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Abstract

In this study, we investigate an optimal consumption and investment problem of an economic agent who
faces a welfare constraint; the agent does not accept her expected utility (continuation value) falls below a
certain fixed level regardless of the time and state. This optimization problem involves an infinite number
of constraints. Using a duality approach, we transform infinitely many constraints into a single constraint
and define the dual problem, which becomes a two-dimensional singular control problem. The dual problem
provides its associated Hamilton-Jacobi-Bellman (HJB) equation with a gradient constraint. Under a general
class of utility functions, we obtain an explicit solution to the HJB equation and provide optimal strategies
by establishing a duality theorem. As an example, we consider hyperbolic absolute risk aversion (HARA)
utility, which may incorporate a government subsidy or a basic support, and provide the solution and its

implications.
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1 Introduction

This study investigates the optimal consumption and investment problems of an economic agent with a
general utility function in the presence of welfare constraints. Under welfare constraints, it is assumed that
an agent’s expected utility (continuation value) should always be greater than or equal to a certain minimum
welfare level. An economic agent can determine the minimum welfare level based on various rationales. One
example is the reservation utility of an economic agent in a limited commitment framework, as in Choi et al.
(2021). In Choi et al. (2021) with limited commitment, the economic agent may default and not repay the
debt, and consequently, the agent is not able to participate in the financial market and is allowed to consume
a fixed proportion of income afterwards as a default penalty. In this case, the economic agent repays the
debt only when repayment is incentive-compatible, and the corresponding reservation utility is the lifetime
utility the economic agent would have by choosing immediate default and consuming a fixed proportion of
his/her labor income without participating in the financial market.

Recently, Campbell and Martin (2022) studied the optimal consumption and investment problem with
constant relative risk aversion (CRRA) utility under the sustainability constraint that expected utility, which
is a function of current wealth and thus a random variable, should not be expected to decrease over time. More
precisely, the drift of the expected utility process should be nonnegative under the sustainability constraint.
By contrast, we impose a constraint on the level of expected utility, not its dynamics, and consider a more
general class of utility functions that include hyperbolic absolute risk aversion (HARA) class utility functions.

To investigate our optimization problem, we employ the duality approach developed by Karatzas et al.
(1987) and Cox and Huang (1989). As the welfare constraint should be satisfied regardless of the time
and state of the world, our optimization problem faces an infinite number of constraints. To overcome this
difficulty, we transformed infinitely many constraints for the primal problem into one constraint for the dual
problem, as in He and Pagés (1993). Because the dual problem involves the choice of a non-decreasing
shadow price process, which is the cumulative Lagrange multiplier process arising from dynamic welfare
constraints, the dual problem can be formulated as a two-dimensional singular control problem, and we can
obtain an associated Hamilton-Jacobi-Bellman (HJB) equation with a gradient constraint. For a general class
of utility functions, we derive an explicit solution to the HJB equation and provide a verification theorem
that guarantees that the solution to the HJB equation is indeed the solution to the dual-value function.
Previous studies that incorporated similar singular control problems established the verification theorem by
utilizing the standard argument in the literature that puts some growth conditions on the dual conjugate
function of the utility function. However, without imposing a growth condition on the dual conjugate function
of the utility function, it is difficult to apply standard arguments to our verification theorem. To resolve
this difficulty, based on many technical and non-standard arguments, we directly show the identification
between the dual value function and the solution to the HJB equation using Fubini’s theorem and expressing
the solution to the HJB equation as an integral of optimal stopping problems. This is a main technical
contribution of this study. Finally, we prove the duality theorem and obtain the explicit solutions to the
optimal consumption and investment strategies.

Based on the explicit solutions for the general class of utility functions, we can show that there exists

"More details will be provided in Remark 3 in Section 2.



a minimum wealth level endogenously determined by the welfare constraint. In other words, an economic
agent’s wealth process under welfare constraints should always be greater than or equal to a certain en-
dogenous minimum wealth level. In contrast to the model with the borrowing constraint, the endogenous
minimum wealth level in our model can have a positive value depending on the minimum welfare level
imposed by the welfare constraint. As expected, as the minimum welfare level increases, the endogenous
minimum wealth level increases. On the other hand, the optimal consumption and investment (provided the
risky asset provides positive excess return) for a given wealth level decrease as the minimum welfare level
increases, which is an intuitive result. We can also show that the optimal investment becomes zero when
the agent’s wealth reaches the endogenous minimum wealth level, to avoid the risk of violating the welfare
constraint.

For example, we consider a HARA class utility function that may incorporate a government subsidy or
basic support that cannot be stored, and should be consumed immediately. It is obvious that it becomes
easier to meet the welfare constraint as basic support increases, which implies that the solutions may have
different properties depending on the relationship between the minimum welfare level and basic support.
This is confirmed and discussed in Section 6.

Our study is closely related to Choi et al. (2021), who investigate the optimal consumption and investment
problem of a household with limited commitment to debt repayment, since the agent’s limited commitment
in Choi et al. (2021) can be regarded as time varying welfare constraints. Our study is also related to
the literature on optimal consumption and portfolio problems with non-negative wealth constraints (see He
and Pagés (1993), El Karoui and Jeanblanc-Picqué (1998)) in that the welfare constraints in our problem
generate minimum wealth constraints. However, the wealth constraints generated by welfare constraints are
determined endogenously according to the minimum welfare level. Although the mathematical structure of
the two problems seems to be similar, our dual problem is formulated into a two-dimensional singular control,
whereas the dual problem in He and Pagés (1993) and El Karoui and Jeanblanc-Picqué (1998) is formulated
as a one-dimensional singular control. Moreover, He and Pagés (1993), El Karoui and Jeanblanc-Picqué
(1998) and Choi et al. (2021) provide explicit solutions only for the case of the CRRA utility function. As
our dual problem involves the choice of a non-decreasing shadow price process, the mathematical structure
is similar to the incremental irreversible investment problems studied by Pindyck (1988), Dixit and Pindyck
(1994) and Riedel and Su (2011). There have been many studies on the continuous-time portfolio selection
problem with the feature of a singular control (see Davis and Norman (1990), He and Pagés (1993), Dybvig
(1995), El Karoui and Jeanblanc-Picqué (1998), Deng et al. (2022), and references therein). We add to the
literature by investigating the welfare constraint on the agent’s consumption and investment problem using
the general utility function.

We introduce our model and primal optimization in Section 2, and the corresponding dual problem and
its associated HJB equation are derived in Section 3. Section 4 derives a solution to the HJB equation
and provides a verification theorem. The duality theorem and optimal strategies are presented in Section 5.
Section 6 provides an example of the HARA class utility function that can incorporate basic support and
discusses the implications of the solution. Finally, Section 7 concludes the paper. All proofs are provided in

the Appendix.



2 Model

We consider a simple, standard continuous-time financial market.
Preference: The agent’s objective is to maximize the following expected utility from intertemporal con-

sumption c;:
o
U=E [/ e_’Btu(ct)dt} ) (1)
0

where 8 > 0 denotes the subjective discount rate.

The agent’s expected utility (continuation value) at time ¢ > 0 is given by

=, Utw e@<st>u(cs)ds} 7 (2)

where E; [-] = E[- | 4] denotes the conditional expectation at time ¢ on the filtration F;.

We assume that the agent wants to maintain the expected utility (continuation value) above a certain
level P. In other words, the agent’s consumption process {c; }$2,, satisfies the following welfare constraints:
forallt >0

Wi > P, (3)

Financial Market: The financial market consists of two assets: a risk-free asset and a risky asset (or a
market index). We assume that the risk-free rater > 0 is constant. The price S; of the risky asset evolves as
follows:

dS; /Sy = pdt + odBy,

where p,0 are constants, ;4 > r, and B; is a Brownian motion on a standard probability space (2, F,P)

endowed with an augmented filtration {F;};>o generated by the Brownian motion B,.

The Budget Constraint and Admissible Strategies: We assume that the agent receives the labor wage
at the constant rate e > 0. The agent’s wealth process (X;"")s2, corresponding to strategy (c,m) evolves

according to the following dynamics:

dX;" =X " +m(p—71)—c +e€ldt + omdB;, X;" =z > —;, (4)

where ¢; > 0 and m; are the consumption rate and the dollar amount invested in the risky asset, respectively,
at time .
Throughout this paper, (¢, 7) belongs to the admissible class A(x) if they are F;-progressively measurable

processes that satisfy the following conditions:
(a) ¢ and 7y satisfy

t t
/ csds < 00, a.s. and / n2ds < 00, as., ¥V t>0, (5)
0 0

(b) (er)s2, satisfies the dynamic welfare constraints in (3),

(c) The wealth (X;™):2, corresponding to (cg, m)72, in (4) satisfies

X0 > —E as. Vi>0.



Utility Functions: We make the following assumptions on the felicity function to guarantee the existence

of a solution to the agent’s optimization problem:

Assumption 1. Felicity function u : [0,00) — R is strictly increasing, strictly concave and continuously
differentiable, and lim,_, . u'(c) = 0.
onto

The strictly decreasing and continuous function «’ : (0,00) — (0, 4’(0)) has strictly decreasing continu-
onto

ous inverse I : (0,4/(0)) — (0,00). We extend I by setting I(y) = 0 for y > u/(0). Then, we have

Y, 0 <y <u/(0),
u'(0),  y>u'(0),

u'(I(y)) =

and I(u'(¢)) = ¢ when 0 < ¢ < co. We note that lim,_,., I(y) = 0.

Remark 1. The conditions in Assumption 1 are commonly employed in the consumption-investment choice
problem. The increasing property and strict concavity of the utility function in Assumption 1 imply that the
agent has monotone preference and exhibits risk aversion. The last limiting condition is the Inada condition,
which states that the marginal utility of consumption approaches zero if one consumes larger amounts of

consumption goods. This assumption is standard in the literature (see Merton (1969, 1971)).

