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Abstract

Once a debtor files for bankruptcy under Chapter 7, all or some of the unsecured debts are
discharged and the debtor is endowed with a financial fresh start. However, a post-bankruptcy
consumer faces restrictions on borrowing against future income and is likely to be liquidity con-
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1. Introduction

Consumer bankruptcy is a form of social insurance which provides overburdened debtors
with debt relief. The United States law offers two alternatives to debtors for filing bankruptcy.
Under Chapter 7, debtors’ unsecured debts (e.g. credit cards debt, medical bills, etc) are
discharged at the expense of nonexempt assets. Chapter 7 debtors are allowed to preserve
future incomes, but are obliged to turn nonexempt assets over to a bankruptcy trustee, who
will liquidate them in order to repay creditors. Debtors who file for bankruptcy under Chapter
13 get to keep all of their assets, while all or a portion of their debts should be repaid using
future income in accordance with a repayment plan. In short, filing for bankruptcy under
chapter 7 means a ‘Fresh Start’ while Chapter 13 bankruptcy is classified as a reorganization
of debts.

Numerous studies regarding personal bankruptcy in the U.S. have reported substantial
increases in the number of people filing for bankruptcy, and have investigated reasons for
such rise in bankruptcy filing rates. Bukley and Brinig (1998) attributed the dramatic rise
of filing for bankruptcy in the U.S. during 1984 — 1991 to changes in social norms. Fay et
al. (2002) estimated a model to access the impact of financial benefit on personal bankruptcy
decision. Zhu (2011) argued that consumption patterns are significant determinants of filing for
bankruptcy. According to White (2007), there was a nearly five-fold increase in the number of
the U.S. personal bankruptcy filings during 1980 — 2004 and the major reason for the dramatic
increase in personal bankruptcy was the expansion of credit card borrowing. Literature on the
effects of bankruptcy protection on consumers include the following studies. Dobbie and Song
(2015) found that Chapter 13 protection may increase earnings and employment. Mahoney
(2015) investigated the role of bankruptcy as an implicit health insurance. A justification for
establishing a fresh start bankruptcy system is to provide work incentive, which was quantified
as a 12.3% average increase in the labor supply of Chapter 7 filers, following the evaluation of
Chen and Zhao (2017).

Once a debtor files for bankruptcy under Chapter 7 and preserve future earnings (e.g. labor
income), the filer would finance consumption with future earnings to smooth out consumption.
However, someone who has filed for bankruptcy has a limited access to the credit market (See
Livshits et al. (2007)). Filer and Fisher (2007) also confirmed empirically that filers have
less access to credit and investigated filers’ consumption sensitivity. The empirical results of

Han and Li (2011), which are based on the Survey of Consumer Finances (SCF), imply that



bankruptcy filers have restricted access to unsecured credit and have more access to secured
debt. As in Filer and Fisher (2007), this restriction on borrowing against future income is a
non-pecuniary cost of filing for bankruptcy, while the value of nonexempt assets is a financial
cost. For the interdependence between bankruptcy rate and credit market, Gross et al. (2021)
shows that the rate of bankruptcy declaration is positively correlated with the endogenous
credit interest rate of the debtor.

In this paper, we quantify the impact of post-bankruptcy restrictions on borrowing against
future income on consumption, investment, and the bankruptcy decision of a consumer. A
consumer enjoys utility from consumption, invests in the financial market, receives an income
stream, and repays unsecured debt until bankruptcy. We assume that the consumer is eligible
for Chapter 7 bankruptcy, and will face constraints on borrowing against future income if the
consumer files for bankruptcy. So, after being the filer, she wants to maximize the expected
utility from consumption, but is liquidity constrained. This study is in line with Jeanblanc
et al. (2004), which investigated a debtor’s decision to file for bankruptcy and the consump-
tion/investment choice problem. However, in Jeanblanc et al. (2004), the debtor is not a wage
earner and is not supposed to be faced with liquidity constraints after bankruptcy. We focus
the effect of the post-bankruptcy liquidity constraints, and do not impose any constraint on the
debtor except for the cost of bankruptcy.

Our debtor’s problem as well as that of Jeanblanc et al. (2004) can be cast into a mixed
optimal stopping and control problem, in which there exists a wealth jump at bankruptcy due
to the cost of bankruptcy. In Jeanblanc et al. (2004), however, the value function at bankruptcy
has an explicit form in terms of wealth level and they apply the dynamic programming method
to derive the solution. In contrast, in our problem, the value function at bankruptcy is given in
an implicit form due to the liquidity constraint, and we apply a duality approach to obtain the
closed-form solutions. We first determine the post-bankruptcy value function in the presence
of a liquidity constraint. We then solve the optimal stopping time problem of the debtor with
a jump in wealth level at the time of stopping. This is quite different from the problems
including both borrowing limits and voluntary retirement, such as Choi and Shim (2006), Farhi
and Panageas (2007), Dybvig and Liu (2011), Lim and Shin (2011) and others. In those studies,
the value function after stopping time is an explicit function of wealth and there is no wealth
jump at the time of stopping.

Our explicit solutions show that the post-bankruptcy liquidity constraint significantly im-



pacts on a debtor’s decisions on bankruptcy, consumption and investment. First of all, for
stricter post-bankruptcy liquidity constraint, the debtor files for bankruptcy at a higher wealth
level. With a tightener liquidity constraint, the debtor who wants to smooth consumption
before and after bankruptcy declaration should increase the wealth level right after filing for
bankruptcy (or the initial wealth of the filer). On the other hand, a strong post-bankruptcy
liquidity constraint compels the debtor to become a conservative investor so that she reduces
consumption and investment in the risky asset.

Second, the effects of bankruptcy opportunity compete with those of post-bankruptcy lig-
uidity constraint. With a sufficiently strong post-bankruptcy liquidity constraint, the effects
of the post-bankruptcy liquidity constraint dominates those of bankruptcy opportunity, and
the debtor reduces the consumption and risky investment. In addition, the marginal effects
becomes more sensitive for the tighter liquidity constraint. In particular, a sufficiently strong
post-bankruptcy liquidity constraint forces the debtor to reduce consumption and investment
in the risky asset more dramatically as the wealth level approaches to the bankruptcy wealth
level from above.

Third, the expected time to bankruptcy decreases when the post-bankruptcy liquidity con-
straint is more tightened. The debtor’s bankruptcy option is a discretionary decision, and the
intertemporal consumption smoothing motive makes the debtor reduce the probability of bind-
ing the liquidity constraints by increasing the wealth level right after filing for bankruptcy. If
the bankruptcy wealth level is negative, the bankruptcy benefit gives the incentive to accumu-
late more debt. However, the post-bankruptcy liquidity constraint restricts this accumulation,
and it leads to the earlier bankruptcy declaration as the post-bankruptcy liquidity constraint
becomes stronger. Finally, we extend the model to the problem where the debt maturity is
finite, and the effective period of a liquidity constraint after bankruptcy is also finite. We
confirm that the qualitative results remain unchanged.

The rest of this paper proceeds as follows. Section 2 introduces the continuous-time financial
market and the bankruptcy procedure. Section 3 describes the debtor’s optimization problem
in the presence of the post-bankruptcy liquidity constraint and formulates a mixed optimal
stopping and control problem. The explicit solutions are obtained in Section 4 and we provide
the implications on the optimal policies in Section 5. Section 6 provides further discussions and

Section 7 concludes.



2. The Model

Financial market

In a continuous-time financial market, we assume that there exist two assets. One is a
riskless asset and the other is a risky asset, whose prices at time ¢ are denoted by Sg and
S, respectively. The riskless asset has a constant rate of return » > 0 so it has dynamics as
dSY = rSPdt. The risky asset follows a geometric Brownian motion with constant coefficients,
which evolves as

dSy

—— = pdt dB
St K +o ty

where (Bi):>0 is a standard Brownian motion under the probability space (2, F,P). We denote
the P-augmentation of the natural filtration generated by the standard Brownian motion (B;)¢>0
by (Ft)t>0. We consider a consumer who receives an income stream at a constant rate of I
(for example, labor income). In addition, we assume that there are no transaction/information
costs, or other market frictions. We denote by ¢ = (¢;)i>0 and w = (m¢)>0 the consumption rate
process and portfolio process (amount of money invested in the risky asset), respectively. We
assume that ¢; > 0 and 7y are Fy-progressively measurable and satisfy the following technical

conditions
t t
/ csds < oo, for all t > 0 a.s., / W?ds < oo forallt>0a.s. (2.1)
0 0

We denote Sjg ) by the set of all Fp-stopping times for a fixed 7" and define the set of stopping

times when T' — oo by S.

