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ABSTRACT
Thiz paper derives an apprositate pricing formuila for basket options when the dynamics of each aszet price
inchided in the baglkzet follow the jump-diffusion process. To obtain an approsimation for a basket option price,
we adopt the Taylor expansion method by Ju (2002 We showr that the Taylor ezpansion method suggested in
thiz paper prowvides the best pricing performance among the log-normal, the four moments and the Taylor
expansion approxzimations. Performance improvement using the Taylor expansion method becomes bigger, as

the time to matuity becomes longer or when jumps are asynumetric,



1. Introduction

Like other exotic options, basket options containing many assets are difficult to price analytically. Even when
gach aszet included in the basket iz generally assumed to follow the log-normal diffusion process, the basket
price of assetz does not follow the log-normal diffusion process. Therefore, one needs to find out an
approzimation method to price basket options, unless a simualation method iz used. There are many ways to
approzimate the prices of basket options. The first one is the log-normal approsimation. It approzimates the
probability density function of the basket as the probability density function of log-normal distribution. The
second method is the four moment method. It approzsimates the probability density function of the basket by
matching the first four moments of the hasket with those of the Johnson (1949 family function. The third iz an
Fdgeworth expansion method by Jarrow and REudd (1982, and Turnbull and Walkernan? 19910, In addition, Ju
(2002 develops a basket option pricing method using the Taylor expansion. This Taylor expansion by Ju shows
the better performance compared with the other approsimation methods.

All of the above approzimation methods have been applied to the basket option pricing under the diffusion
process. Howewer, it iz well known that the asset prices in the capital marlet are affected by jump risks The
derivative price may fluctuate due to the jump occurrence of the underlying assets. Furthermore, if the changes
in the prices of assets are correlated in the basket, it is more important to consider comrelated jump risks when
we valuate basket options.

Fecently, Flamouris and Giamouridis (2007 consider basket options under the jump-diffiusion process. They
derive the price of basket options using the log-normal approsimation likke Lesy (19920, Like them, this paper
derives an approzimate pricing fortmuala for basket options when the dynamics of each asset price included in the
basket follow the jump-diffusion process. However, there are some differences between this paper and theirs.
First, we use the Taylor’s expansion to calculate the price of basket options rather than the log-normal
approzimation. Second, while Flamouriz and Giamouridis adopt the Bernoulli process as the jump process of
asset prices as in Ball and Torous (1983, we utilize the Poisson process. That is, under their assumption, the
mumber of the ump ocorrence in asset prices i3 only one until the basket option’s maturity date By adopting
the Poizson process assumphion, we allow the mumber of the jump ocowrences to be more than one When
cotsidering the jump movemnents of asset prices, this Poisson process 1= used in many studies such as Merton
(1978), Ball and Torous (1985), Jorion [ 1988), Anderson etal (2002

In this paper, we use the Taylor expansion approximation method to derve the price of basket options under
the jump-diffusion process, and compare the performance of our method with that of other approsimation
methods under the jump-diffusion. To evaluate the performance of each method, we calculate the price of hasket
options through MMonte Carlo simulations. The results show that the Taylor expansion approzimation gives the
better performance than any other approzimation methods compared In particular, the performance of our
method shows bhig improvement ower those of other approzimation methods In addition, a difference in
performances appears mare significantly when the jump risks are larger

Thiz paper is organized as follows. In the nest section we derive the approzimate pricing formmala for basket
option prices when each asset included in the basket follows the jump-diffusion process In Section 3, we

evaluate the performance of owr method compared with the other approsmation methods. In Section 4, we



conclude the paper.