Assumption 2. For any y > 0,

y
/0 ETMI(€)dE < 0.

where n; > 0 and ny < 0 are the two roots of the quadratic equation:

q<n>::92n2+(ﬁ—r—2)n—ﬁ=o. (6)

Remark 2. Assumption 2 is a necessary and sufficient condition for the existence of optimal policies for
standard consumption-investment choice problem, that is, the agent’s problem without the welfare constraints
(see Chapter 3.9 in Karatzas and Shreve (1998)). Quantity I(y) is the consumption corresponding to marginal
utility y. Hence, the assumption implies that the improper integral near-zero consumption weighted by the
positive power —ns of the marginal utility is finite. Accordingly, it implies that consumption does not explode

too quickly as marginal utility becomes very small.
For the welfare constraint in (3), we make the following assumptions.

Assumption 3. P satisfies the following condition.

cg%1+ u(c) < BP < Clggo u(c).

Remark 3. As described in the Introduction, one example of the minimum welfare level P is the reservation
utility of an agent with limited commitment. Suppose that the agent can choose to default and not repay
the debt, and the consequential default penalty is that the agent is not allowed to participate in the financial

market and is only able to consume a fixed proportion d; of income afterwards. In this case we have
o0
P= / e Ptu(dre)dt.
0
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We now describe the optimization problem for the agent.

Problem 1 (Primal Problem).
Given x > —=, we consider the following optimization problem.:
oo
V(z)= sup E [ / e—ﬂtu(ct)dt] . (7)
(e,m)eA(x) 0
Because Problem 1 involves the choice of consumption and portfolio as well as dynamic constraints, our

strategy for solving the problem consists of the following steps:

(1) By using the duality approach, we derive the budget constraint in static form for Problem 1. To
transform the infinitely many constraints in (3) into one constraint, we employ the method proposed
by He and Pagés (1993) with a modification to fit our purpose. To do this, we introduce a non-
decreasing process, which can be thought of as the integral of infinitesimal Lagrange multipliers for the

constraint (3). Then, we can set the Lagrangian for Problem 1.

(2) By maximizing the Lagrangian over consumption, we derive the candidates of optimal consumption.
Putting this in the Lagrangian, we define the dual value function, which takes the form of a two-

dimensional singular control problem.

(3) Applying the dynamic programming principle to the dual problem, we derive its associated Hamilton-
Jacobi-Bellman(HJB) equation with a gradient constraint. We provide an explicit-form solution to the

HJB equation and verification that it is the equivalent to the dual value function.

(4) Finally, we prove the duality theorem and provide the optimal strategies in the explicit-forms.

3 A Dual Optimization Problem

First, we transform the agent’s dynamic wealth process in (4) into a static-form constraint using the lin-
earization method developed by Cox and Huang (1989) and Karatzas et al. (1987). Let us define

b

g=H—" H, = ef(r+§>t*93t, H = He for 0 <t <s,
o He

where H; is the stochastic discount factor or state price density. The agent’s wealth process can then be

transformed into the following static budget constraint:

E [/OOO (e, — e)dt] <z (8)

Proposition 4.1 in Knudsen et al. (1998) is useful for investigating the optimization problem. Thus, we
briefly introduce a proposition based on our notation. For an arbitrary measurable function ¢(y) defined on

R, let us define operator I' as
(o)
ro) = | [ e o )
0

where V! = yeP'H,. Note that

ayy th

The following proposition provides some properties of the operator I':



Proposition 1 (Proposition 4.1 in Knudsen et al. (1998)). Let ¢(y) be an arbitrary measurable function

defined on RY. Then, the following conditions are equivalent:
(i) for everyy >0
Lo (y) < oo,
(ii) for everyy >0

Y [eS)
[ emotende [ e tsede < o,
0 y
Under condition (i) or (i), the following statements are true:
(a) liminf, oy~ "?|¢(y)| = liminfy 1o ¥y~ |d(y)| = 0,
(b) Ty has the following form:

Yy [e's)
O P — [y /0 £ g(E)de + y™ / f—"l—lqb(f)df},
Y

02 (77,1 — TLQ)
(c) Ty(y) is twice differentiable and satisfies
92
YTG() + (B = ryTy(y) — BLe(y) + d(y) =
(d) there exists a positive constant C' such that

T,y < Cly™ " +y™Y) forall y >0,

(¢) limy o e”E[|T4(V})]] =0

We now derive a dual problem arising from Problem 1. For this purpose, we first provide an informal
heuristic derivation of the Lagrangian for the dual problem. The key is to write a part of the Lagrangian
corresponding to the infinitely many constraints (2). By utilizing the method developed by He and Pagés

(1993), we transform the constraint (2) into the following condition:

E [/OOO n: (W; — P) dt} =E [/OOO m (/too e-ﬂ<5—t>u(cs)ds> dt — P/Ooo ntdt} >0, (11)

where 7; > 0 denotes the Lagrangian multiplier of constraint (2) at each time ¢ > 0.

We now write the Lagrangian £ for Problem 1 with constraints (2) and (8) as follows:

£=E UOOO eﬁtu(ct)dt} +y (z ~E UOOO Hylcr — e)dtD +E UOOO ey, </too eﬁsu(cs)ds) dt

_p / oontdt} , (12)

where y > 0 denotes the Lagrangian multiplier for the static budget constraint (8). By ignoring the technical
conditions to derive the dual problem, we deduce the following.

£ =E /Ooo e (ct)dt} +y (a: - U Holcr — € dtD +E { e (/too e_’Bsu(cs)ds) dt — P/Oo mdt}
K /OOO e Phue )dt} +y<a:— U Hi(ci — €) dtD +E { ( s ds)e “ue)dt — P/ ntdt} (13)
=E /Ooo e Pt ((1+/0 eﬁsnsds> u(er) — Yer + VY )dt—P/ —pt Btntdt} ,




where VY = yef*H,; and we use integration by parts in the second equality.

We define process Z by
t
Z, :/ eﬁsnsds for t > 0. (14)
0

Note that the process Z is non-decreasing in t > 0 with dZ, = e®*n,dt. Then, we have
L=E [/ e P (1 + Z) uler) = Ve + Vie) dt — P/ e‘BtdZt} : (15)
0 0
Since the dual conjugate function @ of u is defined as

i(y) = sup (u(c) —ye) = u(I(y)) —yI(y) with I(y) = (u')""(y), (16)

c>0

we deduce that the candidate for the optimal consumption é()Y) for y > 0 is given by

Y

ey = I( ¢ ) for t > 0. (17)

1+ 2,

Optimizing over ¢; in (15) yields
y

£y, 2):=E Uoo e Pt <(1 +zt)a( Vi ) +yfe> dt — P/Oo e—ﬁtdzt] + yx. (18)

Motivated by the discussion above, we formally state the dual problem as follows.

Problem 2 (Dual Problem).

. _ VAN _
_ Bt t Y Bt
J(y) = Zérﬁf(o)E {/0 e ((1 + Z)u (1 t) + ) e) dt P/o e dZt] , (19)

where I1(2) is the set of all positive non-decreasing, right-continuous processes Z with left-limits, and Zo_ =

z > 0 such that
[eS) Zy yU
/ e_Bt/ u (I( d )) ’ dvdt| < oo, (20)
0 2 1 + 14

E UO e‘ﬁtdZt] < 0. (21)

E

We call J(y) and the process Z the dual value function and shadow price, respectively.

Remark 4. One might think that integral condition (20) is somewhat unusual. However, the key idea for
the verification of the dual problem is to apply Fubini’s theorem. As can be seen in the proof of Theorem 1,

the integral condition allows us to utilize Fubini’s theorem.

Lemma 1. Let z > 0 be given. For any (2:)32, € I1(z), the integrability condition (20) implies that:

E[/Ooce—ﬂt(uzt)a( Vi )‘dt}<oo. (22)

1+ 2,
Thus, the integrability conditions (20) and (21) guarantee that the dual value function J(y) is finite.

Proof. See Appendix A. O



The next proposition states that the Lagrangian £(y, Z) in (18) is greater than or equal to the value
function V() defined in Problem 1.

Proposition 2. For any y > 0 and Z € I1(0), the following inequality holds.

E [ /0 h e‘ﬂtu(ct)dt} < 2y, 2).

The equality holds if and only if, for allt >0

= i z=E /OO’H(c—e)dt
t 1+2 ) | e ;

0=E [/OOO e Pt (Et Utoo eﬁ’(”)u(cs)ds] - P> dZt] .

Proof. See Appendix B. O

From Proposition 2, we have
V(z) = E —pt dt| < inf inf L(y,2) < inf (J(y) +yzx). 23
@ = s B[ [T ] < it £0.2) < inf () + w0 (23)

Thus, we derive the following weak-duality:
V(z) < inf (J(y) + yz). (24)
y>0

We demonstrate that the above weak-duality holds with equality in Theorem 2.
To apply the dynamic programming principle to the dual function in Problem 2, we consider the following

two-dimensional singular control problem of J(y, z) given by

N . < VAN * s
J(y,z) = inf EU eﬁt<1+z u( ' )+yye>dt—P e Ptdz,| . 25
(y,2) S EL ( t) 1Tz b ; t (25)
Note that
J(y) = 3(y,0). (26)

Remark 5. As mentioned in the Introduction, the structure of the singular control problem in (25) is similar
to that of the irreversible investment problem with the capacity expansion decision studied by Pindyck (1988),
Bertola (1998), Riedel and Su (2011) and references therein.