Bankruptcy and liquidity constraint

We suppose that the consumer is a debtor and suffers from a continuous debt repayment at
a rate of 9. The continuous debt repayment can be discharged by filing for bankruptcy under
Chapter 7 without income garnishment. After bankruptcy, the debt repayment is forgiven,
and the debtor is supposed to receive the same income stream I as she did previously. If we
denote the time for bankruptcy by 7, the wealth level process for ¢ > 0 evolves according to

the following equation
(TXt+Wt(M—T) —ct—5+I_)dt+07rtdBt, 0<t<m,

AX, = i
(rX; +m(p—r)—c+1)dt + omdBy, t>T,



with the initial wealth level Xy = x. We assume that 7 is an Fi-stopping time. A static budget

constraint for the debtor is given as follows

E[/OTHt(ctM)dHHT(XﬂLiﬂ§x+l, (2.2)

r

for any 7 € S. The pricing kernel H; is given by H; = e Tt 207 t—0B

, where 0 = (u—1r)/o.
Similarly, the static budget constraint of a liquidity constrained filer with an initial wealth

Xy = x is as follows
E [/000 Hi(er — I)dt] <z (2.3)
At the time of bankruptcy, the debtor is obliged to pay a fixed cost F' (for example, a legal
service fee) and we assume that the fee for filing for bankruptcy F' should not exceed the present
value of the total debt §/r, i.e., §/r > F. Moreover, the debtor is supposed to retain the rate «
of the wealth level X less the cost F'. Thus, the wealth level immediately following bankruptcy
is given by

X =a(X,—F), 0<a<l.

Given (X; — F) > 0, « can be considered as the exemption rate. When (X, — F') < 0, however,
(1 — a) stands for the rate of the value of discharged asset to the lump sum debt |(X; — F)]
(apart from the debt repayment stream §).!

We impose the liquidity constraint with which the filer will be faced. Due to the bankruptcy
flag, the consumer who has previously filed for bankruptcy has a limited access to the credit
market. Therefore, the filer experiences difficulty in borrowing against future income stream.
We assume that the filer can borrow only up to a fraction w € [0, 1] of the present value of the
total income stream, that is -

X > —%w, for t > . (2.4)

Note that if there is no liquidity constraint (w = 1), the filer’s borrowing limit is I/r.

Whenever w < 1, the liquidity constraint in (2.4) can be rewritten as X; > —I/(r/w). This

'In practice, a bankruptcy debtor can exempt a certain amount of his /her property after filing for bankruptcy.
Specifically, the necessities of real life such as motor vehicles, clothing, household goods, and furnishings up to
specific values are exempt. In addition, a portion of unpaid but earned wages, pension, and public benefits,
including public assistance, social security, and accumulated in a bank account, are exempt. If the exempt assets
have less correlated with the debtor’s financial wealth, we can regard that « is low enough. Since o € (0,1) in
our model, however, our model includes the case when the exempt assets have a low correlation with the financial

wealth.



means that the filer’s effective interest rate (the interest rate in the credit market) becomes
larger than r. Since the liquidity constraint can be regarded as the higher interest rates in
the credit market, the permanent liquidity constraint of the filer can be thought as the higher

effective interest rate in the credit market (r/w) without liquidity constraint.?

3. The optimization problem

We assume that the debtor has a CRRA utility function of consumption, which is defined

by
e
1—7’

both before and after bankruptcy. Then if § > 0 is the time preference rate, the optimization

U(Ct): 77&1a7>07

problem of the debtor is to maximize the following expected discounted lifetime utility by

choosing optimal consumption, portfolio, and bankruptcy time?
E [ / e Plu(ey)dt + e PV (X, — F))|,
0

subject to the budget constraint (2.2) and liquidity constraint (2.4). The function V() is
the liquidity-constrained filer’s value function which will be obtained below. We assume that
the filer’s lifetime is infinite and optimally chooses consumption and portfolio. The debtor’s
optimal bankruptcy time is characterized through a wealth threshold, we call the bankruptcy
wealth level. If the debtor files for bankruptcy, the debtor becomes a filer who faces a liquidity
constraint.

The tradeoff between debt repayment and liquidity constraint with an initial wealth o(X, —
F) makes the debtor choose the bankruptcy option or not. In other words, for a debtor before
bankruptcy declaration, repaying the debt is less painful than facing the liquidity constraint
with a wealth adjustment (a(X; — F)).

Our debtor’s problem can be solved by two consecutive procedures. First, we determine

the post-bankruptcy value function, Vy(-). Second, we consider the optimal stopping time

2In practice the filer faces a liquidity constraint within a limited time periods. We will provide the model

with a limited effectiveness of a post-bankruptcy liquidity constraint in Subsection 5.1.
3If there is no option to file for bankruptcy, the present value of the remaining debt is defined by

E [ f0°° Htédt] = §/r. With a bankruptcy option, however, the economic value of the remaining debt is less
than ¢/r. This implies that the full repayment (6/r) before bankruptcy is sub-optimal. Thus, the debtor never
repays the debt in full even though the debtor’s wealth is high enough, and the full repayment option does not

affect our qualitative result.



problem, where Vi (-) is the function at optimal stopping time. Each step is well studied in
the literature but the combined procedure is nontrivial in the sense that the value function at
stopping time is an implicit function of wealth. Moreover, there is a wealth level jump at the
time of stopping. This is quite different from the problems including both borrowing limits and
voluntary retirement, such as Farhi and Panageas (2007), Choi et al. (2008), Dybvig and Liu
(2011), and Lim and Shin (2011). In these studies, the value function after stopping time is an

explicit function of wealth and there is no wealth jump at the time of stopping.

3.1. Filer’s optimization problem

We first consider the filer’s optimization problem with the initial wealth level Xy = x. Note
that the remaining debt is vanished if the debtor chooses to file for bankruptcy. Instead, the filer
is supposed to face a liquidity constraint defined in (2.4). For defining the filer’s optimization

problem, we define admissible policy pair as follows.

Definition 3.1. We call (¢, ) an admissible policy pair at x if
(a) ¢ and 7 satisfy (2.1),
(b) Xy > —%w, fort >0,

(c) E/OOO e~ u(e)|dt < oo.

Denote by Af(x) the set of all admissible policy pairs at x. We define the value function
Vi(x)=  sup  Jy(em) (@), (3.1)
(c,T)EAs(z)

where

o

Trgem(e) =B | [~ e Putenar],

0
subject to the budget constraint (2.3). We give an assumption that makes Vy(x) attainable?.
The function Vy(z) in (3.1) is the liquidity-constrained filer’s value function which will be
obtained analytically. We assume that the filer’s lifetime is infinite and optimally chooses
consumption and portfolio. The debtor’s optimal bankruptcy time is characterized through a
wealth threshold, we call the bankruptcy wealth level. If the debtor files for bankruptcy, the

debtor becomes a filer who faces a liquidity constraint.

V() is said to be attainable if there exists an admissible policy pair (&, ) such that Vy(z) = It ) (@)-



Assumption 3.1.
— -1
f-r -1,

2
0. 3.2
~ 2,72 > ( )

Assumption 3.1 guarantees nonnegative consumption and there is not much difference from
reality, especially for the case where 7 is fairly large. Under the condition (3.2), we can find the
solution to the optimization problem (3.1). Let ¢f = C/(X;) and x{ = II(X;) be the optimal
consumption rate and investment in the risky asset for the value function V;, respectively. Then
the solutions to the filer’s problem is given in Lemma Appendix C.1. The optimal consumption

and investment in the risky asset of the filer can be rewritten as follows

Cl(Xy) =K <Xt + i) +ny KA (X)), (3.3)
00 = 2 (X047 ) + 1 ame = DAGHEE)™ (3.4)

where A and )(-) are given in (C.2) and (C.6), respectively. The first terms of the optimal
consumption (3.3) and investment in the risk asset (3.4) are exactly the same as those in Merton
(1969). On the other hand, the last terms present a penalty due to the liquidity constraint.
Since the liquidity constraint makes the investment opportunity set shrunken, it forces reduce
consumption. Actually, the coefficient A is negative, so these penalty terms are always negative.
In words, the liquidity constraint always leads the filer to reduce consumption and investment
in the risky asset. In Section 4, we will show that the liquidity constraint after bankruptcy also

negatively impacts on the debtor’s decisions for consumption and investment in the risky asset.