2. Approzimation for the Basket Options under the Jump-Diffusion Process

Let the asset prices be
1 nil
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Here, g and o, denote the expected return and its wolatility of ith asset, respectively (1= 1., M). We

assume that these values are constants. Also, W, (f) is a standard Brownian motion and By is a corelation

between W, (f) and w (&) Let ¥, bethe jump size of the ith asset. We assume that In¥; . has a normal
distribution with mean ¥, and variance & and g, is a correlation between In ¥, and In¥”, . T() is

the Poisson process with the intensity A

Az in Ju2002), we consider that all the wolatilities are scaled by z and all junps are scaled by ¥ We use the
Taylor exxpansion around z =0 and y= 0. Define Az v) as

A 1 nil
Az Y=Y 1.8 EXP[&-T +zow (D=2 o Ty IV, .~ AT exp(yy+p* 8l 121) (2
i=1 =1
where ¥, is theweight onasseti
The payoff at basket option’s maturity is
BCT=(AQL-X)*
where K iz the exercize price of the option.

Az in Ju (2002, for convenience, let 5_"! =88 g,r, ,5{.?. = p{?..r_:r!.c:rj’f . Define 1, and Uk, as follows.
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Inn equation (3, &70,0% is the exzpected walue of the hasket at time T and Ar1,1) iz walue at time T

Let ¥(z,)) heanormal random variahle with mean m02° | y) and variance w(z*, »)
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Also, we define log( Az, ¥)) be X(z,y) and then decompose the characteristic function of 3 as follows.
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That is, be  f(Z, ) the ratio of the characteristic function ofbe X (z, ) tothat of ¥(z,y).

We will expand  f(z,¥) around (z,))=(0,0) up to z*™p® whee m+n2 =3 Since Ju uses the

Taylor exxpansion up to z" and the above function F(z,¥) isan even function, there appear three terms with
respect to the function of 2.0

Using v, (z2 Yi=—2my (zz, v allows us to approzimate the denominator of equation (% as follows.
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where a,(z, ¥) for i=1---,6 iz in Appendiz

Mowr we examine the characteristic function of B [&‘"!""‘Y(”j J
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According to Ju (2002,
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where the functions & (1=1,2) and ¢, (J=1,2,3,4) are defined by
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Also, we need the helow equations.
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Then we can obtain the approzimate for  f(z, ) as follows.
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The approzimate for the characteristic function of the hasket is given by
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3. Performance Comparison

In thiz Section we compare the performance of warious approzimation methods. We use the Monte Carlo
sitmilation to obtain the benchmark prices of basket options. Fach approgmation method’s acowracy is
measured by the root mean squared error (EWSE) and the masmimmun ahsolute error (WIAEY. We evaluate and
cotnpare the approximation performance of the log-normal, the four moments and the Taylor expansion

approzimation.
<Inzert Tahle 1=

Table 1 dllustrates the prices of basket options when the expected junp size of assets iz 0 (that iz, symmetric
jumps) and the time to maturity is relatively short (T = 13 The the pricing errors of the log-normal
approzimation are greatest, and thosze of the Taylor expansion are smallest. EIWVSEs of the log-normal and the
four moments approzimations are about twenty two times and five times greater than those of the Taylor
exzpansion method, respectively.

<Inzett Tabled=

Table 2 provides the prices of basket options when the expected jump size of assets is zero (that iz, symmetric
jurnps) and the time to maturity is relatively long (T = 3). Compared to the case when the time to matrity is
relatively short, the pricing errors increase irrespective of an approzimation method. Interestingly, we show that
EMBE of the four moments appromimation increases sharply As the time to maturity gets longer, the

petrformance of the for moments goes worse compared to others.
<Ingert Table 3=

In Tahle 3 we explore the prices of basket options when the expected jump size is negative (that is,
asymmetric jumps) and thetime to maturity is relatively short (T = 13, In this case the Taylor eszpansion method
still delivers the smallest pricing errors compared to Table 1 where the expected jump size iz zero. When the
volatility of jump size is relatively low, EWVISE of the log-nommal approximation increases by over ten times. On
the cortrary, EIVSE of the four moments stays at the same level and EMESE of the Taylor expansion increases by

approzimately twice compared to Table 1

<Inzett Table 4=



Table 4 dllustrates the prices of basket options when the expected junp size 1= negative (that is, asymmetric
jurnps) and the time to maturity 12 relatively long (T = 3. In contrast with the result of Table 3, EISEs increaze
slightly compared to Table 2. If we combine Table 3 with Table 4, we can infer that jump risks hawve a higger
impact on the pricing performance when the time to mabrity is relatively short. This iz hecauseas time goes by,
the effects of jump risks get wealzer

In sum, in temms of EMBE and WAFE, the Taylor expansion mmethod iz the most acowate among the

approzimation methods considered.

