to-one correspondence between A* € (7,¢) and = € (0,%) is induced. The

next lemma is useful to find the optimal portfolio.

Proposition 4.1. Let y} and y} be solutions of the SDE (B.1) with initial values

yo = A* and yo = A** respectively, then

X(t) = —ny Oy (y?*)"*_l —n_Coy )"

2TL+ n+

vy (L (= )= —u(hi(2))
62 ( n+—n

Zn++1

l—i—z (I1(z) — €) — u(I1(2))
) dz

1
)
n 1
+—n /y
and

X**(t) — _

2ny (yp ) / 20(2) —u(li(2)) |
2y ) X
2(ny —n_) Jy zn+tl

+

2n_(yp -t /y?** zI1(2) —u(Il(z))d
) z (4.3)

02(ny —n_) o+l

are the optimal wealth processes for 0 <t < T and t > T, respectively.
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Proof. Substituting 4" for A* into the equation (4.1) in Theorem 4.1, then the one-to-one
corresponding property leads the equation (4.2). Similarly substituting yg\** for \** into

the equation (3.4) in Lemma 3.1, the equation (4.3) is induced. O

The optimal portfolio can be obtained by comparing the coefficients of the SDE of
the optimal wealth processes (4.2) and (4.3) in Proposition 4.1 with those of the wealth

process (2.1). The next theorem gives the results.

Theorem 4.2. The optimal consumption, portfolio and retirement time (c*,7*,7*) are
given, respectively, by

. L(y), if 0<Xy<%

Sl ¥ Xz

g {ns (e = 1)C1 ()™ no(ne = DOy )"
42 b () =9 —uh(e)
92 ¥

Yi
— Myt O S 2)—e)—u(l1(z
p2nalon 00 s )0 u G g

72 (ny—n_)
i = ey ”Z”“Z;;El:“”“”)dz}, f0<X <z
2 {yz**my?**)—u(h(y?**))
b AFF
+n+<n+;1§<_y£j*>"+*l f;?"* hE)uh() g,
R e S T R
and
T =inf{t >0 | X*(t) > z}.
Proof. See Appendix C. O

5 Optimal Policies Under a CRRA Utility Class (Nu-

merical Approaches)

In this section, the methods developed in the previous sections are applied to a CRRA

utility class. A CRRA utility function is defined by

N ﬁcl”y, if v>0and~y#1,
u(c) =
log c, if y=1,
where + is an investor’s coefficient of relative risk aversion. Let K be the Merton’s constant

which is defined by

1>
sy
|
<
2
[u—

K
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Then, for v > 0 and v # 1, from Lemma 3.1, U(+) is given by

1 1 _
U(.’L’) = ﬁ:l’l ’Y.

The value function U(-) is exactly same as that of the classical infinite Merton’s problem.

The dual value functions (A.3) and (A.4) become

- o Y _ 1
uy) = T

and

U(y)zmy T

respectively. Therefore from Proposition B.1, v(y) is the function of the form

P Senle p ~
o) = 4 W TV YRy T Ry - 5 it y<y<y
- Y

ﬁyfva if 0<y<y.
provided that the inequality (B.4) holds. (Here it is easily shown that c¢;y™+ + coy™= +
Ty - % > 0, for § <y < ¢, using the procedure of the proof of Proposition B.1.) Then

the coefficients c1, c2, 9 and the free boundary value § are determined from the following

lemma.

Lemma 5.1. Assume that § = £, for some £ € (0,1), then we obtain the following

algebraic equation with respect to €

Khnin {(ny—1)(n_€-€"")—(n_—1)(n4£-€"1)}
no(ng=1)(I4n_—1)¢"+  ony (no~1)(F+ng—1)" = =L (ny—n)gn+ -