3.2. Debtor’s optimization problem

After bankruptcy the filer will adopt the optimal strategies Cf(X;) and TI/ (X}) to maximize
expected lifetime utility from consumption, i.e., to obtain the value function Vy(X;). This im-
plies that we only need to determine the optimal bankruptcy time 7*, the optimal consumption
rate ¢;, and the optimal investment in the risky asset m} before bankruptcy. Therefore, the
debtor’s optimization problem is to find the following value function

V@)= s Jemn (@), (3.5)
(c,v,7)EA(x)

subject to the budget constraint (2.2) with the initial wealth level Xy = x, where

J(C,W,T)(x) =E |:/ e_ﬁtul(ct)dt + e_BTuz(XT) ,
0



ui(z) = u(@), uz(z)="Vy(a(zr—F)),

and A(z) is the set of all admissible policy triples at x, which is defined below. The debtor is
not liquidity constrained, so he can finance up to the present value of the total income stream
I/r. Filing for bankruptcy is discretionary so it is assumed that the debtor can afford to pay
the present value of the debt stream §/r as well as the lump sum cost of filing for bankruptcy

F'. Therefore, we impose the following inequality

) I
X,—-—F>--,0<t<T (3.6)
r r

If the debtor files for bankruptcy at time ¢, X;4 = a(X; — F') should satisfy the inequality of
Definition 3.1 (b), so we have

I
a(Xy—F) > -, 0<t<T (3.7)
Thus we require that (3.6) and (3.7) should hold for defining admissible policy triples.
Definition 3.2. We call (¢, 7, 7) an admissible policy triple at x if

1. ¢ and 7 satisfy (2.1),

2. 7e€s,

I- I
— 5+F,w+F>, 0<t<T,

3. XtZi:maX(
r ar

4. E/ e Pu(cey)| dt < oo,
0

As is shown in Karatzas and Wang (2000), the optimization problem (3.5) can be cast into
a pure optimal stopping problem. For any fixed 7 € S, we define the set B;(x) of consumption
and portfolio pairs (c,7r) which satisfies (¢, 7, 7) € A(x) and
VT(x) = sup J(c,Tl',T) (.%'), (3'8)
(c,TT)EB-(2)

then we have

Vo) =supVila) = inf |70+ (247 )] (3.9)

where V(y) is defined in (D.5).
By applying a duality approach, we can determine the debtor’s optimal policies in the

following theorem. The detailed derivation is provided in Appendix D.

10



Theorem 3.1. Let us denote the bankruptcy wealth level by x. For a given initial wealth level

Xo = x > z, the debtor’s value function V(x) of (3.5) is given by
7 (% * f
Vi) =70+ (247 )
where y* is implicitly determined from the equation
z=h(y"), (3.10)

where x and h(-) are given (D.14) and (D.15), respectively. The optimal bankruptcy time 7* is
given by

7 =inf{t > 0|y; > g} =inf{t > 0 | X; <z}, (3.11)
where y; = y*eP Hy and i is given in (D.9). For a given debtor’s wealth level Xy, the optimal

consumption rate c; and investment in the risky asset w; in feedback forms are given by

G =K (Xt + IT_‘;> +ny KB (VX)L (3.12)
.0 T-8\ ¢ L
m= 2 (e 20 4 Lm0 (3.13)

where ny is defined in (C.1), B is given by

b
=~

1 [
+ (a — 1) + r Fglfn_;_ (314)
a+ 1—7v+nyy

and Y(X;) satisfies
X =h(V(Xy)). (3.15)

From (3.11) and (3.15), we see that
" =inf{t > 0| ¢ < 337%},

which implies that the debtor files for bankruptcy at the first time when the consumption level
reaches a certain level gjfi from above. Note that g is not dependent on w. Therefore, the
debtor files for bankruptcy at the same level of consumption rate regardless of how strong the
post-bankruptcy liquidity constraint is.

From now on, to emphasize the dependencies, let us denote z, A and B by z(w), A(w) and
B(w), respectively. Similar to the filer’s problem, the first terms of the optimal consumption and
investment in the risky asset in (3.12) and (3.13) are exactly the same as those of Merton (1969).

The last terms which involve the coefficient B(w) reflect the combined effects of discretionary

11



bankruptcy and post-bankruptcy liquidity constraint. More precisely, the effects of bankruptcy
opportunity compete with those of the post-bankruptcy liquidity constraint. The first term of
B(w) in (3.14), A(w)/a™*, reflects the effect of the post-bankruptcy liquidity constraint and
is always negative. Thus, we can say that the existence of a liquidity constraint after filing for
bankruptcy lowers a d?btor’s consumption and investment in the risky asset. In contrast, the

I(1_q)48_
second term of B(w), % l—ng

> 0, reflects the effects due to bankruptcy opportunity
and is positive. Thus, we can also say that the opportunity to file for bankruptcy leads the
debtor to increase consumption and investment in the risky asset.

For a sufficiently low w, i.e., in the case of a strong post-bankruptcy liquidity constraint,
B(w) can be negative. While, under a sufficiently high w, B(w) can be positive and the effect of

bankruptcy opportunity on consumption and investment dominates that of the post-bankruptcy

liquidity constraint. The following proposition provides such a condition.

Proposition 3.1. Under the following condition, the aggregate effects of bankruptcy opportunity
and post-bankruptcy liquidity constraint on optimal consumption and investment in the risky

asset are positive, i.e., B(w) > 0.

1—1{1—1+7§<5_F>}
v o I\r

Figure 1 shows a debtor’s consumption and investment in the risky asset for different values

1=~ Y+ m
n+7a”+ {111—1/7} ] < w. (316)
T a

of w. With the given parameters, w = 0.5 satisfies the condition (3.16) and w = 0.1 does not.
This implies that when w = 0.5 (or w = 0.1), the effect of the bankruptcy option (or post-
bankruptcy liquidity constraint) dominates so the combined effect is positive (or negative).
Note that the condition (3.16) is independent of the wealth level, so the dominant effect is

unchanged for any wealth level before bankruptcy.

4. Implications

4.1. Comparative statistics

In this subsection, we provide analytic results on comparative statics of the optimal polices
with respect to w. Due to the fact that w is involved in the coefficient A in (C.2) but not in
9, the dependencies of the bankruptcy wealth level, optimal consumption and investment on
post-bankruptcy liquidity constraint in Theorem 3.1 are described only by the coefficient B in
(3.14).

12
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Figure 1: The combined effects of a bankruptcy option and a post-bankruptcy liquidity constraint.
(y=3,4=0.07,06 =0.2,8=0.07,7=0.03,] =0.9,6 = 0.1, F =6 /r x 0.2, = 0.9).

Proposition 4.1. The strategic bankruptcy wealth level z(w) decreases with w, whereas the
optimal consumption c; and the investment in the risky asset m; both increase with w for a

given wealth level X;.

Proposition 4.1 implies that a more stringent liquidity constraint leads to lower consumption,
less investment in the risky asset, and higher bankruptcy wealth level. This is consistent with an
intuition that a debtor who is faced with a stronger liquidity constraint after filing bankruptcy
tends to increase saving and allocate more into the risk-free asset. By doing that, the debtor
who wants to smooth consumption before and after filing for bankruptcy tends to increase
bankruptcy wealth level so as to reduce the probability of binding the post-bankruptcy liquidity
constraint. Figure 2 illustrates the effects of post-bankruptcy liquidity constraint for different
values of w on the optimal consumption and investment in the risky asset.