From the standard theory of singular control (see Harrison (1985) and Stokey (2009)), we consider the

following two-dimensional HJB equation with a gradient constraint arising from the problem (25):

min {EQ(y, 2)+ (1+2)i (112) +ye, 0.Q(y, 2) — P} — 0, (27)
where the differential operator £ is given by
0, &2 d
L= 5Y dfngr(ﬂ*?")ydfy*ﬁ-



Usually, many studies on singular control problems show the sufficient conditions?, under which the value
function J(y, z) of the control problem (25) identifies with a solution to Q(y, z) by imposing proper growth
condition on u(-). However, under Assumptions 1-2 without the growth condition on 4, it is not easy to
show the sufficient conditions (28) and (29) in our optimization problem.

To overcome this difficulty, in the next section, we directly show the identification between J(y, z) and
9Q(y, z) instead of imposing the growth condition on @ to show the sufficient conditions. The main idea of
the proof is to utilize Fubini’s theorem and express Q(y, z) as the integral of the optimal stopping problems

(see Proposition 5 and the proof of Theorem 1). This is one of the technical contributions of this study.

4 Solution Analysis

Consider the following substitution:

Y

Qy,2) =(1+2)M(v) with v = o

It follows from (27) that:
min {LM(v) + @ (v) + ve, M(v) —vM'(v) — P} =0 for v € R,. (31)

To derive a solution to HJB (31), we consider the following free boundary problem (FBP) arising from HJB
(31): for v € Ry

LM(v)+a(v)+rve=0 for 0 <v<p,
M(v) - vM!(v) = P for v> 7, (32)
M—-—vMY(0)=-0M"(0)=0  (smooth-pasting).

We will find a twice continuously differentiable solution to FBP (32).
Lemma 2. The following inequality holds for any v > 0:
v oo
[ e @+ [ e tuteids < oc
0 v

and

/ =21 a(€) e + / =M1 a()]de < oo.
0 v

Proof. See Appendix C. O

2The sufficient conditions are twice continuously differentiability of Q(y, z), martingale condition

¢
/ e P1YY9,Q(VY, Z,)dB; is Fi-martingale,
0

and transversality condition
; —Bt Y _
Jim e M E[QY, 2)] = 0
for any Z € II(2)
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In the region 0 < v < 7, a solution to FBP (32) can be expressed as the sum of a general solution to the

homogeneous equation and a particular solution:

2 [t e e [T e ae + o]

92 (n1 — 7’L2)
From Proposition 1 and Lemma 2, we deduce that

#{ / 2N a(E) + Ee) d£+1/"1/ MY (€)+£e)dﬁ}

92 (77,1 — ’I”LQ

2 no —ng—1~ ni =1~ €
() {V /oéE UEde +v /V ¢ U(ﬁ)d§}+;u

is well-defined. As Q(y, z) should satisfy the transversality condition lim; . E [e7?*Q(Y}, Z;)] = 0, we set

M(v) = Dyv™ + Dov™ +

D5 = 0. Thus, we can rewrite M(v) as

2

M(V):Dly +m

{ / 1 <§)d§+u"1/y el (£>d£}+ v

From Lemma 2 and Proposition 1 (a), we have

liminf y~ "2 I(y) = 0.

yl0
It follows that
VMI(V):nlDan1+2{n2V / €71 (a(€) + E0)dE + myp™ / emm( <f>+fe>d5]
02(n1—n2
=n ym 2 2 —ngo—1/ € pm —n1—1/__ €
— D, +92(n1_n2)[ /0 €7 (—€1(€) + Ee)d + / emm EI(€)+€)d§],

where we used integration by parts for the Riemann-Stieltjes integrals in the second equality. Because
(&) = u(I(€)) — &I(&), we obtain that for 0 <v <

M=o M) = =)Dy gt o [ttt v nteyie v [T el + ereag
(33

— =Dt 4 gy [+ [T e turenae).
By the smooth-pasting condition (32) we have

—ﬂgP

(n1 —1)(n1 — n2)

——n1

Dy =5 e u(I(€))dE —

02(n1 — 1)(n1 — na) /
- [ emt ) - apyae

n1 — 1)(77/1 — ’ng

and
v 1 6 v 1
= [ et - Gm P = [ wn©) - Py de
0 0
Lemma 3. There exists a unique free boundary v > 0 such that
/ £ (u(I(€)) ~ BP) dE = 0.

Then,
u(I(v)) — P <O0.

11



Proof. See Appendix D.
Because M(v) —vM'(v) — P =0 for all v > 7, it follows that:
M'(v) =0 for v>r.
This implies that M’(v) is constant on the domain v > 7, that is,
M'(v) =x for v >w.
for some constant y. Under the assumption that M is C?, we can deduce that
LM(D) + u(P) + ve = 0.
Since M"(7) =0 and M(v) — vM' (D) = P, we have
1

X:E(a(f/)—ﬁP—&—f/e).

This leads to
M) = vM'(v) + P = (a(?) — BP + 7€) — + P for v > 7.
8%

In summary, we obtain the following explicit-form of M(v) satisfying FBP (32):

2
D™ 4
v + 92(’17/1 — Noy
M(v) =

(ﬂ(D)—ﬁP—i—f/e)%—&—P for v >,

where

Dy = MM (u(I(€)) — BP) de,

2 o0

?2(711 —1)(n1 —n2) /,7
= —n2—1 — .
0= / =1 (u(I(€)) — BP) de

) [1/"2 /OV g*"271ﬁ(f)df+1/"1 /VOO gmlﬁ(g)dg} + ;y for 0<v<up,

(34)

(35)

(36)

Proposition 3. M(v) given in (34) is twice continuously differentiable, and satisfies the HJB equation (31).

Proof. See Appendix E.
Let us denote £(y) as

é(y):%—l.

From substitution (30), we deduce that Q(y, z) is given by:
(i) for 2(y) < z

ni 9 No ﬁyz
Qy,2) =(1+2) {Dl (liz) + 02(ny — ns) (liz) /O §_n2_1a(§)d§

y ni oo Cny—1~ € y
* <1+z) /yz5 Ha(€)a +r<1+z>}’

Qy,2) = (u(v) — BP + ve) % +P(1+2)=Q(y,2(y) + P (2 - 2(y))-

(ii) for 0 < z < 2(y)

12
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Corollary 1. O(y, z) given in (37) and (38) is twice continuously differentiable, and satisfies HIB equation
(27).

For a given y > 0, we define a stopping time 7(y) as the first hitting time of )} to reach the boundary :
Ty) =inf{t > 0|V >1}. (39)

In the following proposition, we can characterize that 7(y) is the solution to a certain optimal stopping

problem, which is useful for the verification theorem for the dual value function:

Proposition 4. 7(y) is the solution to the following optimal stopping problem.

) = L B e T orpm )] = LB | [ e 102 - 5P) (10)
=E [ffﬁ%(y)r(uoI—BP)(yg(y))} ) (41)

where S is the set of all F-stopping times, taking values in [0, o0].

Moreover, ¢(y) is given in the following explicit-form.

Lwor—ppr) (y) Jor y >,
ey) = . (42)
[ uor—pp)(7) (E) for 0 <y <.
Proof. See Appendix F. O

For a given y > 0 and z > 0, let us consider the barrier strategy éz(y) defined by

~ Y
2= max {142 sup A1 or 020 13)

0<s<t V
with 25_ (y) = z. Here, v denotes the free boundary given in Lemma 3.

Proposition 5. Let y > 0 and z > 0 be given.

(a) (Z7(y))2 € (2).

(b) For given y > 0 and z > 0, the following relationship holds:

O(y, z) =E [/OOO o5t <(1 + 2 ()i (Hzi!(y)) + yg%) dt — P/OOO e—PraZz (y)

> Y Yy €
- Y Vv + 1+ 2T, €
/Z ‘P<1+u> vt (1+2) (1+z)+ry

where @(y) is defined in Proposition 4.

Proof. See Appendix G. O

Theorem 1.

(a) For giveny >0 and z > 0, J(y,2) = Q(y, 2).

13



(b) The dual value function J(y) has the following explicit-form:

1 # n2 . —nz—1(~ n1 o —ni—1/~ B
S Dyy™ + 6% (n1 — 1) [y /0 3 (a() +Ee)d +y /y 3 (@(€) + Ee)de|  for 0 <y <D,
(a(ﬂ)—ﬁp+ﬂe)%+P for y > 5.
(44)

where Dy and U are given in (35).

Proof. See Appendix H. O

Note that

Q(y,z)(lJrz)M(lj/_Z).

B v\ Y (Y
Qz(y’z)_M(l+z> 1+2M (1—|—z>'

Since J(y) = J(y,0) = Q(y,0) = M(y), we have

It follow that

Jy(y,0) = J'(y) and J.(y,0) = M(y) —yM'(y) = J(y) —yJ' (y). (45)

The following lemma provides the meaning of the relation in (45).

Lemma 4. For a given y > 0, the candidate for optimal consumption ¢ in (17) satisfies

(v N N
Ooefﬁtu é I = —yJ’
/ ( <1+ 2?@)))&] () - 97'(). (47)

Proof. See Appendix 1. O

= Ooe_’@tu ¢ 73);/
s [ (o (12 )) ). “

From Proposition 5 (b), Theorem 1, and Lemma 4, we have

E

and

E

Let us define W(y) as

W(y) =3:(y,0) = — ¢ (y) + Luor(y)
== o) +Twor—pp)(y) + P,

where we used the fact that:

F(uoI—ﬁP) (y) = Fuol(y) + P.

Recall that in Proposition 4,

‘P(y) = irelg]E [G_BTr(uoI—BP) (yg)} < I‘(uoI—ﬁP) (y)7

14



where the equality holds if y > 7. Overall, we deduce that

W(y) = —o(¥) + Twor—pp)(y) + P > P. (49)

By the Markov property and the definition of ZA?? (y) in (43), we can easily derive that for any ¢t > 0

Yy = Ooefﬁ(sft)u é I s
WY = E, Vt <<1+2§)(y)>>d

where the equality in the inequality above holds only when dZAg(y) # 0. Thus, we can directly obtain the

> P, (50)

following corollary.