. foon {(Htne-1)e" —(Lin_—t)ert] B

ny(n- *1)(%+n+*1)5"*+1*"— ("+*1)(%+n7 71)E"++1+% (ng—n_)E"+T"-

If we can determine the value of £ from the equation (5.1), then

g—imrn,{(%—l—mr—l) - — (%—I—n, —1) 5"*}

Y= ,
ny(n_ —1) (% +ny — 1) -t —n_(ng —1) (% +n_ — 1) gnetl 4 %(mr —n_)gn+tn-
c 1 (1 n—1z
-1y — % (;—I—n,—l)y 2]
Cc1 = )
ny(ng —n_)gn+
and )
-
——(n+—1)y+% (%+n+—1)y gl
Cg =
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Proof. The equations (B.7), (B.8), (B.11) and (B.12) in the proof of Proposition B.1

become respectively

—dtn_ —<(1—-n_
1 = T( — )yu (52)
(ng —n_)yn+
=ng —(ng —1
oy = g1+ s(ns )?J7 (5.3)
(ny —n_)y"-
. 1y
£(n- —1) —%(%—I—n_—l)y g
Cc1 = (54)
ny(ng —n-)gns
and )
N Sele 4
—<(ny — 1)+ L (%+n+—1)g ;
Cy = (5.5)

n_(ng —n_)g"-
Assume that § = &g, for some & € (0, 1), then from the equations (5.2) and (5.4) and from

the equations (5.3) and (5.5) we derive the following equations, respectively,

€ l n+ 11—y

R I o Rt LAY
and

€ l - 1—~

R (% . 1) 5. 6

From the equations (5.6) and (5.7) we obtain the algebraic equation (5.1) with respect to
& provided that

E—i”+n—{(%+"+—1) S (%-i—n_ —1) f"*}

g:

So if we can determine the value of £ from the equation (5.1), then we can also confirm

7, §, ¢1 and ¢y successively. O

Lemma 5.2. Left-hand side of the equation (5.1) are denoted by G(&) then G(-) =0 has

a unique solution in an interval (0,1).

Kgnin {(ny—1)(n_£—£"~)—(n_—1)(ny£—£"1)}
no(ny—1)(24+n_—1)¢"+ —ny(no—1) (L +ny—1)e" T —L(ng—n_)gn+ T -

rl 1 n_ 1 n
_ penin{(G4ni—1)€"" —(F4n_—1)¢"+}
g(g) - n+(n,—1)(%+n+—1)£n*+1jn,(n+—1)(%+n1—1)5"++1+%(n+—n,)£”++"f ’ then

Proof. Set f(§) =

and

It is easily shown that f(1) = 0 and ¢g(1) > 0. So G(1) < 0. Also it is easily seen that

lim¢_,04 g(&) = +o00. Hence the limit of G(§) as £ — 0+ can be represented by

lim G(€) = lim 9(&) (£(9)/9(€) ~9(6) ) = +oo,

§—0+

el (1) G ) (T 1)+ H e
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since 0 < limg_o4 (f({)/g({) —g({)_%) = ;ég:’ﬁ < 4o00. The continuity of G(§)
guarantees the existence of £ € (0,1).

The uniqueness of £ can be shown using the inequality (3) in the Variational Inequality
1. Let £(# €) be an another solution of G(-), then the free boundary value i is also
different from §. Without loss of generality, assume that § > ¢, then there exists g €
(7,79). Since ¢(t,y) > e PtU(y) for § <y < §, this contradicts to ¢(t,y) = e P*U(y) for

0<y<y. O
The value function V() in Theorem 4.1 becomes

*\n *\1N_ sy — =2 € * ! : =
Vi) = (W)™ + (V)" + gy (W) 7 + (@ + ) (M) -5 Lif 0<az <z

11 1 : .
Vg Jf 2> 7

where A* is determined from the following algebraic equation
()77 -

—npe ()™M —n_cp(A) T+ =z, for 0<z<Z

Sl

1
K

and the critical wealth level is given by z = =y 5.

==

From Theorem 4.2, the optimal consumption, portfolio and retirement time are ar-

ranged, respectively, by

WN)7, i 0<X, <z

*

C =
KX, if X, >z,
2 {ny(ny = Dea ()™~
™ = tn-(ne = Dl )T+ w7}, o< X <3
X, if X;,>z

and

 =inf{t > 0] X*(t) > 7},

where the optimal wealth process before retirement is given by

* \na — \n_ — 1 *y— 1
X*(t) = —nger(y) )™ = n_cay) )™ 1+E(y3) v —

Sl

The figure 1 and 2 show the graphical results for the CRRA utility function with
~v = 2. As seen in the figure 1 and 2, we have a lower critical wealth level in our model
with the liquidity constraints than in the benchmark model. The figure 1 represents the
optimal portfolio of risky assets. There are big jump at the critical wealth level and

the amount of investment is very high quite near the retirement wealth level but after

10
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120

100+

80 -

Portfolio
(2]
o

40 | ]
20l / |

-20 0 20 40 60
Wealth Level

Figure 1: The optimal portfolio for the CRRA utility function with v = 2 (6 = 0.07, r =
0.01, ©=10.05, 0 =0.2, e=0.2 and [ = 0.5). The solid line shows our model and the dotted

line shows the benchmark model.