There are consumption drops at bankruptcy, and the size of reduction is independent of
w. This is obvious because w has no effect on the free boundary value y and the optimal
consumption rate is given by §1/7 as we can see in Theorem 3.1. The horizontal dotted lines

in the left panel of Figure 2 show the constant size of consumption reduction as well as the

13



25 T T T - 18
w=0.1
- — w=02 g 16}
- = w05 S
2H——w=08 A s 14
12}
S15) =10}
o
£ £ s
2 g
gl Z 6l
S £
4l
05F 2t
ol
0 ‘ ‘ ‘ ‘ 2 ‘ ‘ ‘ ‘
-30 -20 -10 0 10 20 -30 -20 -10 0 10 20
Wealth Wealth
(a) Consumption (b) Portfolio

Figure 2: Consumption and investment in the risky asset for —wl/r < Filer’s wealth level < a(z(w) —
F) & Debtor’s wealth level > z(w). The market parameters are given by v = 3, = 0.07,0 = 0.2, = 0.07,r =
0.03,] =0.9,6§ =0.1, F = §/r x 0.2, = 0.9.

constant consumption rate at bankruptcy.®

4.2. Consumption near bankruptcy

We take a closer look at the consumption and investment in the risky asset when a debtor’s
wealth level approaches to the bankruptcy wealth level through investigating the sensitivity of
consumption and that of investment in the risky asset to wealth, i.e., marginal propensity to
consume (MPC) and marginal propensity to invest (MPI) out of wealth. We have shown that
the combined effect of a bankruptcy opportunity and post-bankruptcy liquidity constraint,
which is reflected in the last hedging terms in (3.12) and (3.13) can be either positive or
negative. As explained, the main factor which determines the combined effect is how strong
the post-bankruptcy liquidity constraint is. If the hedging term is positive (negative), the
effect of bankruptcy opportunity (post-bankruptcy liquidity constraint) dominates that of the
post-bankruptcy liquidity constraint (bankruptcy opportunity). Hence when a debtor’s wealth
approaches the bankruptcy wealth level from above, the debtor will try to reduce consumption,
but the marginal behavior depends on the degree of the post-bankruptcy liquidity constraint.
For a more detailed description, we provide the explicit results on the marginal propensity to

consume (MPC) as in the following proposition.

5This result does not hold anymore if the time to maturity of the debt is finite. Please see Subsection 5.1 for

more details.
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Proposition 4.2. The marginal propensity to consume (MPC) out of wealth denoted by M.(X;)

s given by
1

1_ Y
ni(ng — DyBw) V(X)) +1/K
where Y(X¢) is given in (3.15). Moreover, M.(X:) increases (decreases) with wealth level if and
only if B(w) >0 (B(w) <0).

Mc(Xt) =

0.052
0.05 |
0.048 - )
z Rt
& 0.046 [ 7
= P
",/- “““““““
T e
0.044 7 e |
7
w=0.1
0.042 ]
| —-=-w=0.5
........ weo.8
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Figure 3: Debtors’” MPC out of wealth for Wealth level > z(w)
(y=3,u=0.07,06 =0.2,8=0.07,7 = 0.03,] =0.9,6 = 0.1, F = 6 /r x 0.2, = 0.9).

Figure 3 shows the MPCs out of wealth for different values of w. If w is sufficiently low
(for example, w = 0.1, 0.2 in Figure 3), we can confirm that MPC out of wealth increases
as the wealth level declines to the bankruptcy wealth level. In this case, the debtor reduces
consumption more dramatically as the wealth level approaches to the bankruptcy wealth level
from above. On the other hand, if w is sufficiently high (for example, w = 0.5 ,0.8 in Figure 3),
MPC out of wealth decreases as the wealth decreases to the bankruptcy wealth level and the
debtor reduces consumption more moderately as the wealth level decreases to the bankruptcy
wealth level. In addition, it is easy to check that for any given wealth level X;, MPC out of
wealth decreases with w. Thus, for a fixed wealth level, the debtor who will be faced with a
stronger liquidity constraint after bankruptcy reduces consumption more rapidly for a given
reduction in wealth although the consumption level itself of this debtor is lower than that of a

debtor with a weaker post-bankruptcy liquidity constraint (See also Figure 2(a)).
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4.3. Investment near bankruptcy

In this subsection, we present the optimal investment in the risky asset when a debtor’s
wealth level is very near to the bankruptcy wealth level. For more detailed analysis, we provide
the explicit result on the marginal propensity to invest (MPI) out of wealth as in the following

proposition.

Proposition 4.3. The marginal propensity to invest (MPI) out of wealth denoted by M (X;)

s given by
2 (=nstns = 2B + )

net+i-1 1
ny(ny = DBw)V(X))™ " + 55
Moreover, M(X:) increases (decreases) with wealth level if and only if B(w) >0 (B(w) <0).

M (X;) =

Proposition 4.3 implies that MPI out of wealth shows similar patterns to MPC out of wealth.
Figure 4 describes MPI out of wealth for different values of w. If the post-bankruptcy liquidity
constraint is sufficiently strong (for example, w = 0.1, 0.2 in Figure 4), the debtor reduces
investment in the risky asset more dramatically as wealth approaches the bankruptcy wealth
level from above. However, with a relaxed post-bankruptcy liquidity constraint (for example,
w = 0.5, 0.8 in Figure 4), the debtor reduces investment in the risky asset more moderately as
the wealth level decreases to the bankruptcy wealth level. It can be also easily checked that for
any given wealth level X;, MPI out of wealth decreases with w. Therefore, for a fixed wealth
level, a debtor with a strong post-bankruptcy liquidity constraint cuts investment in the risky
asset more sharply for a given reduction in wealth than a debtor with a weak post-bankruptcy
liquidity constraint does, although the amount of money invested in the risky asset itself for

the former is lower (See also Figure 2(b)).
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Figure 4: Debtors’ MPI out of wealth for Wealth level > z(w)
(y=3,1=0.07,0=028=007,r=0.03,1 = 09,6 = 0.1, F = §/r x 0.2, = 0.9).

In sum, when the post-liquidity constraint is tightened, the debtor becomes more sensitive
as the debtor’s wealth approaches the bankruptcy wealth, and reacts in a conservative way. In
particular, the consumption and investment in the risky asset decrease more rapidly compared
to those of the debtor who has a less severe post-bankruptcy liquidity constraint. In terms of
investment, the debtor invests in the risky asset by using borrowing money from money market
account, so the decrease in investment implies the reduced borrowing. Thus, if the bankruptcy
wealth level is negative, the stronger post-bankruptcy liquidity constraint makes the debtor file
for bankruptcy with a smaller borrowing. We relate the post-bankruptcy liquidity constraint

to the expected bankruptcy time in the next subsection.

4.4. Ezpected time to bankruptcy

In this subsection, we focus on the time to bankruptcy. We perform Monte Carlo simulation
100,000 times according to w. For experimental purpose, we set 70 years as the end of the time
period, due to that it is not possible to simulate for an infinite time horizon. The left panel in
Figure 5 shows the probability density function of bankruptcy time when o = 0.5, and the right
panel shows the probability density function of bankruptcy time when o« = 0.8. It is shown that
the peak of the density function is higher as w decreases and tilted to the left. This implies
that the debtor who has a lower w intends to bankrupt more earlier.

On the other hand, we confirm that regardless of the degree of liquidity constraints after
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Figure 5: Probability density functions of optimal bankruptcy time 7°. The parameter set is given by p =
0.7,0 =0.2,7 = 0.03,3 = 0.07,y=3,1 =0.9,6 = 0.1, F = §/r x 0.2, and X, = 10. We simulate 100,000 sample

paths and fit the probability density function by using kernel density estimation with Gaussian kernel.

bankruptcy, there exist samples whose bankruptcy time is higher than given time period (70
years). These samples can be seen as the paths of the debtors who do not choose to file
for bankruptcy until the end of the time period. With the higher liquidity constraint after
bankruptcy, the less samples of the non-default debtors are observed.

For the better understanding of the bankruptcy time, we provide the expected time to
bankruptcy analytically. From the optimal stopping time 7" in Theorem 3.1, we can derive the

expected value of the optimal stopping time as follows.

B 1Xo— o] — 4 Wper W30 —0+7 <0
o, otherwise,
where y is determined by the algebraic equation x = —n B(w)y"+ ! + %yf% — %. We depict
the expected time to bankruptcy and the corresponding bankruptcy wealth level in Figure 6.
It can be shown that the expected time to bankruptcy increases with w but the bankruptcy
wealth level decreases with w.

