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On the Stability of Implied Probability Density Functions: Empirical

Evidence Using Alternative Measures

Abstract

In spite of their rich applicability, little attention has been paid to the stability of
probability density functions (PDFs) implied by option prices. This paper examines the
stability of the two methods that are most widely used for estimating implied PDFs: the
double lognormal approximating function (DLN) method and the smoothed implied
volatility smile (SMIV) method. Our study differs from previous cnes in three ways.
First, to test the stability between the PDFs in each method, we focus not only on their
distributional characteristics, but also on the empirical results of their applications,
namely, pricing illiquid options and recovering the risk aversion of representative
agents. Second, we examine the sensitivity of the implied PDFs to errors that can be
embedded in option prices to increase the validity of our results. Finally, our analysis is
carried out using the KOSPI 200 index option in the Korean stock market, which is one

of the most actively traded markets in the world.

JEL classification: G13; C13; C15
Keywords: Implied probability density functions; Stability of estimates; Measurement
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1. Introduction

Since Breeden and Litzenberger’s seminal paper was published in 19783, there have
been numerous researches on methods for recovering implied PDFs from the cross—
sectional data of option prices. As Jackwerth (1999) mentioned, these methods of
estimating implied PDFs can be classified as either parametric or non—parametric. The
parametric approach can be further divided into expansion methods, generalized
distribution methods, and mixture methods. The non—parametric approach can also be
divided intc kernel methods, maximum entropy methods, and curve fitting methods. In
spite of remarkable developments in estimation methods, we cannot, however, provide
statistical properties for estimated parameters. Therefore, even if a new stylized fact

was discovered using implied FDFs, we could not help questioning its reliability.

Recently, Sdderlind and Svensson (1997), and Melick and Thomas (1998) assumed that
the estimated parameters follows multivariate normal and then derived a confidence
interval for the implied PDFs. Sdderlind (1999), Cooper (1999), Giamouridis and
Tamvakis (2001), and Bliss and Panigirtzoglou (2002) also constructed the pseudo
prices by randomly perturbing original prices and tested the stability of the implied
PDFs. As noted by Bliss and Panigirtzoglou (2002), however, the former approach is
dependent on the parametric assumption and does not provide the confidence intervals
for possible PDFs. The latter approach also has at least two limitations. The first is that
it only provides a lower bound on the confidence intervals of the summary statistics
derived from estimated PDFs." The second, and perhaps more critical in our view, is

that it only considers the summary statistics of estimated PDFs to test their stability.

In this study, we examine the stability of the two methods that are most widely used to
estimate implied PDFs: the double lognormal approximating function (DLN) method and
the smoothed implied volatility smile (SMIV) method. Our study differs from previous

ones in three main ways.

First, to test the stabhility between the PDFs derived by the DLN and the SMIV methods,
we focus not only on their distributional characteristics, but also on the empirical
results of their applications. Even though the summary statistics derived from estimated
PDFs may characterize them roughly, the stability of estimated PDFs is not equivalent
to the stability of the summary statistics of them. In this sense, to test the stability of
implied PDFs we need to examine the more general characteristics, including the
sunumary statistics. In our study, besides the stability of the summary statistics, we also

examine the stability of the derivatives of estimated PDFs and of the option pricing

! Except for Saderlind (1999). they use the prices randomly perturbed by ne more than a half tick. Thus. the
error band thev derive should be a lower bound on the confidence intervals.



errors between the fitted prices using one—day—ahead implied PDFs and market prices.
These measures are related to recovering implied risk aversion and pricing other
options, respectively, which are main applications of implied PDFs. As Jackwerth (2000),
ATt Sahalia and Lo (20007, and Zigler (2003) noted, the implied risk aversion of
representative agents on the asset return states can be derived from the implied PDFs.
In this application, the first derivative of the implied PDFs has an effect on the shape of
implied risk aversion. Another application of implied PDFs is to price other options. If
an implied PDF is recovered from the liquid option prices, we can price illiquid options
using this PDF. As there is no illiquid option price data to test in our case, they are

applied to forecasting a tomorrow’s option price.