Corollary 2. For a given y > 0, we have

/t e P (W) — P)dZ(y) =0 Vi > 0. (51)
0

5 Duality Theorem and Optimal Strategies

Let us define 7 as

m:—ﬂm=—<M”;BP+Ql. (52)

Since u(y) = u(I(y)) — yI(y) and w(I(7)) — BP < 0 (see Lemma 3), we deduce that:
xz_(u([(u))—?P—uI(V)_i_e) 1 €

14 r r

We now state our main theorem.

Theorem 2. Let x > T be given.

(a) The value function V(x) in Problem 1 and the dual value function J(y) in Problem 2 satisfy the following
duality relationship:
V(z) = inf [J(y) + yz] . (53)

y>0

There exist a unique solution y* € (0,7] to the minimization problem (53) such that
v =—J(y"). (54)

(b) The optimal consumption c; and portfolio w} at time t > 0 are given by

e YE
ct—c<1+zt*> (55)
and
0V Y
= oivz) \1xz; ) (56)
where

Vi= yty* =y*eP"H, and Z! :max{O7 sup yft — 1}.
0<s<t V
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(c) The agent’s wealth Xtc*’”* corresponding to (¢*,m*) at time t > 0 is given by

y*
X* —__7 t
! g (1 + Z;‘) (57)
and satisfies
X > forall t>0. (58)
Proof. See Appendix J. O

Remark 6. As shown in part (c) of Theorem 2, the agent’s wealth should always be greater than or equal
tox. If £ <0, then —Z can be interpreted as the endogenous credit limit (or borrowing limit) generated by
the welfare constraint. Note that, if we impose a credit limit (or borrowing limit) on the agent’s wealth as
X; > T, it is natural to assume that T < 0. In contrast, if we impose a welfare constraint as in our model, T

can also be positive, depending on the level of P.

From Theorem 1, we deduce that for y < v

Yy 00
J/(y) :nlDlynl—l + m |:n2yn2_1/0 f_nz_l(ﬂ(f) 4 fé)df + N1yn1_1/ f_nl_l(ﬁ(f) + 66)df:|
Y
_ ni—1 2 no—1 Y —ngo—1 _ ni—1 > —n1—1 _
D s [yt [ e nienae £yt [T em e nionae).

where we used integration by parts in the second equality and
liminf y™"2|a(y) + ye| = liminf y ™" |a(y) + ye| = 0. (see Proposition 1).
yl0 yToo

Since
Vi
1+ 2/

we can directly obtain the following corollary.

<v forall t>0,

Corollary 3. Fort > 0, the agent’s wealth Xf*m* corresponding to (¢*,7*), and the optimal portfolio m;
have the following explicit-forms:

2

Xc*,ﬂ'* — _ D T* ny—1
t D1 (T7) +02(n17n2)

T: oo
(ri)"! /0 €I —de + (Y™ [ €M THI(E) — €)de

1y
and
1y
71': =§ {m(m — D (Y™ - m [Wz - D)t /0 ETHI(E) — e)dt
+ (na—1)(rH)™ ! - eI e)dé‘} }

where

. Y

14z

In particular, Xf*’”* =7z and 7; =0 when Y} reaches the boundary v.

Proposition 6 (Comparative Statics). Let x > T be given.
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(a) The minimum level of wealth T increases in P.
(b) The consumption c¢; decreases in P.

(¢) The optimal portfolio } decreases (resp. increases) in P if 6 >0 (resp. § <0).

Proof. See Appendix K. O

6 Examples and Implications

In this section, we consider the following hyperbolic absolute risk aversion (HARA) class utility function:

(e+a)t
U(C) = f

It is obvious that the above HARA utility function satisfies Assumption 1, whereas the following condition

(0<vy#1, a>0). (59)

is required to satisfy Assumption 2:
1
K:=—¢(1--)>0,
Y

where ¢(+) is the quadratic function defined in (6). Here, K is the Merton constant and this condition is
equivalent to ny < 1 — % <nj.

In this example, a can be interpreted as government subsidy or basic support, as in Bae et al. (2020)
and Park et al. (2021), which cannot be stored and should be consumed immediately. If a > 0, ¢ can be
interpreted as additional consumption by the agent on top of a. If a = 0, this example becomes constant
relative risk aversion (CRRA) utility with the coefficient of relative risk aversion 0 < v # 1.3

We can easily check that I(y) and a(y) have different formulas depending on the relationship between y
and a™7 as follows:

B -1 _
y_%fa for 0 <y <a™, ——y' T 4ay for 0<y<a?,

. L—n
I(y) = and a(y) = )
0 for y > a7,
L—y
Because J(y) has a different formula depending on the relationship between y and 7, this implies that the

(60)
al™" for y >a™"7.

solution will differ depending on the relationship between 7 and a7, which is equivalent to the relationship

between P and P(a) := W’;{l)%,
I

relationship between the minimum welfare P and basic support a, we obtain different solutions as follows:

an increasing function of a. In other words, depending on the

e If P > P(a), by substituting (60) into the solution in Theorem 1, we can obtain

gy — L _ =1
o {(1 L ’Y)P} P (61)

—MNg

and consequently,

1—~y)Pr—™
_( (1)(7) V1+1) ARG Wv)Kyl_%Jretay for 0<y <7,
ny — ny — )7 -
J(y) = K (62)
( i ﬁl_iﬂp>y+e+ay+l) for y > b.
1—7v TV T

3We can also consider log utility such as u(c) = In (¢ 4 a) (a > 0) that incorporates the basic support a. As it does not provide

new properties or implications, we focus on the example in (59) to avoid redundancy.
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Note that o for this case is irrelevant to a, and the role of basic support a in J(y) is simply an additional
income added to labor income e. By substituting (60) into the solution in Theorem 2, we have
(1 — ’Y)Pﬁ_nl *M1 1 *1—

1
_— 7 f >z
(nl T %),}/y (1 — ’y)Ky vy or x x,

V(z) = (63)

P for =z =7,
_1 _
y* v —a for x> %,

1
vy —a for z=2z,

for x >z,

0 (er e+ a) COni(1— v)fz/* o
o (n1 — 1)y (65)

r
0 for x =7,
where y* € (0,7) is the unique solution to the following equation for given = > z:
(1—y)Pv—™
(1 —1)(m =1+ 2)y
f:_< 8 ﬂ1_i_ﬁp)1_e+a.
1—7~ TV T

As we can see in the equation (65) and the right panel of Figure 1, the optimal investment becomes

_ 1,1
nly*nl 1+Ey* }(_E‘:a7

Tr =

and

zero at the minimum wealth level Z, at which the welfare constrain is binding, to prevent the wealth
level from being less than the minimum wealth level Z. Note that the agent may keep the additional
consumption ¢ stay at 0 for a while in the presence of the basic support a > 0. However, when
P > P(a), the minimum welfare P imposed by the welfare constraint is high enough relative to the
basic support a so that the minimum level of optimal additional consumption ¢* (attained when the
welfare constraint is binding at x = Z) is positive (ﬂ_% —a > 0) because 7 < a~ when P > P(a).
This can be observed in the left panel In Figure 1.

In contrast, when P < P(a), we have a quite different result as follows.*

o If P 175(61)7 we have a different formula for 7 that depends on the basic support a as follows:

1
1 1 1y ) "2
V= {7(1 —ng — ;) <5P 1 7al'y> a”*(l"?w)} > a7 (66)

and we have

2a7(n1*1+%)

Y 1-1 , €+a
Dy — Yyt ———y 7 +
< ! 92(711 — ng)nl(nl — 1)(7?,1 -1+ }y)"y) (1 — "}/)K r

2 (1-m2-1)

y for 0<y<a™?,

J(y) = Dlynl —|—

B ) () (1)l —ms DY T A-)p

€
a4 —y for a7 <y <1,
= r
Bt

( i al"lv—ﬁP)y_—l—ey—l—P for y > v,
1—7 rvor
(67)

*Note that we only have the case P > P(a) when there is no basic support because P > P(0+) := lim,—04+ P(a) regardless of
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Consumption when P > P(a) Investment when P > P(a)
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Figure 1: Consumption and Investment when P > P(a).
Baseline parameters: = 0.03, f =0.04, © =0.07, c =0.3, v=0.5, P=55, e=1.
By setting a = 0.2, we have p(a) = 41.2346 that is less than P.

where

Dy =— 2 (513—

1 1—7) 51
a v <0. 68
02(711 — Tlg)nl(’ﬂ,l — ].) ( )

L—y
In contrast to the previous case with P > P(a), we have three regions of y that gives different form of
J(y): (0,a™7), [a=7, D), [7,00) when P < P(a). Let & and & be the values of primal variable z that

correspond to y = a~” and y = v, respectively, then we can verify that

(m-1) 20007

qY(1—n2) _ 57 69
92(n1—n2)(1—n2)(1—n2—%)7 T (69)

1 1 €
() Lot 0

T = —D1n1a7’y

Kl
I
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7

Moreover, it follows from Theorem 2 that

1
2q7(M—1+75) a ) 1 1 f
Dy — —ny)y" + ———y 7 for z > I,
! 92(7’11 — ’I’Lg)?’ll(nl — 1)(711 -1+ %)’}/ ! (1 — ’}/)K
1
Vi(z) = n 2a_ 717 n L _ .
Di(1 —nq)y™ + y"? + a7 for T <ax < 1,
O G ) ) —ma— Dy T =08
P for x ==z,
(71)
y*_%—a for = > z,
=40 for T <x <z, (72)
0 for z =7,
0 e+a 0 1 2q7 (M~ 1+7) 1
— —|D —14+-)- R ( > I,
= <x+ " ) + . 1n1(nq + fy) 2 (n1 —n2)(m — 1) Yy or T > %
1
it =10 . 9q Y(1—n2—73) . ~ .
— |Diny(ny — 1)y™ * + y"™? for z<z <1z,
o [ ia(m = 1) 92(n1—n2)(1—n2—%)7
0 for x =1z,
(73)

where y* € (0,7) is the unique solution to the following equation for given = > Z:

2a7(”1*1+%)

1 1 e+a
—Diny + Moty — for x> %,
< 1 92(n1n2)(n11)(n11+}y)’y>y K7 T orEsT
x = (74)
D — n 2a_"/(1—n2—%) a1 € ; - _
—4hniy Yy - = or r<xr <X
6%(nq —ng)(l—ng)(l—ng—%)y r

Recall that ¢, the additional consumption on top of the basic support a can stay at 0 for a while if there
is a basic support a > 0. When P < I:’(a)7 the minimum welfare P required by the welfare constraint
P is not large enough. Therefore, when the wealth level = goes below & but still above Z (x € (Z, Z]), it
is optimal for the agent to keep the additional consumption ¢ as zero, while the optimal investment is
not zero yet. As time goes, and the wealth level goes up above z, the agent will have positive additional
consumption again. On the other hand, if the wealth level drops and reaches Z, then it is optimal to
make both the additional consumption ¢ and the investment 7 be zero. This result can be observed in

Figure 2.