4 Conclustion

In this paper we price basket options when each asset price included in the basket follows the jump-diffiusion
process. To obtain an approximate pricing formula for the basket option price, we adopt the Taylor expansion
method by Ju (2002, We show that the Taylor expansion method prowides the best pricing perfonmance among
the log-normal, the four moments and the Taylor expansion approzimations. Compared to the other methods, the
pricing performance of the Taylor expansion iz better when the time to maturity is relatively long or when jumps

are asyrmetric.



Appendix - function &,(Z,)7)

We arrange the function a,(z,)) as following
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Table 1: Values of hasket calls

K r a P LIC aDh LN FId TEI

50 .05 0.2 14.6324  0.0005 14.6372  14.6312 144325
1an .05 0.2
110 .05 0.2

50 0.05 0.5

6.8368  0.0003 g.8308 f.8382 f.8372
22300 00007 2.2014 2.2328 2.2304
153491 00027 185035 153260 183447
1an 0.05 0.5
110 0.05 0.5
50 0.1 0.2
1an 0.1 0.2
110 0.1 0.2

12,6581  0.0028 127871 126723 12,4588
84346  0.00Z6 8.5011 8.4733 8.4381
15,6310 0.0004 1546342 156302 154313
10,3233  0.0006 10.3255 1003224 10.3233
4.2642  0.0009 4.2484 4.2673 4.2649
a0 0.1 035 21,3193 00027 214717 21.2843 213157
1an 0.1 0.5 152458 0.0028 153912 152403 152422
110 0.1 0.5 0 1005287 00027 10,6303 105553 105297
50 0.05 0.2 05 15465258  0.0010 156494 154566 154567

[ I s N s Y s N s N s R s N s N s N s N s |

1an 0.0s 0.2 05 89095  0.0014 8.8547 8.9082 8.9081
110 0.0s 0.2 05 44115 0.0013 43967 44124 4.4124
50 0.05 05 05 ZZssd4e 00045  ZEBE9S ZREVRES  ZZETRS
1an 0.0s 05 05 179089 00045 179159 179095 17.9087
110 0.0s 05 0.5 138%a5 00043 138918 138909 135854
50 0.1 02 05 192211 00008 192143 192209 18,2210
1an 0.1 02 05 119320 0001z 119215 119321 11.93:21
110 0.1 02 05 6.5414  0.0014 8.5275 8.5433 8.5431
50 0.1 05 05 253823 0.0044 253975 253843 253842
1an 0.1 05 05 2002043 0.0045 202165 2002075 20.2074
110 0.1 05 05 159319 0.0044 159395 159354 159341

RMEE 0.0852 0.0134 0.002%
MAE 0.1544 0.0387 0.0os2

To ewaluate the perfommance, we select the parameter walues: the time to maturity, T = 1, the standard desation
of jump size, 5=0.01, the expected ump size, 0, the jump intensity, 2=>5 and the correlation between punp sizes
is 0. Let K, 1, g, and p be the exercise price, interest rate, the return volatility and the correlation between
standard Browrndan motions, respectively. Let WC, LM, FIWV and TET denote the WMonte Catlo sirmalation, the log-
normal approzimation, the for moments and the Taylor expansion, respectively. Also, 3D is denoted by the
standard error in MMonte Carlo simalation,