The more rapid decreases in consumption and investment in the risky asset near bankruptcy
leads to the earlier bankruptcy. More specifically, when (X« — F') > 0, « is an exemption rate
and it is a bankruptcy cost rather than benefit. The debtor has a less incentive to accumulate
her wealth before default. However, the post-liquidity constraint makes the debtor accumulate
more wealth, and this phenomenon becomes stronger as w decreases. In Figure 6, it is shown

that when a = 0.9 the bankruptcy wealth level is positive and it increases as w decreases. This
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Figure 6: Expected time to bankruptcy (E[7*]) and bankruptcy wealth threshold(x). The parameter set is given

by = 0.7,0 =0.2,7 =0.03,3 =0.07,7 =3,1 =0.9,6 = 0.1, F = §/r x 0.2, Xo = 10.
leads to the earlier bankruptcy.

On the other hand, when (X« —F') < 0, « would be the bankruptcy benefit rather than cost,
so the debtor has an incentive to accumulate more debt before filing for bankruptcy. The post-
liquidity constraint restricts this accumulation and this makes the debtor file for bankruptcy
earlier as the post-bankruptcy liquidity constraint is more tightened. In Figure 6, when oo = 0.5
or 0.7, (X« — F) is negative, and the smaller w leads to the earlier bankruptcy. In summary, as

w decreases, the bankruptcy wealth threshold increases and the expected time to bankruptcy

decreases regardless of the sign of (X, — F).

5. Further Discussion

5.1. Finite debt maturity and limited effective post-bankruptcy liquidity constraints
We extend the our model into the problem with a finite debt maturity and a limited effec-
tive post-bankruptcy liquidity constraint. Similar to Liu and Loewenstein (2002)®, we adopt

independent random times which are exponentially distributed. In that case, our qualitative

Liu and Loewenstein (2002) study an optimal portfolio selection in the presence of transaction costs. Instead
of a fixed time horizon, they suppose an uncertain time, and show that a sequence of the solutions with random
times converges to the solution with a deterministic finite horizon. In this paper, we want to show whether our
qualitative results hold even with a finite horizon or not. So, it is enough to show one solution with random

times.
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results still hold because the problem can be solved by interchanging the market parameters
which do not affect the comparative analysis of the post-bankruptcy liquidity constraint (w).

We consider the maturity time 77 as an independent random time which is exponentially
distributed with an intensity 7; > 0. Then the expected time for random time T} is given by
1/m1, and the survival probability until time ¢ is defined by F(t) = e~™!. Similarly, for a limited
time effectiveness for a post-bankruptcy liquidity constraint, we consider another independent
random time 75 which is exponentially distributed with an intensity 72 > 0. Then compared
to the original problem, we can solve the random time problem by interchanging the discount
factor (f) and interest rate (r) into (8 +n;) and (r + n;) for ¢ = 1,2. Thus, they do not affect
our qualitative results. The detailed model and derivations are given in Appendix J.

In Figure 7, we show the comparative static results of consumption and investment with
respect to w when 7; = 0.003 and 7 = 0.02.7 As we expected, the bankruptcy wealth level
increases as w decreases, so we can confirm that qualitative results in the infinite horizon model

still survive.
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Figure 7: Expected time to bankruptcy (E[7*]) and bankruptcy wealth threshold. The parameter set is given by
uw=0.7,0=027=0.03,8=0.07,7v=3,1=0.9,6 =0.1,F =6/r x 02,7 = 0.003,72 = 0.02.

Notice that differently from the infinite horizon model, when a debt maturity is finite, the

consumption at the moment of bankruptcy depends on w. In this case, there exist additional

"We can assume the larger intensities so that the average times of T} and T» are smaller. For example, when
m = 0.03 and 72 = 0.2, the average debt maturity is 33 years and the limited effective time for post-bankruptcy
liquidity constraint is 5 years. In that case, we can confirm the qualitative results still hold. To provide better

graphical results, however, we suppose the intensities as 71 = 0.003 and 72 = 0.02.
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tradeoffs between the remaining time to maturity for the debt and the limited time for the
effective post-bankruptcy liquidity constraint. The time effects depend on w, so that the con-

sumption drops differ according to w.

5.2. Income uncertainty

Our study is restricted on the consideration of the financial market risk so bad shocks in
the financial market is a major factor of consumer’s bankruptcy filing. However, income shocks
(eg, job loss) are also major factors of consumer bankruptcy. Considering the effects of labor
market risk as well as those of financial market risk on decision for consumer bankruptcy is
worth to study.

As did in Ahn et al. (2019), if we consider the income risk which is perfectly correlated with
the financial market risk, we can obtain the similar results. Specifically, we can suppose the
wage income as follows.

dly

—_— = /.L]Clt + O'[dBt,
Iy

where p; and o7 are constant coefficients and B; is the same Brownian motion defined in Section
2. In this case, the trigger for filing for bankruptcy is a wealth to income ratio rather than a
wealth level itself. The optimal bankruptcy time is the first hitting time when the wealth to
income ratio reaches a certain critical level of a wealth to income ratio. Similar to the previous
results, the bankruptcy wealth to income thresholds would increase as the post-bankruptcy
liquidity constraint becomes stronger (w decreases).

On the other hand, if the labor income and financial market is partially correlated,® the
income risk is impossible to be hedged. The market incompleteness makes it almost impossible
to find analytic and numerical solutions. However, we can guess a partial result based on
the previous literature. Koo (1998) shows that for a given financial wealth, the consumption
and risky investment in the incomplete market are smaller than those in the complete market.
Accordingly, we can conjecture that where the market is incomplete, the bankruptcy wealth

level would increase due to the debtor’s more conservative decisions.

8 As did in Koo (1998), we can suppose the wage income evolves dI;/I; = urdt+ordZ;, where Z; is a standard

Brownian motion which is correlated with B;.
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6. Conclusion

We investigate the effects of post-bankruptcy liquidity constraint on a debtor’s discretionary
decision of bankruptcy, consumption, and investment. The Debtor’s optimization problem can
be cast into a mixed optimal stopping and control problem, but the value function at stopping
time is an implicit function of wealth and there is a wealth level jump at the time of stop-
ping. A dualtiy approach is applied to obtain explicit expressions for the optimal bankruptcy,
consumption, and investment.

A stringent post-bankruptcy liquidity constraint implies a high bankruptcy wealth level
along with reductions in consumption as well as investment in the risky asset. An interesting
finding is that the effects of bankruptcy opportunity compete with those of the post-bankruptcy
liquidity constraint, and we find the criterion for the latter to dominate the former. As the
wealth level approaches the bankruptcy wealth level from above, all debtors reduce consumption
and investment in the risky asset. However, a debtor with a stringent (weak) post-bankruptcy
liquidity constraint reduces consumption and investment in the risky asset more dramatically
(moderately) as the wealth level approaches to the bankruptcy wealth level from above. In
addition, at a fixed wealth level, the debtor who will be faced with a stronger liquidity constraint
after bankruptcy reduces consumption and investment in the risky asset more rapidly for a given

reduction in wealth.
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Appendix A. Static budget constraints

Let us define the state price density

Ht = eirtft, (Al)

—%9%—93,/, and introduce an equivalent martingale probability measure f”(A) =

where & = e
E[¢r14], A € Fp, for any fixed T. We rewrite wealth level process X; before bankruptcy under

the new measure P as follows
dXt:(TXt—Ct—(5+f)dt+U7Ttd_§t, OStST,

where B; = B, + t, 0 <t < T, is a standard Brownian motion under P. By applying It6’s

r

lemma to the product of et and X, we have the following equation

¢ ¢ =~
/ e (cs+d—I)ds+e "Xy =a+ / e PomsdBs. (A.2)
0 0

If X;, 0 <t <, islower bounded, the right hand side of (A.2) is a P - local martingale which
is lower bounded, hence a supermartingale. In this case, from the optional sampling theorem
we have

E U Hy(ci + 06— Ddt + HTXT] <z,
0

and equivalently,

T I I
E|:/ Ht(Ct+5)dt+HT<XT+T>:|SSL“FT,
0

for any 7 € S.