Second, we examine the sensitivity of the implied PDFs to the errors that can be
embedded in option prices, to increase the validity of our results. To investigate the
sensitivity, a price-perturbation method, which was introduced by Cooper {(19399),
Giamouruids and Tamvakis (2001), and Bliss and Panigirtzoglou (2002), is emploved.
They slightly (by no more than a half tick) perturb option prices and then re—estimate a
PDF for the perturbed data. As pointed out by Bliss and Panigirtzoglou (2002}, a
confidence region for the estimates can be provided by the distribution of simulated
PDFs for perturbed data. The effect of local price changes on the implied PDFs can also
be investigated using this method. However, as they only consider cases in which there
is a half tick error, the confidence region they derive is just the lower bound on itself.
Their tests on the effect of local price changes are also restricted to marginal price
changes. In this paper, we extend their scheme to the more generally perturbed data by
varying the size of errors in option prices. This extended price—perturbation method
enables us to investigate more generally the effect of price changes on the implied
PDFs. It also enables us to examine the sensitivity of the implied PDFs to possible

measurement errors.

Finally, our analysis differs from others in that it is carried out using the KOSPI 200
index option in the Korean stock market. KOSPI 200 index options market has become
one of the most actively traded markets in the world, despite its short history. Its
trading volume reached 1.9 hillion contracts in 2002 and ranked the 1% in the world
from 1999 to 2001. Not like other big markets, near contracts and OTM (ITM) call {put)
options are most liquid in this market. Focusing on this market not only enables us to
investigate a rapidly—growing market, but also allows us to examine properties specific
to the Korean stock market.® Furthermore, compared to call options, put options are

consistently overvalued in KOSPI 200 index options, so the implied volatility from put

2 An example of these properties ig the excellent liquidity in the near contract. As noted by Bakshi. Cao and
Chen (1997). the volatility smiles tend to be the strongest for short—term options. indicating that short-term
options can be the most severely mis-priced by the Black and Scholes (1973) model.



options is much higher than that from call options. The implied PDFs recovered from
the data, including both of call and put options, are highly unstable and inefficient in
terms of goodness—of—fit (GOF). Therefore, to obtain well-behaved implied PDFs, we

have to estimate them from only call options or put options.3

Our results show that the stability of implied PDFs is assessed differently according te
an employed test statistic. In terms of summary statistics, the implied PDF by the SMIV
method is found to be more stable than that by the DLN method. The implied PDF by
the DLN method, however, is found to be more stable than that by the SMIV method, in
terms of its first derivatives. Regarding pricing errors, the difference between the two
methods is found to be negligible. The price—-perturbation method also assesses the
effect of local price changes on the implied PDFs. Unlike the SMIV method, the DLN
method is found to alter the shape of the entire distribution with local price changes,

rather than only a small part of it.

The remainder of this paper is structured as follows. Section 2 presents an overview
for the estimation methods. Section 3 presents various measures to test the stability of
implied PDFs. Section 4 describes the data for empirical analyses. Section & provides

the empirical results. The last Section concludes with a brief summary.
2. Estimation Methods

In this section, we briefly examine two estimation methods that are used in our study.
The first is the double log-normal approximating function (DLN) method and the second
is the smoothed implied volatility smile (SMIV) method.

2—1. Double Lognormal Approximating Function (DLN) Method

In the double log—normal approximating function (DLN) method, we assume that

underlying asset price density, ¢(S,), is a weighted sum of Z-component log—normal

density functions :

2

g(S;) = DOLie. S (1)

i=1

th

where L(x, p.S,) is the i" lognormal density function in the double mixture with

parameters ¢ and £

o = lnS+(yi.—%Jf)r and g = oo, i =12 (2)

3 For example. the average of call option-implied volatilities during the vear 2001 was lower by 5.39% than
that of put option-implied volatilities. Explaining this anomaly iz not within the scope of this paper.



ZZ:@I = 1 and 8)0. (3)

i=1

Bahra (1997) derived closed-form solutions of the European call and put option prices

as follows :

ClK.T)= e’”[@{em%ﬁEN(dl ) KN(d)+ (- 9){ea2+%ﬁ§N(d3)fKYV'(d4)}] : (1)
PK.T) =[O T N(—d,)+ KN(~d,)3+(1 oy N (—d,)+ KN(=d,)}. (5)
where 4 M;@Hﬁf,dzdl_ﬁ%w,@%_ﬁz.