11



Table 2: Values of hasket calls

K r a P LIC aDh LN FId TEI

50 .05 0.2
1an .05 0.2

23.0284 00013 23.0541 23.0175 230233
157108 00015 1577425 1577034 1577094
110 .05 0.2
50 0.05 0.5
1an 0.05 0.5

98452 00017 98544 9.8497 9.8437
300241 0.0071 3008485 29.5414  30.0008
251542 0.0069  26.0042  24.8184 251614
110 0.05 0.5

50 0.1 0.2
1an 0.1 0.2
110 0.1 0.2

50 0.1 0.5
1an 0.1 0.5 321399 00071 329523 3162685 321210
110 0.1 0.5 0 Z7a5l3 00070 254928 IV 2513 274396

50 0,05 0.2 05 248294 00023 24.8172 248262 248270

210432 0.0068  21.8495% 20.8532 Z1.0675
33.3727  0.0011 333810 333684 333730
26,1800  0.0012  26.2005  26.16594  26.1793
194550  0.0014 194894 194463 194543
FF2459 00071 FE9E50  36.4759 372115

[ IR e N s Y e N s N s e s N e N s N s N s |

1an 0.05 0.2 0.5 1sa0ay 00026 185875 1546034 154036
110 0.0s 0.2 05 135177 00028 134954 135177 135172
50 0.05 05 05 348518 00104 369131 347879 34.8341
1an 0.0s 05 05 327409 00104 38050 326909 327293
110 0.05 05 05 2901228 00102 291871 290847 2901151
50 0.1 02 05 340152 00015  34.0040 34.016a6 34.0174
1an 0.1 0.2 05 Z75595  0.0021 275519 ZT 5585 275585
110 0.1 02 05 ZLUTFFT 00024 ZLveed ZLTFES 0 217791
50 0.1 05 05 4277864 0.0103 428455 427124 4277713
1an 0.1 05 05 354071 0.0104 354742 385454 385975
110 0.1 05 05 348583 0.0104 34.9247 348062 34.84899

RMEE 0.4070 0.2203 0.0121
MAE 0.8500 0.5701 0.0344

To ewaluate the perfommance, we select the parameter walues: the time to maturity, T = 3, the standard desation
of jump size, 5=0.01, the expected ump size, 0, the jump intensity, 2=>5 and the correlation between punp sizes
is 0. Let K, 1, g, and p be the exercise price, interest rate, the return volatility and the correlation between
standard Browrndan motions, respectively. Let WC, LM, FIWV and TET denote the WMonte Catlo sirmalation, the log-

normal approzimation, the for moments and the Taylor expansion, respectively. Also, 3D is denoted by the
standard error in MMonte Carlo simalation,

12



Table 3: Values of hasket calls

K r a P LIC aDh LN FId TEI

50 .05 0.2 15.0600 00015 14.6372 150546 150583
1an .05 0.2
110 .05 0.2

50 0.05 0.5

Tre4s 00013 g.8308 TTE52 704
31748 0.0010 2.2014 31774 3.1734
1572468  0.0030 185035 156997 187233
1an 0.05 0.5
110 0.05 0.5
50 0.1 0.2
1an 0.1 0.2
110 0.1 0.2

13.10a60  0.0030 127871 131207 131138
8.8%41 00027 8.5011 8.9335 8.9044
15,8503 00015 156342 1584581 155499
11.03%5 00014 103255 11.0393 11.0447
52958 00012 4.2484 5.3000 5.3038
a0 0.1 035 21,6463 0.0030 21.4717  21.6074 21,6425
1an 0.1 0.5 15,4643  0.0030 153912 156400 154479
110 0.1 0.5 0 10.9886  0.002% 106303  11.0167 109977
50 0.os 0.2 05 1461025 00017 156494 141024 141044