Appendix B. Convex dual functions

Definition Appendix B.1. We define the convex dual function u; of concave function u; as
follows
u;i(z) = sup [u;(z) — zx], i =1,2. (B.1)
x

Appendix C. Solution to the filer’s optimization problem

Lemma Appendix C.1. Let ni > 1 be the positive real root of the following quadratic

equation

122 ]'2 _
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Then for given x > —%w, the filer’s value function is given by

*Np Y #1—1 * I

where the constant A is given by

L 1 YKI(1—w)(ng — 1)\
4= ny(ny — 1)yK < r(l+ng —7) > ’ (C2)

and X* is implicitly determined from the equation
z=g(\), (C.3)

where

1.1 T
g(N) = —me AN 4 o v =

The optimal consumption rate CT(X;) and investment in the risky asset II (Xy) for given wealth

level X, at time ¢ are given by
o = CI(X) = (Wo(X) 7, (C.4)
ol =100 = & {na - DAGUXD) T o) ()

where Yo(Xy) satisfies
Xt =90Qb(Xy). (C.6)

Proof. We provide a sketch of the proof, and all technical details and verification for the opti-
mality can be found in Ahn et al. (2019) and Dybvig and Liu (2011). From the definition of

convex dual function, we have

u(z) = sup [u(z) — zz] = . j ’yzv;l. (C.7)

Then, for any given (c,7) € Af(x) and A > 0, from the budget constraint (2.3) we have

Jrem () <E / e PN + et} dt]
LJo

=K / €_Bta()\t)dt:| + AE [/ HtCtdt:|
LJO 0]

<E _/OO e P\ + D\t}dt] + Az, (C.8)
LJO

where \¢ = A\eP*H,, hence \g = A\. The dual value function v t, defined by

/Oo e P La(N) + T} dt} , (C.9)

vf(A)EE[ 0
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solves the following ordinary differential equation (ODE)

82Uf

3V-+w—rn&”—ﬁwwdu»+fA:Q (C.10)

oA

1
—02)\?
2

by Feynman-Kac formula. We have the relations between the value function Vy and its dual

value function vy defined in (C.9) as follows
o) = sup [Vy(e) = Al (V)7 () = 0N, (C.11)

Due to the liquidity constraint X; > —gw, t > 0, we conjecture there exists a free boundary
A > 0 that corresponds to the wealth level —%w. Therefore, the solution to (C.10) is of the
form -
v()\):A)\"Jf—FL)\l*%—F{)\ 0<A<A (C.12)
! K(—7) s =t |
where the coefficient A and the free boundary A can be determined by the following conditions
A I "0y

The value function Vy(z) can be obtained through the duality relation as follows

Vi(z) = /1\r>1% [r(A) + Az]. (C.13)

We can verify that the minimizing A* of (C.13) satisfies (C.3) and the optimal consumption
rate (C.4) makes the first inequality in (C.8) hold as an equality. By theorem 3.8.8 in Karatzas
and Shreve (1998), the optimal investment in the risky asset is given by

I (Xy) = _§y0<Xt)g’(y0(Xt)) = g {n+(”+ — 1A Yo(X)™ 1+ fle (yO(Xt))_i} _

yng —v+1

Let us define go(A) = ny(np—1)AN" —1—7%, which is strictly decreasing and go(\) = 0.

Therefore v(A) = )\_%_190()\) > 0for 0 < A < A ie, vp()\) is a strictly convex function
for 0 < A < X From the duality relation (C.13), Vi(x) is a strictly concave function for

T > —%w. O

Appendix D. Solution to the debtor’s optimization problem

Since V; as well as u are strictly concave and strictly increasing functions we can define

(B.1) to exploit duality approach. Let us denote by I;(-), i = 1,2, the inverse function of

/

wi(+), i =1,2. It is easy to see that I;(-), i = 1,2, are strictly decreasing functions and

ﬂ;() =-Li(), i=12



From (C.7)

-1
Ui(2) = (z) = ﬁz%.

If we denote by X* the maximizer of max Vi (a(X — F)) — 2X], we have

z

Vila(X* - F)) = =. (D.1)

Taking (Vjﬁ)_l(‘) = —v}("), given in (C.11), to both side of (D.1) we obtain

() () )

Therefore,
uz(z) = Vi(a(X* — F)) — 2X*
Z\ "+ ¥ N1I-5 Tz
A () ) e
e + K(1—7) \« + r \a :
For any policy triple (c,m,7) € A(x) and y > 0, it follows from (2.2) and (B.1) that

Jormr)(@) <E e it +ue dt] +E [ff {s(yr) + yTXT}]

B T T
=E / e P (y)dt + e_ﬁTﬂg(yT)} +yE [/ Hyedt + HTXT}
LJo 0

<E / e Pty (y)dt + e_ﬁTﬂg(yT)}
LJO

I T I
—i—y(a:—l—)—yE [/ Htédt+HT]
T 0 T

—E [/T e T (ye) — by} dt + e {%(yT) a 7{%}]

0

I
+y <£L' + T) > (DQ)
where y; = yeP*Hy and dy; = (8 — r)ysdt — 0y;dBy, yo = y. Let us define
N T N (o 7
T = [ [T ) - subar+ e {aton) — 1ur ). D3
0

It follows from (D.2) that

- I
V(z) = sup V;(x) < sup inf [JT(y) +y <;1; + )]
TES reSy>0 r

~ I
< inf sup [JT(y) +y <ZL’ + >]
y>0re8 r

= inf [‘N/(y) +y (a: - f)

y>0
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where Y7(y) is defined by
v = T ! =Bt 1~ —BT ) ~ f
Viy) =sup Jr(y) =supE | [ e {ur(y) — oyiydt + 777 Qua(yr) — —yr p| . (D.5)
€S T€S 0 r
Firstly, we solve the pure optimal stopping time problem (D.5). If we consider the case that

7 = 0, we see that

y. (D.6)

For any 7 > 0, dynamic programming principle implies

V(y) > E [ /0 " e P ity () — Sy} dt + e T ()]

If V(y) is a C? function, we can apply the Itd’s lemma to eV (;) to obtain

Ly , 02V

v~
Vet (B —=r)y——— BV +u(y) — oy <0. (D.7)

dy
The optimality arises when equality holds either in (D.6) or in (D.7). Therefore, we formulate

the following obstacle problem

max {£7(5) = BV (0) + ) — o o) — = V) | =0 D3
where
1 507 0
£—§9 y 8—y2+(ﬁ—r)ya—y.

Assumption Appendix D.1. We assume that
y <y,
where § solves

~ —1 N 1 =
. o ny A (g\"* 1 g\ I
v (7) o <a> * oK \«a ar +

Assumption Appendix D.1 is needed to the bankruptcy wealth level satisfies the Inequality
Definition 3.1 and Definition 3.2, and so as to have admissible policy. We cast the obstacle

problem (D.8) as a variational inequality as follows.

Variational Inequality Appendix D.1. Find a free boundary value y and a function v(-) €
C'(0,5] N C*((0,9) \ {y}) satisfying

v.1 Lo(y) —Po(y) +ui(y) —dy=0,0<y <y
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0.2 Lo(y) — Bu(y) +u1(y) —dy <0, y<y <7

0.3 v(y) >uay) — Ly, 0<y <y

v.4 v(y) =Ua(y) — Ly, §<y < 7.

We have V(y) = v(y).
Proposition Appendix D.1. The value function \7(y) of the optimization problem (D.5) is

given by
n gl -1 0
- By++my Ty 0<ysy,
Viy) = I 7
Uz(y)*;?/, y<y<y,
where the free boundary value iy and constant B are given by
[ (1 s -
) (n+—1)K(1—7){;(571)+;7F}
y= 111 ) (DQ)
(1 =7 +n4) (1—5 ”)

and
B =
o™+

The optimal stopping time 7, to the problem (D.5) is given by
(D.10)

7A'y = inf{t > 0|yt > g}

Proof. The general solution to the linear equation of v.1 in Variational inequality Appendix

D.1 is of the form
g -1 0
=Byt 4+ — -
v(y) = By"* + kai—Y Y

The condition that v(y) and v’(y) are continuous at y = § (smooth pasting condition) enables

us to find y and B as in (D.9) and (3.14), respectively. By a direct calculation, we have
1Y - _ .
)+<1—Q>I] Y, y<y <9

Y
(D.11)

Lo(y) — Po(y) +ui(y) — by = [1 —

By Remark 3.3 of Shim and Shin (2014), we can derive the following inequality
- 1K
(n4 ) < 17
L=y+nyy v
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from which we obtain

(D.12)

From (D.11) and (D.12), we have

Lu(y) — Pu(y) +u(y) =0y <0, § <y <y,
hence the inequality v.2 in Variational inequality Appendix D.1 holds.
To prove that the inequality v.3 of Variational inequality Appendix D.1 holds, we define