From equation (4) and (3), we can estimate parameters of the density function by

solving following optimization problem:

1,2

1.2
R S (6)

min i[C(Ki,r)—CA’I]Z+ZZ:[P(KI,T)—]%]Z+[6lea1
o, 8,54.8 i=1 =1

In the above equation (B8), the first two terms are just the sum of squared pricing errors
between model prices and market prices. In the absence of arbitrage opportunity, the
mean of the implied density function should be equal to the forward price of the
underlying asset. This property is named a mean—forward price equality condition and
is represented by the third term. In this sense, Bahra (1997), and Anagnou, Bedendo,
Hodges and Tompkins {(2002) include this term using the futures price as a proxy for
the forward price in the optimization procedure. On the other hand, Bliss and
Panigirtzoglou (2002), and Kim and Kim (2003) do not impose this constraint based on
the assertion that it is not required by the mathematics underlying the DLN method.
Considering this condition as a product of related, but separate arbitrage arguments,

they just use it to see how well the underlying no—arbitrage conditions hold.

As shown by above equations, the DLN method has a computational advantage because
of the existence of analytic solutions. Moreover, it is not difficult to estimate the
density function with a small data set. DLN method, however, is in lack of flexibility in
fitting the implied PDFs when available cross—sectional data of options are enough for
estimation.® This drawback is due to a pre—defined structure of the DLN method on the

density function.
2—-2. Smoothed Implied Volatility Smile (SMIV) Method

Smoothed implied volatility smile (SMIV) method, originally introduced by Shimko

* See Brunner and Hafner (2003)



(1993), fits a function through observed implied volatilities.® Fitted implied volatility
function is translated into an option price function and then the implied PDFs are
recovered using the Breeden and Litzenberger’s result:
L 0CKD)

q(S)=e" — 5= 0
As noted by Bahra (1997), Syrdal (2002), and Brunner and Hafner (2003), two related
issues have to be considered in the SMIV method. First, we cannot know the implied
volatility function bevond the range of traded strike prices. Therefore, we must
extrapolate or model the tails of distributions to obtain a well-defined PDF. Second, the
estimated implied volatility function should not allow for arbitrage. To guarantee this,
implied probabilities should be non—negative, integrate to one and satisfy the martingale
restriction, which means that discounted asset prices have to be martingales with

respect to these probabilities.

Shimko (1993) assumed that implied volatility is a quadratic function of the strike price,
which is equivalent to the assumption of the lognormally distributed tails. His method
cannot, however, always satisfy the martingale restriction. Thus, Malz (1997) assumed
that implied wvolatility is a quadratic function with respect to the option’s delta. The
advantage of the fitting in the delta space is that corresponding implied density
integrates to one and satisfies the martingale restriction. Campa et al (1998), and Bliss
and Panigirtzoglou (2002), furthermore, used a smoothing cubic spline method to fit the
implied wvolatilities. Campa et al (1998) fitted the implied volatilities as a function of
strike prices, while Bliss and Panigirtzoglou (2002) fitted them with respect to option’s
delta.

In this study, we use the cubic spline method on option’s delta spaces. We also extend
the spline function outside the range of option data using the first and last polynomial of
it.® Thus, our method can be constructed as the following optimization problem.7
Min Y@y, 08 + 0= £ () dx] (8)

¥ i=1
where x, and y are option deltas and implied volatilities, respectively, f(x,'¥) is a

spline function, ¥ is a parameter matrix of the spline function, @ is a weighting

parameter for observation 7 and A is the smoothing parameter.

In equation (3), the first part relates to the GOF of the spline function. The second part

5 s pointed out by Bates (1891), option prices are not guitable for fitting becausge of their substantial amount
of non-linearity

® Bliss and Panigirtzoglou (2002) assumed that the spline function is linear outside the range of observation,
while Shimko(1993) fitted lognormal distributions at the tails of the implied density function.

7 See Syrdal (2002)



relates to the smoothness of the spline function. A known as the smoothing parameter
determines the relative weight between two parts. A large value of A increases the
GOF and a resulting density function may show too much oscillation. With a low value of
A, by contrast, a spline function is too smooth and does not fit the data well. Extremely,
the spline function would accurately interpolate the observed data with A equal to one

and minimize the curvature with A equal to zero.

In conclusion, the SMIV method does not impose any pre—defined structure on a density
function. It, especially when there are enough observations available, has more
flexibility in fitting the implied PDFs than the DLN method. However, the price to be
paid is that the SMIV method may be ineffective if only a few cross—sectional data of
options are available. Furthermore, the SMIV method cannot guarantee the non-—

negativity of estimated density functions.
3. Stability Measures

Besides the summary statistics for estimated PDFs, which were most frequently used in
previous researches, other measures could be used to characterize the distributions. In
this section, we briefly present measures related to summary statistics first and then

discuss those related to other test statistics in detail.
3—1. Measures related to Summary Statistics

Since there is no definite way to compare distributions themselves, our empirical
results are assessed, in the first place, based on the summary statistics (denoted by Z)
of estimated PDFs. As frequently used in most previous researches, we accept the

followings:

— it  The sample mean or the first central sample moment of the distribution.