N
3]

Consumption
o
(6] N

-20 0 20 40 60
Wealth Level

Figure 2: The optimal consumption for the CRRA utility function with v =2 (8 =0.07, r =
0.01, ©=10.05, 0 =0.2, e=0.2 and [ = 0.5). The solid line shows our model and the dotted

line shows the benchmark model.
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retirement the increasing rate follows the classical Merton’s solution. This means that
near the retirement wealth level, the investor invests more money in the risky asset to
retire as soon as possible. The figure 1 shows the investor in our model invests less in
the risky asset than in the benchmark model before retirement. The figure 2 represents
the optimal consumption process. Unlike the portfolio process, the consumption process
is continuous at the retirement wealth level but the increasing rate of consumption is
different before and after retirement. Near the critical wealth level, the increasing rate of
consumption is almost zero and this is because the investor gathers her money so as to
retire as soon as possible. In our model, the investor consumes less than in the benchmark
model before retirement. This results show that the restriction to borrow future income
induces the reduced financial activity.

Now we consider the case of v = 1, i.e., the utility function is given by log-type such
as u(c) = logc. The procedure is very similar to the case of v > 0 and v # 1. So the
results are shown briefly.

From Lemma 3.1, U(-) is given by U(x) = % (ﬁlogﬁx —04+r+ %6‘2) , and the dual
value functions (A.3), (A.4) and v(y) in Proposition B.1 are given, respectively, by a(y) =
1og% -1,U(y) = % (—=Blogy — 2B+ + £6) and

)

Y™ + oy + gz (—Blogy — 28+ 7+ 30%) + Sy — %, if g <

v(y) =
7 (—Blogy — 28+ 7+ 36°) if 0<

< «w

provided that the inequality (B.4) holds. The coefficients c1, ¢, § and the free boundary
value g are also determined from the following lemma which is very similar to Lemma 5.1

and 5.2.

Lemma 5.3. Assume that § = £j, for some £ € (0,1), then we obtain the following

algebraic equation with respect to &

n-(ng —1)(n-§ —¢") (Ing = &") —=ny(n- — 1) (s = ") (In- = ¢") =0. (5.8)

1 Doy
If we can determine the value of £ from the equation (5.8), then § = i(fztnl)(ni—gg"ﬂ’
T — (e —1)i+ G

£(n-—1)j— ; :
W g Furthermore, left-hand side of the equation

(5.8) is denoted by F(§) then F(-) =0 has a unique solution in an interval (0,1).

c1 = and co =

12
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The value function V() in Theorem 4.1 becomes

et (N)" A+ (W) + g5 (—Blog \* — 28 + 1 + 367)
V(z) = +($+f))\*—é if 0<2 <7

72 (Blog Bz — B+ 1 + 36%) Gif 2> 7
where \* is determined from the following algebraic equation

1
BA*

—nper (A — (AT £ o z, for 0<zx <7
r

and the critical wealth level is given by = %

From Theorem 4.2, the optimal consumption, portfolio and retirement time are given,

respectively, by
Uy, if 0<X, <%

*_
C =

6Xt7 if Xt 2 1_75
{ny(ng = Dea(y )t
= +n-(n- = Dea(yd )=~ + s } L if 0< X, <7
g, if X;>x

and

T =inf{t>0] X*(t) >z},
where the optimal wealth process before retirement is given by

1 €

By r

X*(t) = —nper(yy )™ —nocay) )T+

Remark 5.1. For the benchmark model, refer to Section 5 of Choi and Shim [2].

There are some graphical results for the log utility function. The changes of optimal
values are similar to the power type utility function. The figure 3 and 4 show the optimal

portfolio and the optimal consumption rate respectively.