é n4 g 17l_§ _ 27 _z
G(y)= By TRa-Y Y (uz(y) Y

A 5 AN 5 T T
=({B—— |yt +————=|1—— F——4-——)uy.
< an+>y +K(1—'y)< « vt ’I“+7" ar )Y

Note that G(y) = G'(y) = 0, by construction. For 0 < v < 1, G"(y) > 0 for any y > 0 so
G'(y) <0 for 0 <y < §. Since G(7) = 0, we see that G(y) > 0 for 0 < y < 7. For the case of
v>1,

7y
1 <;1—% _ 1) Tl
vK \ «

ny(ny —1) (B - aﬁ)

G'(§) =0, j =

Then we have G"(y) < 0, for 0 < y < §j and G"(y) > 0, for §j < y. From hﬁ)lG(y) =0 and
Y

liﬁ)l G'(y) = +oo, we obtain that G(y) > 0 for 0 < y < . Therefore, it is verified that v.3

Y

holds. O

If there is no liquidity constraint in post-bankruptcy, A is zero and B becomes positive.
Since A is negative, the constant B can has both signs. Moreover, if the value function ‘N/(y)
is strictly convex on (0,7), we can show the one-to-one correspondence between the variable

y and the wealth level x. Under the following assumption, V(y) is indeed strictly convex on
(0,9].
Assumption Appendix D.2. If B <0,
§= (—yKny(ny —1)B) 77 >3,
Lemma Appendix D.1. TN/(y) is a strictly convex function on (0, 7.

Proof. Since

—1+2 1
~ ni(ng — )By™ 7 + ¢
Vi(y) =v"(y) = foe) =,

y'Y
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V"(y) > 0 on (0,3] if B > 0. On the other hand, V”(y) = 0 has the unique solution 7 with
B < 0. Therefore, V"(y) > 0 for y € (0,7) and consequently V”(y) > 0 for y € (0,7] when
B < 0 from Assumption Appendix D.2.

For §y <y < 7, V(y) = us(y) — %y, is strictly convex with y. Therefore, \7(y) is a strictly

convex function on (0, . O

From Lemma Appendix D.1, V/(y) is strictly increasing (0,7] and, as stated in the next
lemma, we can also show that % (y) is represented by the expected one of the values at optimal
stopping time 7. Since its proof goes along similar lines to the proof of Corollary 8.3 in Karatzas

and Wang (2000), we omit the proof.

Lemma Appendix D.2. For given y > 0 and the optimal stopping time 7, determined in

Proposition Appendixz D.1, we have

V'(y) = —E [/0 H{L () + 6} di + Hs, {Iz(y@) + i}] . (D.13)

Before we proceed to the main theorem, let us define

M) = —ne By by (D.14)
and define the bankruptcy wealth level
= —ih(y). (D.15)
Since a9(+) is a strictly convex function, Assumption Appendix D.1 implies
x>,

which guarantees that the dynamic constraint Definition 3.2 3 never binds, and we can tackle
the debtor’s optimization problem without considering it (see Definition 2.2 (v) and Theorem

3.1 in Jeanblanc et al. (2004) for similar arguments).

Appendix E. Proof of Theorem 3.1

Proof. Let y* be such that satisfies (3.10), then we have

V() +y* (x+£> = inf [f/(y)er <x+i>] :

y>0

and hence

x+ % =-V'(y"). (E.1)
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As in the proof of Corollary 8.3 of Karatzas and Wang (2000), we have

V(") = —E [ / AL ) + o) di + {IZ@%*) n I}] | (E:2)

r

where y; = y*ePH,. In the course of proof of Proposition Appendix D.1, we use smooth

pasting condition of V (y) at y = 7, equivalently

e 1 .+ 5 I
n4 Byt 1—?y K —;:Ué(y)—;v (E.3)
which yields
I(ys,.) = L(§) = —uy(y) = a. (E.4)

Therefore we have, from (E.1) and (E.2),

f Ty j
x4+ —-—=E |:/ ! Ht{ll(yzk) —|—5}dt+ny* {IQ(yf'y*) + }:| :
T 0 "

There exists a portfolio process that can finance consumption level I;(y;) and bankruptcy

wealth level I (y;.y* ). Observe that

v 2] [ e (1))t + s (1o,

Ty _ . _
| [ e i)+ bt Je+ e (@ (yfy*)w@*&(y@*)}}
0

%y* N %y*
=E / ey (y7) dt + ey (yTy)] +y'E {/ HiIy(y;)dt + Hz,. 12(3/@*)]
0 0

_ T —Bt ) ~ *\ * —BTyx ) o . _£_ . * z
E A € (75} (yt) 6yt dt + € v U2 (yTy*) ryTy* + y €T + r

=V +y* (a: + 7{) = inf [?(y) +y (x + i)} . (E.5)
Combining (D.4) and (E.5) results in
V(z) = inf [V(y) +y <m + i)] .

y>0

Therefore, the debtor’s optimal strategies are given by

1 .
ci = Nhy;) = (yf) 7, for t <7y,
X = I(ys,.) = z,

Yy

Ty« = inf{t > Oly; > y}.

In particular, ¢ = (y*)_% Therefore, we obtain the feedback form (3.12) of the optimal

consumption rate at any ¢ < 7,+. By theorem 3.8.8 in Karatzas and Shreve (1998), the feedback
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form of the optimal investment in the risky asset is given by
* 0 /
T (Xe) = —gy(Xt)h (V(Xy),

which yields (3.13). O

Appendix F. Proof of Proposition 4.1

From (C.2) and (3.14), we see that B(w) increases with w. It is straightforward to see that
w reduces z(w). Consider two debtors with the same wealth level X; but have different levels

of post-bankruptcy liquidity constraint; wy and ws with w; < ws. Then it should hold that

_ 1 1 =6
Xt = —niB(wy) (yl,t)n+ Ty d Vig) 7 — Y = X1,:(V1,),
_ 1 1 I—6
= —ny B(wy) (Vo)™ ' + e (V24) 7 — = Xa2t(Vayt), (F.1)

for some Y1 ¢, Vo > 0. For a given ¢, suppose that Vi s = Vo = u > 0. Then we have X 4(u) >
Xo(u), since B(w;) < B(wg). Note that both Xj¢(-) and Xo,(-) are strictly decreasing
functions. Therefore we must have Vi > u > Yo, in order to make Xy (Vi) = Xo(Voy).
X1 +(V1,4) is the optimal wealth level with the optimal consumption cit and the optimal portfolio

7], as follows:

¢y = Vi), (F.2)

= el = DB+ O] (F.3
Similarly,

ey = (Vos) 7, (F.4)

= 2 {nos ~ DBl G2+ 00 . (5.5)

are the optimal consumption and the optimal portfolio for the optimal wealth level X5 () ¢).
It is easily seen from (F.2) and (F.4) that ¢, < cj,. By multiplying both sides of (F.1) by

(ny — 1), subtracting one from another, we have

1 — 1 1
% {ﬂ'ft — 7T>2k7t} = —i—’VI)Z{M {(yl,t) T (Va,t) ”1’} )

from which we conclude that 77, < 73 ,.
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Appendix G. Proof of Lemma 7?7
(G.1)

From (E.3) and (E.4), it follows that
1 1 I-9§
X, =z=-n,Bwy* '+ =7 7 —
z ny B(w)y Ty . )
- 1 -+ 1
Xp, = a(Xe = F) = a(z — F) = —ny A@)A™ 4 -3 T oL (G.2)
T
where A\ = 7j/a. From (D.9), (G.1) and (G.2) we obtain
_1 <1
G=y 7, &G =A7,
so we have
Ac = (04% — 1) yj_%
Similarly,
. 0 . 1 1
=7 {n+(n+ — )B(w)g"™ " + ’TK’y K } ;
N* 6 e 1 -1
e, =~ {n+(n+ — DA(w)A\+ 1 + ’77K)\ v}
yields
0 (L1 42 F 0
AT = — -1 l-ny _ —ny A ny—1 r \« r Ac.
r=Znns >{<a o ) Aluw)g Py P
Appendix H. Proof of Proposition 4.2
The marginal propensity to consume out of wealth is defined by
dcyf
M. (X;) & L
C( t) dXt7
thus, we have
1 _1
V(X d ((y(Xt)) ”) d ((y(Xt)) V) dY(X,)
o(Xt) = dx, T Xy dX,
1
. —.
(g — DBO(X)m 2 — (X)) 0

1 _1_ 4
_;(y(Xt))

Adc;&:MC * "
C

The elasticity of consumption with respect to wealth is defined by
Xi

e (X)) =
w (X) dX; ¢ ;

Thus, by substituting M.(X;) we obtain the explicit form of ep;(X;). dM.(Xy)/dX; can be

obtained from a direct calculation.
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Appendix 1. Proof of Proposition 4.3

From the definition of MPI out of wealth, we have

ory ory  dY(Xy)
Mr(Xy) = b = o
(X2) 0X;  0Y(Xy) dX,

- a))(a)(t) <<_n+(n+ — 1)B<y(Xt>)"+_1 _ ,Yj;—((y(Xt))_'ly) ) <_0>> % d);g?ft)

2 (e (ns — 1B = V(X))

ny(ny — DB(X))™+2 + V(X)) 7

1
We can obtain the result by multiplying ())(X,;))?+1 on both denominator and numerator.

dM(X;)/dX; can be obtained from a direct calculation.