— ¢g: The sample standard deviation or the second central sample moment of the
distribution.
- 51 ! The sample skewness coefficients, defined as the third central sample moment

of the distribution normalized by the cube of the standard deviation:

3

s = 2. (9)
a

- 52 ! The Pearson mode—based skewness measure, defined as the difference between
the sample mean and mode normalized by the standard deviation:

§ - Mzmode (10)

a



- 33 : The Pearson median—based skewness measure, defined as the difference

between the sample mean and median normalized by the standard deviation:

§, = Hmedian (1D

o

~

- &, - A measure of asymmetry, defined as

§ = XX (12)
4 ~ ~
oszs

X5

where )?n is the »n™ percentile of the estimated PDF.

~

- £ ! The sample kurtosis coefficient, defined as the fourth central sample moment

normalized by the square of the sample variance:

4

P (13)

4

N

Q»

After these summary statistics are derived from the implied FDFs, we test the stability
of them from two points of view. First, the stability of the implied PDFs during the
entire sample period can be assessed by the sample standard deviation of summary
statistics, defined as

[ (14)
T4

Second, the stability of daily changes of the implied PDFs can be assesed by the sample
mean and the sample standard deviation of the absolute daily change in summary

statistics, defined as
1 -1
ﬁz‘ztﬂfzt‘ (15)
i

and

1 r-1
\/ﬁZ(Z:H—ZJ—Vm—ZfDZ ) (16)
4

3-2. Measures related to the Empirical Risk Aversion

As was discussed in the introduction, a risk aversion function of representative agents

can be derived from option prices.s Under the complete market economy which implies

the existence of a representative agent,” an expression for the absolute risk aversion

can be written in terms of the subjective and implied PDFs:

UGS PS4 an
Us) pls)  qls)

% Qee Leland (19807, Jackwerth (20000, Ait-Sahalia and Lo (2000), Rosenberg and Engle (2002), Bliss and
Panigirtzoglou (2002), Kliger and Levy (2002), and Ziegler (2003).
® See Constantinides (1982).



where U7 is a state—independent utility function across states, p is a subjective FDF,
g is a risk neutral PDF, i.e. a state price density function which can be implied by

option prices and § is the return on the market portfolio across states.

As easily can be seen in equation (17), the first derivatives of the implied PDFs as well
as the level of them are important factors that determine the shape of the risk aversion
function. If we focus on this application of implied PDFs, the stability of PDFs should be
also assessed by their derivatives. Besides the summary statistics of the implied PDFs,

in this sense, we suggest following additional measures to test the stability of them for

a given §:
14 —_—
\/TZ(Q (5.6~ q' (.60 18
%gq'(&m—l)—q'(&t) : (19
Lg\‘srlf'mf's‘tlf‘srz (20)
I CACRERY g0 |g (St ) g (s.0)” -

Fach of these measures provides the sample standard deviation of the first derivative of
the implied PDFs and the sample mean and standard deviation of their absolute daily

changes for a given return state.

In the procedure of deriving the test statistics in {18) — (20}, we should pay attention to
the smoothing parameter of estimation methods. As the curvature of estimated PDFs
can fluctuate greatly according to the choice of the smoothing parameter, an
unreasonable input of smoothing parameter may produce misleading results. In this

paper, we use the parameter that makes the GOF of both estimation methods equal.

3—3. Measures related to the Option Pricing

Using the implied PDFs which are derived from liquid option prices, we can calculate
the prices of illiquid options with the same maturities. Regarding these pricing issues,
implied PDFs with stable summary statistics may not alwavs guarantee better
performance than those with unstable summary statistics. In this sense, we suggest

following additional measures:

1 T-1 n (21)
—> C. -C,_ |-
T*l - i +1
71|~
1 Zcf ~Cun |, (29)
T-1% &

I3

where (ft is a fitted price of options calculated by implied PDFs at time ¢ and ¢, isa

market price of options at time 7+1.
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The first test statistic measures the absolute pricing error between the fitted price and
the market price and the second test statistic measures the absolute normalized one.
With the same changes in underlying asset price, we expect that the estimation method
guaranteeing more stable implied PDFs would provide smaller pricing errors than

another.
3—4. Measures related to the Perturbed Price

As discussed in the introduction, we employ the price—perturbation method to increase
the reliability of our tests on the stability of implied PDFs. The perturbed data are
usually constructed from possible measurement errors in option prices. The
measurement errors originate mostly from non—synchronicity, illiquidity, price
discreteness {due to tick size), and operational problems. Among these possible causes
of measurement errors, only price discreteness has been considered in most previous

10
researches.