6 Concluding Remarks

In this paper, we investigate the general optimization problem in which an immortal
working investor who has liquidity constraints can choose the retirement time. During
the period the investor works, she receives a constant labor income and has disutility
which comes from working. Although the utility function is general we obtain the closed-

form solutions for the utility maximization problem by the martingale approaches. The
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140

120

100

80

Portfolio

60 -

40|

20+

30 0 20 40 60
Wealth Level
Figure 3: The optimal portfolio for the log utility function (8 = 0.07, r =0.01, p=0.05, 0 =

0.2, e =02 and [ = 0.5 ). The solid line shows our model and the dotted line shows the

benchmark model.

Consumption
w

20 0 20 40 60
Wealth Level
Figure 4: The optimal consumption for the log utility function (8 = 0.07, r = 0.01, u =

0.05, 0 = 0.2, e =0.2 and [ = 0.5). The solid line shows our model and the dotted line shows

the benchmark model.
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retirement time is the optimal stopping time obtained by solving a variational inequality
which is a free boundary value problem. For the special case of a CRRA utility class, in
both the optimal portfolio and the optimal consumption, the liquidity constraints reduce
not only the investment and the consumption but also the critical wealth level. In other

words, the restriction to borrow future income induces the reduced financial activity.

A Duality Approaches
For any fixed 7 € S, we consider the following utility maximization problem
Vo(z) & sup J(we,m, 7). (A1)
(e,m)ell,(x)
The solution of the problem (A.1) can be derived by the following ways. For any (¢, m,7) €
A(z) and any real number A > 0, we obtain the following inequality about a positive

process D; which is a non-increasing process with Dy = 1. (See Extended Appendix of

Farhi and Panageas [6].)

J(z;e,m,7) =K / e P u(cy) — 1 — ADyeP HyeyYdt
0

+ e_ﬁT{U(XT) - )\DTeBTHTXT}] + A\E |:/ DthCtdt + DTHTXT:|
0

<E / e Ptu(ADyeP Hy)dt + e PTU(AD, e H,) — / e_ﬁtldt}
0 0

+ A\E |:/ DthCtdt + DTHTXT:| 5 (A2)
0

where the dual utility functions @(-) and U(-) are defined by

u(y) = max{u(c) — ey} = u(h(y)) =y (y), (A.3)
and
O(y) = max{U(z) — zy} = U(L(y)) - yl2(y), (A4)

respectively. Here I1(-) is defined in Lemma 3.1 and I5(-) is the inverse function of U’(:).
Then @(-) and U (+) are strictly decreasing and strictly convex.

Since we assume Dy = 1, by the integration by parts and the constraints (2.5) and

15
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(2.6), the second term of the right hand side of the inequality (A.2) can be rewritten as
E |:/ DthCtdt + DTHTXT:|
0

=K |:/ Dth(Ct - E)dt + DTHTXT + / DthGdt:|
0 0

=E |:/ DthGdt + / HtCtdt - / HtEdt + HTXT:|
0 0 0

+E [/ E [/ Hgcods + H: X, —/ Hgeds ]—'t} th]
0 t t

<E {/ Dthedt} +x,
0

provided that dD, is not zero, that is, D, is not a constant. Therefore the inequality (A.2)

becomes

J(z;e,m,7) <E / e Ptu(ADyeP Hy)dt + e PTU(AD, e H,) — / e_ﬁtldt}
0 0

0

=E / G_Bt {ﬂ()\Dteﬁth)dt + )\Dteﬁthe - l} dt

L/ O

+ e—ﬁTU(ADTeBTHT)] v

So for any fixed 7 € S, Vi (x) < inf{y50,p, >0} [/ (A, Di; 7) 4 Az], where
JA\,Dy;7) =E [/ e PH{a(ADweP Hy) + ADyeP Hye — 1} dt + e P"U(ND-e""H,) |,
0

and this inequality holds as equality if

ct = LH(AD P Hy), X, = IL(\D,e’"H,), forall 0 <t <, (A.5)

E |:/ Htctdt + HTXT —/ HtEdt:| =x, (AG)
0 0

and

E [/ Hgcods + H- X, —/ Hgeds
t t

ft} =0. (A.7)

Hence with the conditions (A.5), (A.6) and (A.7), V;(x) is obtained by V; (x) = inf{x~0,p, >0y [J (A, Dy; 7)+
Az]. Therefore the value function V (+) is given by
V(z) = sup Vo (z) = inf [j/\,D; /\].
(=3O IR B T DT AT
It is not easy, however, to get an explicit solution by this method and also it does not
guarantee the existence of the solution. Karatzas and Wang [12], joined with the results

of He and Pages [7] resolved the problem by interchanging sup, s and inf{x~¢ p,>0}-
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We define

A 3 T . — 7 .
Va) = ilelg D1?>f0 J(A, Dy;7) = lelioitelg J(A, Dy; 1), (A.8)

then the following proposition gives the value function V().