Appendix J. A Finite debt maturity and a finite effective liquidity constraint

In this appendix, we characterize the model where a maturity of the debt and a effective
post-bankruptcy liquidity constraint are finite. In particular, if we denote the time to maturity
for the debt by 71, the value function can be written as follows. For an admissible policy
(c,m,7)? and an initial wealth Xo =z > 0,
ATy )
Vix) = f:EE [/0 e Plu(e,)dt + e_BTVf(a(XT =) 1<y + e BTy, (XT1 - r) . 1{T>T1}] ,

subject to the static budget constraint
TAT _
E |:/ Ht(Ct -1 + 5)dt + H-,—/\TIXT/\T1:| S xI.
0

The function Vp(a(X;—F)) is the filer’s value function and Vi, (X7, + %) is the value function
of Merton (1969) problem defined by m (XTl n g) 1:{‘ As did in Liu and Loewenstein
(2002), we consider the maturity time 7} as an independent random time which is exponentially
distributed with an intensity 7; > 0. Then the expected time for random time T} is given by
1/m1, and the survival probability until time ¢ is defined by Fj(t) = e"™!. The value function
can be rewritten as

V(z) =supE [/OT F(t)e Pt (u(ct)dt +mVar(Xe — i)) dt + Fi(1)e P Ve(a( X, — F))| .

C, T, T

(J.1)

9We can define the admissible policy (¢, 7, 7) by slightly modifying Definition 3.1 and 3.2.
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In addition, we also suppose a limited time effectiveness for post-bankruptcy liquidity con-
straint. Similar to 77, we consider another random time 75 which is exponentially distributed
with an intensity 72 > 0. Then, the expected time for 75 is given by 1/m3, and the survival
probability until time ¢ is given by Fy(t) = e~™!. The value function of the filer with liquidity

constraint within a limited time is defined by

Ts
Vr(x) =supE [/ e Plue,)dt + 6_6T2U(XT2)] ,
0

c,m

subject to (i) the static budget constraint
T -
E |: Ht(Ct—I)dt+HT2XT2:| <z,
0

and (ii) the liquidity constraint X; > —%w,w € [0,1] for ¢t < T,. Note that U(Xy) is the

Merton (1969)’s value function without any debt repayment and constraint, so it is given by
-\ 1—v

UXr) = 75 (XT+ %)

With a survival probability F(t), the filer’s problem can be rewritten as

0 1—~ (X +£)1—’Y
_ C t
Ve(x) = sup E / e (Btm)t (2t 4 r dt| ,
r) {ert  |Jo 1 PR

subject to the static budget

[ roo
E / HZ,t(Ct—I-i-UQXt)dt] <,
L/ O

_ _lg2y_ . . S .
where Hy; = e~ (r+m=3091=0B: We summarize the value function of a liquidity-constrained

filer as follow.

Lemma Appendix J.1. Let my > 1 be the positive real root of the following algebraic

quadratic equation
1 1
—0Pm?+ (B—r— =02 )m—B—n=0.
2 2
When the liquidity constraint is effective only until a time T3, for given x > —%w, the filer’s

value function is obtained from
Vi) = A" 4 o e (a4 D),
K(1—7)
where the constants A, and N are given by

A=— 1+ % (_7(K+n2)(m+—1)(w_1_?)[>1—§—m+
mi(my —T(K+m) \ L+ B =7+ 9m)+ ) |

and

<o my— 1+22 -1 Jl14 2
z=—mi AN LT K ”_M_
K +mn2 412
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Now we go back the debtor’s problem when the maturity of the debt is given by T7. Similar

to the method developed in the previous section, we can define the Lagrangian as follows.

~ T 1—y X I-6\1—
£ 2 maxE / e~ (Bm)t < @ Kt 50 > dt + e~ PV (a(X, — F))
0

C, T, T

1—v KY(1—7)

- A (E |:/ Hl,t(ct—I_+(5+7]1Xt)dt+H17tX—r:| —fL‘>
0

g [T (0 (e I8 -
E[/o e (1_74 +771<K(1_7)zt +— + (L —08)z | dt

+ e~ (Btm)T ((]3 (%) - zTF)} + Az,

where z is the same process in (3.19) with 2z = A, and ¢(-) is the convex conjugate function of

Ve (x) defined by
Vi(z) = m/\in {dN)()\) + )\JJ} .
Then, the debtor’s value function in (J.1) can be obtained from
V() = min{p(\) + A}
where (z) satisfies the following variational inequalities:

Variational Inequality Appendix J.1. Find a free boundary value % and a function ¢(-) €
C1(0,2] N C%((0, 2] \ {2}) satisfying
1 _
1 Lo(z) = (B+m)ep(z) + 15 (1+3) 2 7+ (T -0) (1+2)2=0,0<2<%
1 —
2. Egp(z)—(B—Fm)gp(z)%—%(1+%)z17§+(l—5) (1+M)2<0,2<2<2

3. p(z)>@(z) —Fz, 0< 2< 2

_192.209% 0 5 [(me=D)(K+n2) (142 —w)\ 77
where L = 307275 + (B —r)zgz, 2= ( (r+m2) (14 2) (1—y+m7) ) , ana

A (1+2) N2 T(14+2) /2
=Ai(.) (Kln;)(f_w (*>1 + r:nz (&)

o
We can apply the similar methods in Section 4, and value function ¢(y) can be derived by

1+ % N
(I R) e T-o i E,
(K +m)(1—9) T4 m

p(z) = Bz"+ +
where 1y is the positive real root of the equation
L oo Lo~
F0 (B —r =507 — (6+m) =0,
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and B is given by

1—1
B — L+ % <1> v 1+ 77?1 i 21—%—?@ + A <1>m+ 2m+—ﬁ+
K+m \a K+m)1l-vy o

i (M <1> +(j_5)1"'7771 —F> sioig

T+ N9 o r+m

where Z is the solution to the following algebraic equation

1
1-— n 1+2 142 /1\"7) y 1\ ™+
(e (1)) e (5) e

2=

(0}

1+ J1+%
-1 T)+F>:0
r+malr+1p)

Then, we summarize the optimal consumption, investment, and bankruptcy as follows.

Theorem Appendix J.1. For a given initial wealth Xo = x, the debtor’s problem in (J.1) is
given by
Vi(z) = p(z") + 2"z,

where z* is implicitly determined from the equation

O 1+2 -1 - 142
:c:—nBz*+1—|— K o7 (] —§)—r.
* K+m ( )7“+771

When zf = 2*ePtH,, the optimal bankruptcy time T is given by
7 = inf{t > 0|z] > z},

and the optimal wealth X[™, the optimal consumption rate c;* and the investment in the risky

asset " in feedback forms are given by

1R -0+

X**:_ B*ﬁ * .
t ny b2y +K+7712t r+m
K+ _ 1+ 1 e (K +m)B i,
o = 1+$ (X;*+<I—5) ~ )+ +(1 gﬂ 7
K r+m +x
0 = 1+m 6 ﬁ+—1
= — X+ (T -6 ")+ — (1 —~v+n y)ny Bz
t 70( t ( )7"+771> ’YU( Y +’Y) +D2

Obviously, it is easily checked that the problem with a finite horizon is reduced to the

debtor’s problem with an infinite horizon when n; = 1 = 0.
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