The changes of the stability measures resulting from randomly perturbing the option
prices represent the effect of a presumed amount of errors on the implied PDFs. By
varying the amount of errors, we can examine the sensitivity of implied PDFs to the

errors and can investigate the effect of local price changes on the implied PDFs.

To begin with, we construct pseudo prices by randomly perturbing the market prices
with the following types of errors:

e(K,. 1) ~ K <uniform(—1,.1,) (23)
where g(K,,t) is a measurement error embedded in the price of option with strike price

K. at time ¢, p, is a half tick size and x is the scale parameter which controls the

size of measurement errors.

Random numbers are sampled from each given uniform distribution and 200 implied
PDFs for a given x per day are recovered, using the DLN and the SMIV methods. We

test the effects of the measurement errors on implied PDFs by following measures:

AD(M: K, f) = ‘Mpermrbed("(a t) - Munperturbsa‘ (I)‘ ! (24)
SD(M> i, t) = O-(Mpermrbed(K> t))’ (25)
PROOﬁ(M=K=r) = M(OQﬁ)permrbed(K>r)7M(005)permrbed("(>t)’ (26)

where, M is a stability measure discussed in previous section, such as summary

statistics and first derivatives, M is the sample mean and M, is the i*% order

19 See Cooper (1999), Bliss and Panigirtzoglon (2002), and Giamourids and Tamvakis (2001).

11



statistic of the stability measure.

The A4D{absolute deviation) measures the convergence of an implied PDF for perturbed
data to that for unperturbed data. The high value of AD for a given x means that it
tends to fail to converge to the implied PDF for unperturbed data. The SD (standard
deviation) and PR (percentile range) measure the dispersion of implied PDFs for
perturbed data around their mean. The higher the SD and PR for a given x, the more

dispersed implied PDFs are.

4. Data

The KOSPI 200 option contracts used in this study has been traded since July 7, 1997.
They are European-style options on the KOSPI 200 stock index traded on the Korean
Stock Exchange. In spite of their short history, the KOSPI 200 options market has
became one of the biggest option markets in the world. The KOSPI 200 options expire
on the second Thursday of the expiry month. In terms of time to maturity, they are
listed for the three consecutive near—term delivery months and one additional month
from the quarterly cycle (March, June, September and December). They also have at
least five strike prices, in terms of monevness. The number of strike prices may,

however, change according to an underlying asset price movement.

The sample period extends from December 11, 1998 through September 27, 2002. We
obtain minute—by—minute transaction prices for the KOSPI 200 options from the Korean
Stock Exchange. The 91-day certificate deposit (CD) rate is used as a risk—free
interest rate.! ' The following criteria are applied to filter data needed for the empirical

test.

To obtain well-behaved implied PDFs, only call options are included. For each day in
the sample, we select the minute-by—minute transaction data at time 14: 50.°% To
remove the illiquid options, we select only the data which are traded actually between
14: 30 and 14: 50. As the liquidity of KOSPI 200 option contracts is concentrated in the
nearest expiration contract, the maturity of most options which are used in our study is
not more than one month. Because options with less than 7 days to expiration may
produce biases due to low prices and high bid—ask spreads, they are excluded from the
sample. As a minimum of five strikes is required to estimate the five—-parameter
double—lognormal function, option cross—sections with less than six ‘good’1 # option

strikes are excluded. To mitigate the impact of price discreteness on option value,

11 pg Korea does not have a liguid Treasury bill market, 91-day CD rate have been uzed as a proxy of the
risk—free interest rate in most of empirical researches.

12 Iy the Korea stock market. simultancous bids and offers hegin at 14:50

13 Contracts that fulfill no arhitrage conditions are regarded az ‘good’ options.

12



prices lower than 0.3 are excluded from the sample. Finally, Data not satisfying the
following arbitrage restrictions are not included.
C(Kxa?'-;) = Sr 7Zein’ssDr+s 7K:Bt,r ’ (27)
s=1

where B, is a zero—coupon bond that pays 1 in ¢ periods from time tand D, is daily

dividends at time t.