Proposition A.1. If V(\) exists and is differentiable for X > 0, then

V(z) = ;\I;fo {f/(/\) + /\x}

holds for every x € (0,00).
Proof. See Theorem 8.5 and Corollary 8.7 of Karatzas and Wang [12]. O

Remark A.1. For any firted T € S, f/() is strictly convex and strictly decreasing. (See
Section 5 of He and Pagés [7] and Lemma 8.1 of Karatzas and Wang [12].)

B Solutions to the Problem

In order to find f/()\), two problems are considered at a time. One is a minimization
problem with the control D; and the other is an optimal stopping problem. We get a
Bellman equation which can be solved explicitly and a variational inequality which can
be induced by the dual functions of the optimal stopping problem. In the next section,
the function f/(/\) is obtained. In addition, the value function and the optimal policies
are also derived explicitly.

In order to obtain V(\) we define

¢(t,y) = sup inf E¥=Y [/ e P {u(ys) + eys — I}ds + e 70U (y,) |,
>t D¢>0 t

where y; = ADyeP'Hy, yo = A > 0. So the following SDE is induced by It&’s formula

=D, + (8= r)dt = 6dB. (B.1)

Now we assume that D; solves a differential equation of the form dD; = —1)(t)D.dt for
some ¥ (t) > 0.

Then we can get the following Bellman equation

min {Eqﬁ(t, y) + e PHaly) + ey — 1}, —g—j} =0, (B.2)

where the differential operator is given by

0 9 1,5 45 0?
E_E_F(B_T)y@_y—i_ioy a7

17
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(For more detailed reference, see Section 5 of He and Pages [7]).
Now let D; be the optimal solution of the Bellman equation (B.2), then the optimal

stopping time problem can be derived by the following modified variational inequality.

Variational Inequality 1. Find the free boundary y, § which makes zero wealth level
and a function ¢(-,-) € C((0,00) x RT) N C2((0,00) x (RT\ {7})) satisfying

(1) Lo+e Pay) +ey—1} =0, y<y<j

(2) Lo+e PHaly) +ey—1} <0, 0<y <y

(3) d(t,y) > e PUly), y>7

(4) d(t,y) =ePU(y), 0<y <7,

(5) B(t,y) <0, 0<y<j

(6) 2(t,y)=0, y >3
for all t > 0, with boundary conditions

99
dy

929

(t, :lj) =0 and 6—y2

(t, ) = 0. (B.3)
This Variational Inequality 1 is a free boundary value problem which solution is the
solution to the optimal stopping problem (A.8).

Remark B.1. If we substitute (3.3) in Lemma 3.1 into (A.4), we obtain U(-) as follows:

- 2"+ /y zh(z) — u(]l(z))dz

Uly) = 02(ny —n_) o+l

2y"- Y2l (2) —u(l1(?))
j /y dz.

02(ny —mn_ Zn-t1

Remark B.2. In the benchmark model, the conditions (B.3) are not considered. The
conditions (B.3) are considered under the nonnegative wealth constraints. (See the proof
of Lemma 4 in Appendiz of Dybvig and Liu [5] and Subsection 6.2 of Choi, Shim, and

Theorem B.1. (Variational inequality for optimal stopping) If é(t, y) satisfies the Vari-
ational Inequality 1, then

o(ty) = ¢(t,y) = sup inf BV~ [/T e P La(ys) + eys — U}ds + e PTU(y,)
t

>t D>
and

Tr=inf{s>t]|ys <y} <oo, a.s

is the optimal stopping time.