[ I s N s Y s N s N s R s N s N s N s N s |

1an 0.0s 0.2 05 95745 00017 8.8547 9.5728 9.5765
110 0.0s 0.2 05 5091 00015 43967 5.05924 5.0548
50 0.05 05 0.5 2531387 00044  2Z8E99 231344 231364
1an 0.0s 05 05 181952 00044 179159 151960 151964
110 0.05 05 05 141800 00044 138918 141900 141890
50 0.1 0.2 05 195433 00017 192143 195427 19,5439
1an 0.1 02 05 125073 00017 119215 125095 125127
110 0.1 02 05 F.2402  0.0016 8.5275 T.2428 72441
50 0.1 05 05 254219 0.0046 253975 254211 25,4238
1an 0.1 05 05 Z0.4500  0.0046 2002165 204814 20.4824
110 0.1 05 05 142340 0.0045 159395 142301 16.2298

RMEE 0.5314 0.0147 0.oos2
MAE 1.0502 0.0398 0.0103

To ewaluate the perfommance, we select the parameter walues: the time to maturity, T = 1, the standard desation
of jump size, &=003, the expected punp size, -0.02, the jump intensity, »=10and the correlation between jump
sizes 15 0. Let K, r, o, and p be the exercize price, interest rate, the return wolatility and the correlation between
standard Browrndan motions, respectively. Let WC, LM, FIWV and TET denote the WMonte Catlo sirmalation, the log-
normal approzimation, the for moments and the Taylor expansion, respectively. Also, 3D is denoted by the
standard error in MMonte Carlo simalation,

13



Table 4: Values of hasket calls

K r a P LIC aDh LN FId TEI

50 .05 0.2 237727 00028 23.0541 237588 237742
1an .05 0.2
110 .05 0.2

50 0.05 0.5

0
0 170153 00027 157425 170128 170254
0 11.558% 0.002% 98548 11.5618 11.5a77
0 30.6635 0.007§ 308485 3001511 3065485
1an 0.05 0.5 0 258971 0007 260042 255200 259381
110 0.05 0.5 0 218297 00072  Z21.849% 216136 219015
50 0.1 0.2 0 335809 0.002% 333810 335721 335808
1an 0.1 0.2 0
110 0.1 0.2 0
0
0

26,7156 00029 26.2005  26.7055 247187
204638 0.002Z8  19.4894 20,4585  20.4712
a0 0.1 035 FR3s1 0 00077 379490 3712ZE 0 37 U3E9
1an 0.1 0.5 327361 0 00076 329523 321903 327589
110 0.1 0.5 0 253379 00075 254928 IV EREZ 283713
50 0,05 0.2 05 255737 00033 24.8172 55773 255794
1an 005 0.2 05 1%.alll 00033 185875 194093 194131
110 0.05 0.2 05 14.6871 00033 134954 146887 144931
50 0.0s 05 05 32420 00108  36.9131 372048 372448
1an 0.0s 05 05 3531916 00107 328050 331510 332028
110 0.05 05 05 294087 00105 291871 295797 294208
50 0.1 0.2 05 344184 00032 34.0040 344127 34,4130
1an 0.1 0.2 05 251941 0.0033 275519 281946 28,1982
110 0.1 02 05 224418  0.0033  ZL7ad4 224571 22,4601
50 0.1 05 05 431136 0.0107 428455 430606 43,1333
1an 0.1 05 05 389881 0.0108 356742 389427 35,0085
110 0.1 05 05 352873 00107 34.9247 352444 353020

RMEE 0.65961 0.2364 0.0z210
MAE 1770546 0.6153 0.071a

To ewaluate the perfommance, we select the parameter walues: the time to maturity, T = 3, the standard desation
of jump size, &=003, the expected punp size, -0.02, the jump intensity, »=10and the correlation between jump
sizes 15 0. Let K, r, o, and p be the exercize price, interest rate, the return wolatility and the correlation between
standard Browrndan motions, respectively. Let WC, LM, FIWV and TET denote the WMonte Catlo sirmalation, the log-
normal approzimation, the for moments and the Taylor expansion, respectively. Also, 3D is denoted by the
standard error in MMonte Carlo simalation,
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