Concluding Remarks

We have studied the consumption and investment problem of an agent under the welfare constraints with a

general class of utility functions. The welfare constraint requires that the expected utility of the agent should

not be less than a fixed minimum welfare level, which is an optimization problem with an infinite number
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Consumption when P < P(a) Investment when P < P(a)
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Figure 2: Consumption and Investment when P < P(a).
Baseline parameters: = 0.03, f =0.04, © =0.07, c =0.3, v=0.5, P=55, e=1.
By setting a = 1, we have P(a) = 92.2033 that is greater than P.

of constraints. We have derived the corresponding dual problem, which becomes a two-dimensional singular
control problem, and its associated HJB equation with a gradient constraint. The explicit solutions for the
general utility functions are obtained, and the optimal consumption and investment strategies are provided.

The welfare constraint endogenously generates a minimum wealth level at which the optimal investment
becomes zero to satisfy the welfare constraint without violating it. Moreover, we show that the minimum
wealth level increases, while the optimal consumption and investment decrease as the minimum welfare level
increases. These results consistently hold for the general class of utility functions.

Using a HARA class utility function, we introduce an example that includes a government subsidy or
basic support that can only be consumed as soon as the agent receives it and cannot be stored. In this case,
¢¢ in our model can be interpreted as additional consumption in excess of basic support. Depending on the
relationship between the minimum welfare level and basic support, solutions have different properties. In
particular, when basic support is large enough relative to the minimum welfare level, there exists an range
of wealth levels in which the optimal additional consumption is zero, and this phenomenon does not appear

when basic support is not large enough.
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Appendix
A  Proof of Lemma 1
Note that
i Y _al Y y y o\ _ y
d<(1+z)u<1+z)> _u(1+z>+1+21<1+z> _u(I(1+z>)'
It follows that
e ,
B / e P 1+ 2y) ﬂ(lftz ‘dtlZo_—z]
LJo t
O . , )
=E / efﬁt/ u([( Vi >)d1/+(1—|-2)ﬂ< A > dt
/0 z 1+v 1
Moo Z, y - y
_ y B ) Y
pt ¢ Bt t
S]E_/o e /Z U<I(1+1/>>dy dt —|—IE[/O e (1+Z)u(1+2> dt}
Moo z, y - y
| [T (1( Vi ))‘M S+ HE [/ b ( ; )M
V0 z 1+v o 142
M oo 7, ) - ,
=E / e_ﬂt/ U (I (yt1+u))‘dvdt + (1 +2)E |:/ e Pt |a (yt<1+z>)‘dt:|
/0 z 0
- 5 )
=K _/0 e_ﬂt/z u (I (ytuu))‘dudt +(1 -‘rz)rm(y)

<00

Therefore, for any Z € I1(0),

oo Yy oo
|J<y>|§EU eﬁt(|<1+zt>a( Vi >‘+y§’e)dt+lPI/ eﬂtdzt}@o.
0 1+ Z 0

23



B Proof of Proposition 2

For given y > 0, any admissible strategy (¢, 7) € A(z), and shadow price process Z € II(0), we have

1+ Z)uler) = Ver < (14 Z4)u < s ) . (75)

14+ 2
Y
(3
1+ 2

where (u(c;))™ and (u(c;))™ are the positive and negative parts of u(c;), respectively.
It follows from Lemma 1 that

o0 o0 o 1
B| [ e o] <& | [T e e +8 | [Temar zfa (35 ) o]
i ; 0 1+ 2,
<yE| [ Hicrdt| +E 1+ 2 = )| dt
<y [/0 tCt ]4‘ {/0 e 71+ t)u<1+Zt

This implies that

9

(1+ Zou(e))™ < (1+ Z0)|(uler)| < Vew + (1+ Z)

<00.
Hence,
E [/ eﬁt|u(ct)dt} <E U eﬁt(1+Zt)|u(ct)|dt] <0 (76)
0 0
and -
E {/ e Pl + Zt)(u(ct))idt] < 0. (77)
0
Then, integration by parts yields that for a fixed T' > 0,
T T T
E / e A1 Jth)(u(ct))ert] =—E [(/ eﬁs(u(cs))+ds> 1+ 2
0 t t=0
T T
+E / e PR, / e P (u(e,)) Tds | dZ,
0 t

dz,

T
+E / e P (u(e,)) Tds

t

T
= e P% (ulcs s
_E V (ulea))*d

T
/ e_ﬁtEt
0

Letting T'— +o00, the monotone convergence theorem implies that

E UOOO e—ﬂt(u(ct))wt] +E [/Ooo e 'R, UOO e_B(s_t)(u(cs))"’ds} dzt} =E UOOO e P+ Zt)(u(ct))wt} < 0.

t
E { / e PR,
0

Note that for any ¢ > 0

P<E, [ /t h eﬁ(St)u(cs)ds] _E, / B0 (y(en))Hds| — By { /t I (u(cs))ds} .

Thus, ;
/ e P8 (u(ey)) s dZt] < 0. (78)
¢ 1
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It follows from (78) that

Since E U e P'PdZ,] < oo, we have

oo oo
E [/ e PR, [/ e_ﬁ(s_t)(u(cs))_ds} dZt} < 0. (79)
0 t
oo (oo}
E [/ e PR, [/ e_ﬁ(s_t)|u(cs)|ds} dZt} < 0. (80)
0 t
Thus, we deduce that for a fixed T > 0
T T T
/ (14 Z)u(c)dt| =—E / e PR, / e Py ds
0 t=0 0 t
T T T
=K [/ e_ﬁtu(ct)dt +E / e PR, / e_ﬁ(‘g_t)u(cs)ds
0 0 t

From (76) and (80), the dominated convergence theorem implies that

R [ /0 o+ Zt)u(ct)dt} _E { /O b e_ﬁtu(ct)dt] +E { /O o, { /t h e‘ﬁ(s_t)u(cs)ds} dZt} T
Thus, we derive that
E / h
<E /OOO +y (x ~E [/Ooo Hilcr — e)dtD +E UOOO e Pt (Et [/:o e_ﬁ(s_t)u(cs)ds] - P) dZt}
=E /0 +y (az - E [/OOO Hylcr — e)dtD +E UOOO Ztu(ct)dt} ~E [/OOO e_BthZt}
A4

> VY o
=K Z) - Ptpdz
A + + <( ) Ct1—|—Zt l—l—Zt)dt /0 € dt:|+ X

<Ly, Z).

From (78) and (79),

T

T
E (1+zt)/ e Pou(cy)ds +E dz,
t

A2,

8

The equalities in the above inequalities hold if and only if for all ¢ > 0

o :I(lffzj, r=F [/OOO”Ht(ct—e)dt] ,
0=E [/Ooo e Pt (]Et Utm e—ﬁ“—“u(cs)ds] - P) dZt] :
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C Proof of Lemma 2

Note that for any v > 0

and thus

It follows that
/0 =L (1(€))|dé + / e u(1(€))de
<~ Iw) i)+ [ emaga | / e I(C)dCde

UP)
+ni1f”1\u(1(y))—y1 |+/ M d§+/ / MmO d¢de (82)

= uI() = VIO + o (Tw) V)

1 OO —n1 7i Y —n2
+<1+nl)/y £ I(f)d§+(l 712)/05 I1(¢)d¢ < 0.

where we have used Fubini’s theorem in last equality. From Assumptions 1 and 2, it is easy to check that

/ £ I(€)de + / £MI(£)dE < oo,
0 v

Therefore, it follows from |a(&)| < [u(I(£))| + I(€) that

/sw*mm¢+/§%wam<m.
0 v

D Proof of Lemma 3

Lemma 2 implies that ¥(v) is well-defined for any v > 0. By Assumption 3, there exists a unique # > 0 such
that

u(I(9)) — 8P =0,
u(I(v)) — BP >0, forv <,
u(I(v))— BP <0, forv>p.

Then, it is easy to confirm that V() increases in v € (0, ) and decreases in (#, 00). Moreover, we have that
U(v) >0 for ve (0,7
For sufficiently large M > 0, there exists a constant § > 0 such that
u(I(v)) — BP < =6 for v > M.

Since

R R e e
e=M

T2
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we have

lim/f’”l () — pP) d

V%J:;oo
/ €7 (u(I()) - BP) dé +  lim /5 nal(y(1(€)) — BP) d€ = —oo.

Therefore, we can conclude that there exist a unique 7 > ¥ such that ¥ () = 0. Clearly, u(I(¥)) — P < 0.