18
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Proof. See Theorem 10.4.1 of Oksendal [13]. O

Next remark and proposition give the value function V ().
Remark B.3. If ¢(t,y) is a solution to the Variational Inequality 1, then V/(X) = $(0, \).
Proposition B.1. Let
Cry™ + Cay™~

+02(2y”+ fyy Hz(li(z)—e)—u(li(2)) g,

ny—n_) L+

v(y) = _02(72111":717) f@y lJrz(h(zz);e)+flu(l1(z))dZ7 if §<y<4i,

Ty g

_02(12&:”7) f; Zh(zz);,ngl(Z))dZ7 if 0<y<q,

then ¢Z(t, y) = e Ptu(y) is a solution to Variational Inequality 1 provided that

Y=

M|~

<9, (B.4)

where the coefficients C1, Ca, § and the free boundary value iy are determined numerically.

(See the proof.)

Proof. We consider the partial differential equation(PDE) (1) of the Variational Inequality
L

9¢

99 0¢*
ot

2
+e P (w(i(y) —yh(y) +ey—1) =0, for §<y<3.

Lo o
+ 29 Y a7
(B.5)

9¢
+ (8- T)ya—y
If we guess the trial solution of the form ¢(t,y) = e P*v(y), then the PDE (B.5) is

rewritten as an ordinary differential equation(ODE) for v(y), that is,

%92y2v”(y) + (8 = r)yv'(y) — Bu(y) + u(li(y)) —yL(y) + ey — 1 = 0. (B.6)

Setting v(y) = y™, then the homogenous equation of ODE (B.6) can be reduced to the
quadratic equation (3.5) with roots n_ < 0 and ny > 1. So the homogenous ODE (B.6)
has a general solution of the form vy, (y) = C1y™+ + Cay"-, for some constants C; and
C5. Using the variation of parameters, the particular solution can be obtained easily. By

the superposition principle, the solution of the ODE (B.6) is given by

v(y) = Cry"™* + Coy™~ + v /y Lalli(z) =0 = u(Il(Z))dZ

2(ny —n_) Zn+tl
B 2y"- Y1+ 2(L(2) —€) —u(li(2)) »
02(ny —m_) /y Zn-t1 dz.
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Now in order to determine the coefficients Cy, C2, § which makes zero wealth level
and the free boundary value g, we use the fact that v(-) has the smooth fit condition at

y = ¥, i.e. v(-) is continuous and has C'-condition at y = . Thus we obtain C; and Cs

as follows: l .
=n_—n_—-1)y sn_—%<(n_—-1)g
Cl:—ﬁ T( — ) +B T( ~ ) 9 (B7)
(0 —n)gs (s —n)is
and l l
5N+ — ~(ny — 1)y Fne— 2(ng —1)7
02: I B ( +7 ) - A i ( +A ) 9 (Bs)
(nr —n )5 (ny —n)i

respectively. In order to find §j, we use the boundary conditions (B.3), which are rewritten

as v'(§) = 0 and v"(§) =0, i.e.,
V() =ny O™ T Cog "l =0 (B.9)

and

2[1+9(11(9) — €) — u(h(9))]

- =0.
022

v"(§) = ny(ng = 1)C1P™ 2 +n_(no —1)Cof" % +

(B.10)

With the previous equations (B.9) and (B.10), we also obtain Cy and Cj as follows:

2 L+ 9(1(5) — €) — u(l1(7))]

— _
C1= ny(ng —n_)yn+ o
and
, o N
¢, - P0G =9 —uhi@)] (B.12)

n_(ng —n_)j"-
respectively. In order to get the boundary value §, assume that § = £g, for some £ € (0, 1),

then the equations (B.7) and (B.11) imply the following equation

21

R - B 10 A L A

Similarly, the equations (B.8) and (B.12) imply the following equation

0 04 e i 5= G - un @I B

From the equations (B.13) and (B.14) we get the following equation

Bienr —em)
{(ny —n)E T = (ny — g (ns — DE P+ BT =6 )
(B.15)

yA:

So if we substitute (B.15) into (B.13) or (B.14), and if we can get the equation about &,

then we compute the value of £ provided that it exists uniquely. (Here we can’t show the

20
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existence and the uniqueness of £ but we will show those for the special case of CRRA
utility class in Section 5.) Therefore g, y, C1 and Cy are also determined successively.

It is easily shown that the inequality (2) of the Variational Inequality 1 holds by the
condition (B.4). The inequality (5) of the Variational Inequality 1 also holds since v(+) is
a decreasing function. (See Remark A.1 and B.3.)

For the inequality (3) of the Variational Inequality 1, we consider two functions
2y"+ /“ 1+ 2(1(2) =€) —u(li(2))
dz
02(ny —n_) Jy Zn+tl

oy /v L+ 2(h(2) =) —u(h(2)

2(ny —n_) Zn-F1

fily) = Ciy™ + Coy™ +

foly) = 2y"t /y zI(z) — u(Il(z))dZ 3 2y"- /y zI(z) —u(h (Z))dz

C02(ny —n_) Zn+tl 02(ny —n_) Zn-t1
Then it is easily seen that £L{e P! fi(y)} + e P (u(y) + ey — 1) = 0 and L{e Pt fa(y)} +
e Pti(y) = 0. So if we define f(y) £ fi(y) — f2(y), for § < y < 9, then we see that
L{e P f(y)} = e Pl —ey), ie.
1
SOV () + (B=1)yf'(y) = Bf(y) =1 = ey, (B.16)
with f(g) = 0 and f'(§) = 0, by construction and definition of § and f'(j) = 0, by the
equation (B.9). So if we differentiate the ODE (B.16) with respect to y, we obtain
1
SOV f" () + (0% + 5 =)y f"(y) = rf'(y) = —e. (B.17)

Suppose that f’(y) attains a non-positive minimum in y € (g, ), then we directly obtain
that f"'(y) > 0 and f”(y) = 0. However the left hand side of the ODE (B.17) is positive
but the right hand side of (B.17) is negative. It is a contradiction. So f’(-) cannot attain
any non-positive minimum in an interval (g, 7). Since f'(g) = f'(§) = 0, f'(y) > 0, for

g <y<4g, f(-)is increasing for § < y < ¢, and consequently f(-) >0, forg <y <g. O

Remark B.4. If § is the free boundary value in Proposition B.1 , then the optimal

stopping time is given by

Ty =inf{s >t |y, <y} < oo, a.s.

C Proof of Theorem 4.2

The optimal retirement time is the same expression in Remark B.4 because there is one-

to-one correspondence between X; and y} and Z corresponds to .
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The optimal consumption process is obtained while the problem is remodeled by the
duality approaches. The condition (A.5) shows the optimal consumption process before
retirement. While proving Lemma 3.1, the similar condition to (A.5) appears. Also the
optimal consumption process after retirement is easily determined.

In order to seek the optimal portfolio process the quadratic equation (3.5) with two
roots ny and n_ is required. The optimal portfolio comes from the optimal wealth process
as mentioned before. In Proposition 4.1, the optimal wealth process for 0 < X; < T is

given. So by applying Itd’s formula to the optimal wealth process (4.2), the differential

22
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form is given by

AX*(1) = [~ni (ns — DO 0 (0.~ O )2

~ 2n4(ng — 1)( y ) Q/yf I+ 2(I1(2) —€) —u(l1(z ))dz
02(ny —n_) 9 Zn+tl
2n_(n_ — 1)(y} )" Q/yf I+ 2(I1(z) —€) —u(l1(z ))d
z
02(ny —n_) 5 Zn-TF1
2 I+y (Il(yt ) o) —u(hi(y)))
G T @)

+ 5 [Py = Dy =0 ) = — D = 2)Ca(y )

\np—3 pu) I+ 2(I1(2) —¢ _u(Il(Z))dz
ny —n—
(

)
Zn++1
)

9 -9 —ulh(z)

Zn,-i—l

()

) g

2n_(n_ —(n_ —2)()" 5 % 14z(L

* 0%2(ny —n_) /y

2 +ns =3) I4+y) (M) —e —u(hi(y)) 2 hiy))—e (dy)?
02 W )? e yrE |

= [~na(ns = DO )™ = no(nm — 1)Ca() )"

2n (ny — ()™~ (% 14 2(Li(2) — € — u(li(2))
02(n, —n_) /u o d
2n_(n_ = D)=L % 14 2(1i(z) — ) — u(fi(2))
02(ny —m_) /y Zn-tl1 dz
2 I+y) (L(y))—