E Proof of Proposition 3

By the construction of M(v) in (34), we can easily show that M(v) is twice continuously differentiable.
Since M(v) = (a(v) — BP + ve) L_ + P for v > v, it is clear that M(v) —vM’(v) = P for v > . Moreover,
7

forv > v,

LM(V) + a(v) + ve = — (@ (D)—BP+D€)§—BP+&(V)+6V
=~ (@(7) = BP) = — BP +(v).

Let us temporarily denote I(v) as

Then, we deduce that

+I(7)—-1I(v)) >0 for v>p,

TIM—!

!() =~ (i(#) — 6P) T~ 1(v) = ~(u(I (7)) ~ 5P)
where we have used the fact that u(I(7)) — BP < 0 (Lemma 3). That is, I(v) is increasing in v > ¥ and thus
LM)+a(v)+ve=I(v) >1(p)=0 for v>b.

Since M(v) in (34) is the solution of the FBP (32), it is clear that
LMv)+a(v)+ev=0 for 0 <v <D
For 0 < v < 7, it follows from (33), (34), and (35) that
M) —vM (v)
-+ e [Tty [T et (W&}

s | 5*"1*1u<1<§>)d5+92 2 [ e utnende o [Temtuo)ae] o9

T 02(n —na) nl_nQ)[ / & d€+V’”/ gmt ((f))dé]

Note that ) . i
P=_——— V" | &™TIBPdE+v™ | M TBPd ] 84
[u /0 e L BPdE 1 v / em15Pde (84)

92(711 — TLQ)
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From (83) and (84), we have that for 0 < v < D.
M(Z/) —vM' (v) —

=) { /5‘"2 ' 5))—/3P)d£+u”1/ e ((g))—,ep)dg]. (85)

Let us temporarily denote g(v) as

1 v 777,271 m _ n anfng v 7’!7,171 m _
I [n / e (u(I(€)) — BP) dé + o / e (u(I(9)) ﬂP)df}
2
:%ww (M) — vM' (v) — PY. (86)

Then, we have

g W) =-v" "N u(l(v)) = BP) + ™" /U M u(I(€)) - BP)dE

= — "2 Y w(I(9)) — BP) + v / Cemd(u(I(6) - pP), (87)

where the above equality follows from integration by parts. From (87), ¢’(v) is strictly increasing function
inv e (0,7).
By Lemma 3,
g @) =-v"""ul(@)) - BP) >0
On the other hand, it follows from u(I(?)) — fP = 0 that

§0) = mir [ € i) - pPIdg <0
Thus, there exists a unique 14 € (2, 7) such that ¢’(v1) = 0. Moreover,

<0 if0<v<uy,
gw) $=0 if v=u,, (88)
>0 if v>u.

This implies that g(v) is strictly decreasing in v € (0,v;) and strictly increasing in v € (v, D).
It is clear that

o) = s / €71 (u(I(€)) — BP) de = 0.

(nl — N2
Since

lim / g (u(I(8)) — BP) dé = +o0,

v—0+
it follows from L’Hospitals rule that

ni

o0 = Jim " (e [t i) - op) e
ny

_ . v (u(I(v)) - BP)
_m 1/1—1>r(r)1+ (nl _ ng)y"2—n1—1
:(7112711%2)2 . yMT2 T (y(I(v)) — BP) = 0,
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where we used the fact that

li%lJr v~ (u(I(v)) — BP) =0 (see (a) in Proposition 1 and Lemma 2).
v—

Hence, we deduce that
g(v) <0 for v e (0,7) (89)

or

(M) —vM'(v) = P) <0 for ve(0,v). (90)
Since M(7) — oM’ (P) — P = 0, we conclude that
M(v) —vM'(v)— P >0 for v e (0,v).
In conclusion, M(z) satisfies the following HJB equation with mixed boundary condition:

min {LM(v) + @ (v) + ve, M(v) —vM'(v) — P} =0 for v eR,.

F Proof of Proposition 4

We will prove this proposition in the following steps.

Step 1: ¢(y) given in (42) is continuously differentiable in y > 0 and satisfies the following HJB equation:

min {Lo(y), Tiuor—pp)(y) — ¢(y)} = 0. (91)

Moreover, the two regions (the continuation region CR and the stopping region SR) defined as

CR:={y >0[Lwor—ppr)(y) > ¢(y)} and SR :={y >0 |wor-pr)(y) = v(y)}
can be rewritten as
CR={y>0|0<y<v} and SR={y>0]|y >0}

Proof of Step 1:

Since

o_/ £ (u(I(€)) — BP) d,

we deduce that

v

O ) P — [ / e () - P+ [ e i) - 5P

92 (n1 — ’I’Lg)

/ £ (u(I()) — BP)de.

92 n1 7TL2

Thus, it is easy to see that ¢(y) and ¢’(y) is continuous at y = . That is, ¢(y) is continuously differentiable
iny > 0.
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Note that u(I(7)) — P < 0 (see Lemma 3). By (c) in Proposition 1, we have
LT (wor—pp)(y) = — (u(I(y)) — BP) > — (u(I(7)) — BP) > 0.

On the other hand, it follow from the inequality in (85) that for 0 < y < o

Liwor—pp)(y) — ¢(y) = m [y’” /Oy &N w(I(€)) — BP)dE + y™ /yu &M N u(I(€)) — BP)dE

=M(y) —yM'(y) — P > 0.

Clearly, Lo(y) =0 for 0 < y < #. This completes the proof of Step 1.

Step 2: The following inequality holds:

inf B [T (wor—sp) (V)] > o(y).

Proof of Step 2: Even though ¢(y) is C! on (0,00) and C? on (0, 00)\{#}, one can still apply It6’s lemma

(see Exercise 6.24 in Karatzas and Shreve (1991)), and it follows that
_ - 0°
d (e p(Vy)) =e= ((ﬁ =V ) + S )2 - ﬁgo()}f)) dt — 0V} (VY )dB:.

Then, for any 7 € S, we have

TAL

TAt
e—ﬁ(Mt)ga(yg/\t) —(y) = / e_ﬁs,ﬁ%@(yf)ds +/ (_g)yglsp/(yg;)dBé 92)
0 0
By Proposition 1 (d), there exists a constant C; > 0 such that
‘FI(UOI*ﬂP) (y)| < Cl (ynl_l + ynz—l) )

It follows that
' ()] < Co (y™ 4y

for some constant Co > 0. Thus, we can easily show that for every constant 7" > 0, the process
TAL
| e oo onas
0

is a martingale (for detail, see Lemma 3.4 in Knudsen et al. (1998)).

By taking the expectation on both sides of the equation (92), we deduce that

o) +E [ [ e rats] =B [erm0p0,) (98)
Since @(y) satisfies the HJB equation (91), it follows that
o(y) <E [eiﬁ(T/\t)F(uoI—,@’P) (yfm)} :
The dominated convergence theorem implies that

o(y) < lim E [e_ﬂ(TAt)F(uoI—BP)(yq?{/\t)} =E [e_ﬂTF(uoI—BP) (V¥)]

t—o0
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for any 7 € §. Thus, we have

THEIEE [e_BTF(UOI,BP) (Jii’)] > o(y).

Step 3: The stopping time 7(y) defined as
7(y)=inf{t > 0|V} >v}.

is the solution to the optimal stopping problem in (40).
Proof of Step 3: Replacing 7 by 7(y) in (93), it follows from the results in Step 1 that

@(y) =E [6_5(%(y)At)F(uoIfﬁP) (yg(y)/\t):| .
By the dominated convergence theorem, we have
ga(y) =E [6_6+(y)F(uoI—ﬁP) (yg(y))} .
Since 7(y) € S,
inf E [e™" T uor—pp) (V)] > 0(y) =E [e*ﬁ“y)F(uoI_gp) (y;/(y)ﬂ > nf B [e7"T(uor—pp) (V7)) -

This complete the proof.

G Proof of Proposition 5

To proceed the proof, we first show the following lemma:

Lemma 5. For any (2;)52, € I(z),

lim e P"E[Z,] =0 and z+E U e_ﬁtdZt] = BE [/ e‘Bttht} :
t—o0 0 0
Proof. For given T > 0, integration by parts implies

T
/ e_ﬂtdZt
0

By the monotone convergence theorem, we have

E .

T
:E [e_ﬁTZT} —Z + BE / e_ﬁttht
0

T
/ eiﬁttht
0

o
= lim E[e ?T27] + BE [/ e—ﬁfztdt} < o0.
0

T—o0

T—o0

z+E { / eﬂtdZt} = lim (E [ePTZr] + BE
0

Thus, we have

lim E [e*ﬁTZT] <oo and E {/ eBttht} < 0.
T— o0 0

If imp_ oo e’ﬁTIE[ZT] > 0, then there exits positive constants C and T such that

e Pz, >C forall T>T.
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It follows that

oo oo .
IE[/ e‘Bttht} z/A Cdt = co. (95)
0 T
E [/ e-ﬁfztdt} < 0.
0

lim e P'E[2,] =0 and z+E U eﬁtdzt} = GE [/ eBttht} .
0 0

This is contradiction to

Hence, we deduce that

t—o00

(a): It is sufficient to show that

E [ /0 h e—ﬁfdéf(y)] < 50

00 —ﬁt ; yZ/
/0 (1+ B3 (y)i <1+ §f<y>>

For given T > 0, it follows from integration by parts that

T o~
/ e PaZE ()
0

Note that for any ¢t > 0

and

E

dt] < 00.

E

—E [e*ﬁTu + 2;)} —(1+2)+pBE

T ~
/ e A1 +Zf(y))dt] .
0

1+ Z7(y) <1+ z+ sup y—t_1+z+ yt
0<s<t

For given A € (0,n1), Lemma 1 in Merhi and Zervos (2007) implies that there exists €1, €2 > 0 such that

2\2
efen@p] < X T2 0o ,
€2

€2

and E {supe
>0

02)2 + ¢
k] <L T2
where Y} = SUPg< o< Vi with VY = yeP'H,.