92
3 [ratns = Dy =G e - D~ 2)C )

€) —U A
yt)\*) (Il(yt )):| {(6—7’)dt—9dBt}

Wt a((z) -0 —uh(2)

Zn++1

y?*l z([1(2) —€) —u(li(z
o6 =0 ~ulh(z),

2y 40 =3) L4y (L) — o) —ulli(y)))




Optimal Investment, Consumption and Retirement decision

=7 |—nyC1(y) )" —n_Co(y) )"~

2 () / Lt 2(h(z) — ) —u(h(2))

02(ny —n_) Zn+tl

L2 )! / L+ 2(h(2) =9 —u(hi(2) , |

02(ny —n_) Zn-+1

+ 6% [ny(ng — DCL (g )™ + n—(n— —1)Cy(y )"t

2y (ny — 1)(y} )+t l—|—z (I1(2) —€) —u(l1(2))
92(7’L+ _ TL_) / Zn++1 dz
2 (no =@yt H—Z (L1(2) =€) —u(li(2)) .
92(n+ —n_ ) / Z" +1 d
6‘22 [+ yt (Il(y )yt:* u(ly (yt ))] dt — Il(yt )dt +edt

1 1
— n+Cl |:§927’L3_ + (ﬁ —r — 502) ny — n+ ldt

—n_Cy {%92712_4— (ﬁ—r—% ) 6:| n,fldt

2n (y2 )"+t 9 o 9 y?*l 2(I1(z) —€) —u(l1(z
e e G L e
om_ ( )n,fl ) 2 1 y?* l_|_z([1(z)—e)—u(11(2))
I .4 R — 0%n B—r—= n_ dzdt
02(ny —n_ [ < 2 > :|~/,7; Zn-tl
" 208 —1)\ L+ (I A)—e) u(h (y))
—(nge+n_—1+ ) i U1(Y; 1Y dt
( 62 yt
40 [ (s = DCL )™+ (ne — 1Ca )
2y (ny — 1) (y} )"~ 1/y I+ 2(Ii(z —6)—U(Il(2'))d2
92(n+—n ) g snytl
M (n_ — 1)y} -t v Ny (L1(2) =€) —u(li(2))
— 92(n+—n ) /y P dz
21+ (L(y)

— &) —u(li(y))
02 y? ] 4B
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-7 |:_n+01(yt)\*)n+_1 —n_Ca(y} )"~

ona(y A 2(I1(2) — €) — U(Il(z))dz
02( n+ -n_) J; ZMH
A*
n,fl /yt l+ Z Il — E) - U(Il (Z))dz dt
92 TL+ —n— g z" i

+ 0% [np(ny — 1)CL(E )™+ no(ne —1)Ca(y) )"

204 (0 — D) [ L+ 2(0(2) — &) — u(hi(2))
| e *
2 =)@ P L a(B() -9 —uh(z)
0?2(ny —m_) /y Zn-t1 d
2 1+ (L(y)) —€) —u(l(y)
2 +y (L(y )y?*) (L1 (y ))]dt
— L(y) )t + edt + 6 |ny (ny —1)C1(y) )™ 4+ n_(n_ —1)Cay) )"
2n4(ngy — 1)(y "yng—1 /y{\* l+z([1(z)—e)—u(11(2))dz
R Zn++l

02(ny —n Zn-t1

)

02(ny —n_)
2 (n_ — D)X= (U L4 2(L(z) — € — u(fi(2))

— _) /y dz

)

2 1+y) (L(y) ) — o) —u(h(y))) dB
92 b t-

Now if we compare this differential form with the wealth dynamics (2.1), then the

optimal portfolio is obtained by

7= 2 nan — DO (s~ ()
2n4 (ng — Dy )"+ " L+ 2(1(z) = ) — u(hi(2)
P —n) / et ”
on_(n_ —1)(y} )1 s (I1(2) — €) —u(l1(2))
B 92<n+ n-) / @ ”
2 1+y) (Li(y) )_6)_U(Il(yt ))]
02 Yy '

In addition, the optimal consumption process is also confirmed by similar comparing

i =Ly).

This value is exactly same with the value derived by the duality approaches. For X; > z,
the optimal wealth process (4.3) is given in Proposition 4.1. So a similar method is also
applied.

Acknowledgments.
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