Since 0 < 1 < ny, it follows that

T o~
B| [ etz
0

<

NI

(o5t [ el
0
9 + €9

Y

IN

R
(V]

€1€2

<00.

For any measurable function ¢ defined on R, recall that the operator I in (9) is given by

Ly(y) =E [ /O h eﬂtqb(yty)dt] .

Let us temporarily denote ®(y, z) as

o 2z (y) u o0 Z; ()
=F / e*ﬂt/ u<I< t ))‘dudt =E / e*ﬁt/
0 z 1 +v 0 z
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Then, Fubini-Tonelli theorem implies that

[ ()]
[7E l [, (o)) dt] i (96)

T+v

D(y,z) =E

Let us denote A(y) by

Ay) =E [ [ e

/ o BE=7()) lu (I (Y))] dt}}
7(y)
g [e—ﬁ%(y)f“uoﬂ(yg(y))} :

Note that the strong Markov property implies that

[oo e P Ju (1 (V)] dt] -

F\uoII (yg(y)) = IEf(y)
(y)

Moreover, I',o7|(y) is twice differentiable (see Proposition 1 (c)). For y > v, it is clear that

Aly) = E [ / TP (1)) dt} — T (y): (o7)

For 0 < y < », the dynamic programming principle implies that A(y) satisfies the following ordinary
differential equation(ODE):

LA(y) =0, for 0 <y <D,

(98)
A(ﬂ) = F|uoI\(l7)'
Moreover, the following transversality condition holds:
lim e P'E[A(Y})] = 0. (99)
t—o0
By solving the ODE (98) with the condition (99), we can easily confirm that
ni
Ay) = T)uor)(P) (%) for 0 <y <w. (100)
From (97) and (100), we have
. Cjuor) () for y > v,
Aly) =
_\(Y\N™ _
Liyor(7) (E) for 0 <y <w.
From (96), we obtain
- y
® = A d
2 / (1 +v> g
zVZi(y) y 00 y ni
= o d Lort(?) | ——— d 101
/Z . ”<1+v> V+/Zv2<y> . I(”)((Hv)v) Y 1oy
2VE(y)
_ Y 1 2 1-ny — g m
—/Z Liuor| (1 n V) dv + p— ((zV2(y) +1) Ljuor)(7) (17) < oo.
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(b): The proof of this part is almost similar to that of (a) in this proposition.
Let us denote @(y, z) by

oo Yy [ee] A
/ e P (1+ Z2 ()i Vi + Ve dt — P/ e PAZE(y)| .
0 1+ Z#(y) 0

@(y,z) =E

By Lemma 5, we have

S(y.2) =E / P =

0

+ Pz (102)

+P(1+2)

+Ve—BP(1+ Zi(y ))) dt

— BP(1+ Z(y ))) dt| +E [/OOO e_ﬁtytyedt] + P(1+2).

As similar to the proof of part (a), we have

/oo <(1 + 22 (y))a (1 :;i(y)) ~ BP(1+ 25(;;))) dt] (103)

/ /Z W( ( <1:V >5P>dudt +E{/Oooeﬂt <(1+z)a<13fz)ﬂp(1+z))dt]

By Lemma 2 (a), for any y > 0,
et +eetae+ [ e i) + eelae

E

v —no—1|~ d > —ni1—1|~ d v —’ngd > —nld .
< [Cemtuoue+ [ e tu@uere [ e [T e <o
By applying Proposition 1, we have
B [ (a () + o) o (104)
2 v \"™ [T .
(1) [T e e+ (1) / e +£e)d§]

:92(n1 — ng)

Y € Y
=I'; - .
(1+z>+r <1—|—z>

It follows from (102), (103), and (104) that

[ [ ) o] n[ ) e
/O“e—ﬁt/zztz(y) (w (1 (377)) = 5P) dva| + (1 +2) (Fﬂ (1@) +s (11)) |
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Let us temporarily denote </Is(y, z) as

—a[ [T [ (a0 (57)) - o) ]
Since Z € II(z), Fubini’s theorem implies that

/ / t(y) 1(¥77)) - 5P) dudt}
/:O]El/:liw)eﬁt ( (I( t%)) BP) dt| dv (105)
[l [, (0 )

dv,

(&
where 7(y) = inf {t > 0| Y/ > v} . By Proposition 4,

) |:e_ﬂ+(y)l—‘(u017ﬁp)(y;:(’/))i| ’

e_BT(”)E;.(V)

o) =E / : =670 (4 (1 (V7)) — BP) dt

where

Lwor—pp)(y) = E¢ {/too e P (w (I (VY)) — BP) ds}
S - [y [ et - spyie o / Temel () - ﬁP)ds} |

o 02(111 — 712)
Moreover,
Yy o B7( oy > -Bt—-7(%)) T+v
(1) = | [ e (u (1 (07)) - )
Yy Yy _
F(uo]—ﬂp) <1+V> for 1+v > v, (106)
r @) [ —2L— " r o< Y <
(wol=pP) ¥ v(1+v) o 1+v ="
Since
0= / £ (u(I(€)) — BP) d,
we deduce that
F(uol—ﬁP)( ) 02 nl_n2 [ / f na— 1 ﬂP df+yn1/ f ny— 1( ( (5))—BP)d§
—ml P 107
el B (€)) — BP)de (107)
(Tll - 1) nlDl

It follows from (102), (105), (106), and (107) that
oo
A Y Y €
= 1 F - .
Qy,2) /Z w(lJr )dV+( +2) (1+Z>+Ty
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When £(y) < z,

@(y’z):/z @(%) dv+ (1+2)Tz (137:) +;y

oo B n1 .
:/ L(uor—pp) (7) <17(1:i—7/)> du+(l+z)Fa(1iz)+;y

_ ny 1—ny _ Y E
=D1y™ (1 + 2) +(1+z)Fu(1+Z>+Ty (108)

=(1+2) {Dl (1 —?IJ— z)nl * 92(”12_ n2)

Y ™ o —nj—1~
+ (14 /+§ a(€)de| +

When 0 < z < 2(y),
Q(y, 2) :/ @ (17%) dv+ (14 2)T; (ﬁyz) + Sy (109)

2(y) o0 ~ y ny y ¢
= L(uor-gp) 1+ + dv + ) Twor—pp)(P) 71 +0) dv+ (1+2)ly T+2 + Y-
z zZ\y

Note that

d y r (Y N ¥ (Y
dz <(1+Z)F <1+Z>>_Fu(1+z) 1+zF’~‘ 142
_ Yy
—Fuol<1+z)

Y
:F(uof—ﬂP) <1—|—Z> + P,

where we have used the fact that

2 n Vn271 v 771271& anfl > 7n171,a
i [ [ agas o [T e aga]

— 2 V"z—l Y —n2 an—l > —ny
- )[ /0 £ I(E)de + / ¢ I(é)df}

92 (’17,1 — N2

I (v) =

and

Foram0) =o€ ulr(€) = Py dg v [T utrte) - op)

P — 1) { / €I + o / f_”1_1U(I(£))df] -
:Fuol( )—P.

This implies that
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It follows from (109) and (110) that

Q(?J’Z) :/2:) F(uol BP)( v) ( (1?1 ))"1 dv+ (14 2(y))la (

=0(y, 2(y)) + P(2 — 2(y)) for 0< 2 < 2(y).

o 2@)) +oy+P—2(y)  (111)

By comparing Q(y, z) in (37), (38) with Q(y, z) in (108), (111), we conclude that

Q(y,z) = Oy, 2).

H Proof of Theorem 1

(a): For any Z; € TI(z), it follows from Lemma 5, (102) and (103) that

[0 () o) [

=E /Oooe—ﬁf/&< ( <1+l/>> BP ) dvdt [ e Pt ((1+z)ﬂ<13flz>+ey§’)dt}
dvdt| + (1+2)Ta <1iz>+i (112)

Since

|
Ao (O (22)-)
([ (] < [ ven]

we can easily deduce that
o) Zy Yy
e C0E) )
0 2 1 + 14

Fubini’s theorem implies that
00 Z Y
El/ e*ﬁt/ <u<1< Vi >>5P>dudt]
0 14+v
zt e
—E l / / u ) BP) dydt] (113)
0

[t <yf ) - sr)

where the stopping time k(v) for v > z is defined as

E

dudt] < 00.

dv,

k(v)=inf{t > 0| Z; > v}. (114)

Moreover, by Proposition 4, we deduce that for any v > z
/;) et (u (1 (ytf)) ~ BP) dt| > inf VOO e (u (1 (MT)) ) dt] 113
—7 (1 i l/> '
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It follows from (112), (113), (115), and Proposition 5 that for any Z; € II(2),

< (W / <
E[/O e Pt ((1+Zt)u<1+tzt>+ygye> dt—P/O e ﬁtdZt}
"k /Oo e (u (1 (7)) - gP) dt
LB\, (o)) o)
= Y [y €

Q(y, 2).

Yy €
d 1 Ty - 11
v+ (14 2) <1+z>+r (116)

Since

Qy,z) < inf E[/Oooe—ﬁt ((1+Zt)a( Y )+ytye> dt—P/OOOe_ﬂtdZt] (117)

T Z.€ell(z) 14+ 2
<Q(y,2),

we conclude that

0o Yy oo
~ _ —Bt ~ Vi Yy _ —pBt —
Iy, 2) ztlerhf(z)E {/0 e ((1 + Z)a (1 n Zt) + ) e) dt P/o e dZt} 9y, 2).

(b): Since J(y) = J(y,0) = O(y, 2), it is clear that
J(y) =Q(y,0)
niy 2 no Y —ng—1/~ ni o —ni1—1/~ ~
D 4 s [ [ € @ + oty [T e e + o] ror o<y <

Yy

(ﬁ(ﬂ)76P+De)%+P for y>v for y > b.
ro

I Proof of Lemma 4

For sufficiently small § > 0, it follows from Theorem 1 (a) that

0o y+d )
Bt (14 Z)a | L yE ) dt — P / —Ptgz
/0 ‘ <( + t)u<1+zt>+yt ‘ 0 © !

0o =N y+d 00 N
<E / e P (14 220y))a | —— | + VY% | dt — P/ e PtdZ0(y)
0 1+ Z2(y) 0

Iy +6,0) = Zérﬁf(o) E

It follows that

) . E=] N Y
J(y+6,0) —J(y,0) <E / e P (14 Z20a t -1+ 2%% | +6eP Hye | dt| .
(y ) (y ) lo ( t) 14 20 ( t) 14 20 t€

t t

[ole(2) )
0 1+ Z2(y)

By the dominated convergence theorem, we have

J'(y) = lim <E

§—0+

1)
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and

Hence,

Assume that z > 0 and recall that for given y > 0

52(y) = i
Z(y) = max< z, sup — — 1.

0<s<t
For sufficiently small § > 0, let us denote Z7"°(y) by
27w = 2w £ 0 (118)
As similar to the proof of Proposition 5 (a), we can easily deduce that
Z2E(y) € (2 + 6).

Since (1 + 2z)a(y/(1 + z)) is convex in z > 0 for given y > 0, we deduce that for any p € (0, )

553 (i (2 (14 B (-
(142 (y))“<1+25**5(y>> (Hzt(y))“(uéﬂy))

5
Zz,%p\ ~ ¢ — Zz u Xty
< 1+ Z7*)a (m) 1+ 2i(y))u <1+Zf(y)> (119)
< +p
) ~ yiy — Zz u e
L0+ B () - 0+ Z )i () 12
< 5 ' -

By Theorem 1 (a),

o0 Y 0o
Jy,z+tp)= inf )E [/ e Pt <(1 + Z)a < i > + J}tye> dt — P/ eﬁtdzt}
0 0

Ze(24p 14 2

o R Y o e
gE/ P 1+ 27 ) yiiﬂ +VYe dt—P/ e PtazZy*
0 1+ 2z 0

It follows that

- < o+ E ) (s ) - 0+ Z ) (5 )
Iy.2+p) =342 _p / e—Bt( ¢ Wi gy ) — U Z W) (e o
P 0 +p

and

o Z2,—p ~ Ay;j _ Z2,—p ~ - ty
3z =p) =3W:2) | /oo et (1427 ") (1+z:’*P<y>) (1+ 27" (y))a (1+Zf=*"<y>) d
—p B 0 —p

t
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Note that Z7%°(y) € TI(z & 6) implies

| ez

0

E

()
1+ 27 (y)

From (119), the dominated convergence theorem yields

/00 e Pty (6 (3??)) dt] .
0 1+ Z7(y)

The monotone convergence theorem implies that

L I (1]
0 1+ Z7(y) 0 1+ Z%y)

J Proof of Theorem 2

dt] < oo (see Lemma 1).

0:3(y,z) =E

J(y) =J(y,0) = Jim E

From the relations in (45), we deduce that for y € (0, )
M(y) —yM'(y) = P)' = (J(y) —yJ'(y) = P)) = —yJ"(y). (121)
It follows from (90) in Proposition 3 that
—yJ"(y) = (M(y) —yM'(y) = P) = (J(y) —yJ'(y) = P)' <0 for y € (0,). (122)

That is, J(y) is strictly convex in y € (0, 7).
Since J'(y) = M'(y), it is clear that
lim J'(y) = J'(v) = M'(v) = —z. (123)

y—v

By Theorem 1, the explicit-form of J(y) for y € (0,7) is given by

I) = Duy™ + gt o [T gt v [T e +eoae] . a2

Thus,
70 =m Dyt s g [ )+ ey [T 0 + o]
Yy
ni— 2 no— Y —no(, ni— > —ni(,
mmDu 4 g [y [Tt [T e e

where we used integration by parts in the second equality. Since

Y oo
/ £ I(€)dé + / EMI(E)dE < oo for y > 0,
0 Y

it follows from Proposition 1 that
> —Btyy(,. Y nz _ n1 n1 _
B| [ ettt = gt o [Me e nienae o [T e e e
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Hence,

8| [t 10ma] =B | [T erne- 1ol

0

: ) [ym_l/oyg_w(e‘f(f))d“y"” / Teme— (6]

- 92 (’I’Ll — N2
By the monotone convergence theorem,
lim E [/ Htl(yty)dt} = +o00.
y—0+ 0
Therefore,

. 2 et [, . B
yli%L{M [y 1/0 M (e—1(8)dE +y 1/y ¢ (e—z(g))dg} } - 0.
and thus

. / _
yl_l)r(r)1+J (y) = —o0. (125)

By the limits (123) and (125), the strict convexity of J(y) implies that for given x > Z there exist a
unique y* € (0,7) such that
z=—J'(y").
Let us denote c*, YV, and Z; as
goe[—2% ), yr—wr, ad 2= 2),
1+ Z9(y*)

respectively. By Proposition 2 and Lemma 4, we deduce that

V(z)= sup E[ /0 ooe—ﬁtu(ct)dt] <inf< inf S(y,Z))

(e,m)EA(z) y>0 \ Z€T1(0)

= 52% (J(y) + yx)

<J(y*) —y"J(y")

_E { /0 T e P () dt}

< sup E[/Oooe_ﬂtu(ct)dt]:V(w).

(e,m)EA(x)
Therefore,
Viw) = inf(J(y) +yo) = J(y") +y"z (126)
and thus (¢*,7*) is optimal.
It follows from Lemma 4 that
z=-J(y*)=E {/ H (c; —€) dt} . (127)
0

By slightly modifying Theorem 9.4 in Chapter 3.9 of Karatzas and Shreve (1998), we easily show that there

exists a portfolio 7* such that (¢*,7*) € A(x). Moreover, the wealth Xtc*’”* corresponding to (¢*,7*) is
- e Hs
X, " =E / — (¢f —e€)dt|. (128)
¢ He
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and
AXE™ = XS 4 (=) = + €|t + onldB,. (129)

The strong Markov property implies that

- Vr
X, == L. 130
' (1 + z:) (130)

By the generalized Itd’s lemma (see Harrison (1985), Stokey (2009)), we have
- Vr
dx; " =d|(-J ! 131
e () 1)
A 1 A Vi Vi
— J” t d * 7‘]/// t d *\ 2 t J/I t dz*.
<1+ZZ‘) YTy <1+ZZ‘ (@) +(1+ZZ‘)2 142 ¢

Note that for 0 < y <, J(y) satisfy

TRT W)+ (B =T () — BI(w) + ) +ye =0, (132)

By differentiating the above equation with respect to y, we have

92
SV + (B =+ 0%y (y) =T (y) + €~ I(y) =0 for 0<y <. (133)
Moreover,
dzZf =0 for V;/(1+Z]) <D (134)
and
dz; >0 for Y7 /(1+ 2) =v. (135)
Since J" () = 0, we have
y*
1" t * > 0.
J (HZ:)dZt 0 forallt >0 (136)

Thus, it follows from (131), (133), and (136) that

c,m | _ / t PESEN 774 t _ t x 7/ t
oxt = = [eor (2 oy () -1 (£2) s v (2 ) am

c*,m* * 3 * * Vi
{rXt Ry <1 +tzt*> e e} dt + oY} .J" (1 +tZt*) dB,. (137)
By comparing the wealth process X¢ ™ in (129) and (137), we have
O (_VE
* — _ * . 1
e = ;0 J <1 +zZr (138)

K Proof of Proposition 6

(a): From Lemma 3,

7

0= /0 71 (u(I(€)) — BP) dé = /0 =Ly (1(£))dé + AP

n2
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By differentiating the above equation with respect to P, we have

dv dv p "2 dv p "2
— 5—n2—1 =\ 0 ——n2—1 """ — 5—n2—1 =) _ et
0=v u(I(u))dP BPu dP—i—B s v (u(I(7)) — BP) 7P + o

It follows that
dv p—n2 1

ap = Py e (w(I(@)) — BP)
where we have used the fact that u(I(7)) — BP < 0. Since

s (Ho8P )

<0,

v

we deduce that

dP rv ri? dpP
() 8
(b): Since j—; <0,
= u(I(@) - ) 3 - L <o,
Since © = —J'(y*), we have
0= ")y o

It follows from J”(y*) > 0 and dD;/dP < 0 that
dy*

0.
apP =

This leads that

dcy
dP

(c): Since my = 0 when = = Z, we focus on the case > Z. For given > Z, by using the relationship

x = —J'(y*), we can derive
* g *J/I *\ __ Q *J// * J/ *
mo=y S yT) = ) e+ Ty
0 € 1 2 v 1 [ 2 a(y”)
_ - D 2, %N 2, %M2 / d 2, kN1 / d _ = .
s + - + Dinjy + 6% (n1 — na) {nzy ; £+ niy . 3 2y

Taking into account that D; depends on P, and differentiating both sides with respect to P, we have
drny 0 [dD
Ty { 1,2

ny— * * * dy*
v (gt () + 20" () ]

dP o |dP ! dP
0y T+ = DIy adDy
o T (y*) Ly dP
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because
dy* nly*"l_l dD,

dP —  J'(y*) dP’
We can show that

2 (v
) + (=2 ) = /0 "2 DI(E)dE > 0

because the weak derivative DI(£) > 0 almost everywhere, and we also know that J” (y*) > 0 and dD; /dP <

0. Thus, it follows that % and 6 always have opposite signs, which completes the proof.
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