Table [ shows the summary statistics of our sample filtered by above rules. As
expected, the number of OTM options is twice as much as that of ITM or ATM options

and the maturity of most options is not more than one month.
5. Empirical Results

5—1. Estimated Summary Statistics of Implied PDFs for Unperturbed Data

The means and standard deviations of GOF measures and estimated summary statistics
are presented in panel A of Table mte By construction, the GOF of the DLN method
and the SMIV method must be almost the same.'® In our sample, the SMIV method
does not, however, provide well-behaved PDFs with a smoothing parameter that
produces the same GOF as that provided by the DLN method. The GOF in the SMIV
method is lower than in the DLN method in panel A, and this is the price paid for
deriving a PDF without a spike. Most of the summary statistics except for means are
slightly different in their means and their standard deviations. The DLN method
produces a slightly greater variation in estimated standard deviation and kurtosis than
the SMIV method. However, the SMIV method produces a slightly greater variation in

estimated skewness measures than the DLN method, except for the 54. From these

results, we generally infer that two methods are similar in performance.

The means and dispersions of the absolute day—to—day changes in estimated summary
statistics are presented in panel B of Table II. The difference in performance across
PDF estimation methods is more clearly discovered in panel B. The average values of
day—to—day changes in most of estimated summary statistics except for skewness
measures are greater in the DLN method than in the SMIV method. The DLN method
also produces much greater variation except for skewness measures than the SMIV
method, by a factor of about two or more. Furthermore, in the performance of four

skewness measures, the DLN method does not clearly outperform the SMIV method.

14 They are just a simple average and a standard deviation for the entire sample period. Since the number of
cross—sectional data ig different according to option maturity, the simple average and the standard deviation
may be inappropriate measures. However. the values derived by maturity provide similar results to ours.

15 At first, a smoothing parameter that produces the same GOFs iz selected in our optimization algorithm.

13



5-2. Estimated First Derivatives of Implied PDFs for Unperturbed Data

Table III presents the means and the standard deviations of implied PDFs” first
derivatives across stock index return states. Our sample return states are divided into

16 .
The value in

twenty groups, excluding extremely positive and negative return states.
each return state is the average of the first derivatives included in it.t 7 Generally, the
implied probability densities increase on negative return states and diminish on positive
return states. They are concave as their first derivatives diminish across return states.
Table III, thus, indicates that estimated FDFs are inverse U-shaped functions across
sample return states from 0.90 to 1.10. The standard deviations of implied PDFs’ first
derivatives exhibit different patterns according to estimation methods. The DLN method
produces a similar variation in first derivatives across entire sample return states, while
the SMIV method produces a much greater variation on negative return states than on
positive return states. That is, the variation in first derivatives by the DLN method is
almost constant regardless of any return state, while the variation in first derivatives by
the SMIV method diminishes as the return increases. In comparing these two estimation
methods, we find that the SMIV method produces a much greater variation on negative
return states than the DLN method, by a factor of two or more. On positive return

states, the two methods produce a similar variation in implied PDFs’ first derivatives.

The means and dispersions of absolute dav—to—day changes in first derivatives are
presented in Table IV. As with the results in Table III, absolute day—to—day changes in
first derivatives by the DLN method do not differ across entire return states in their
means and dispersions. In the case of the SMIV method, absolute day—to—day changes
in first derivatives on negative return states are much greater than those on positive
return states. On negative return states, the SMIV method produces great and unstable
day—to—day changes compared to the DLN method. However, differences between the
DLN and the SMIV methods are either negligible or non—existent on positive return

states.

Based on the results gathered from Tables II to IV, we find that the performance of the
two methods could be assessed differently according to the test statistics employed. In
terms of the summary statistics, the SMIV method produces more stable PDFs than the
DLN method. We find, however, that the DLN method produces much more stable PDFs
in terms of their first derivatives than are produced by the SMIV method. The former

finding could be interpreted as resulting form the superior performance of the SMIV

18 In gur paper. a positive (negative) return state refers to the state in which future asset prices are higher
(lower) than those of today.

17 This is straightforward under the assumption that the implied PDFs are piecewise linear within each return
state.
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method at macro levels, and the latter finding could be interpreted as resulting from the
superior performance of the DLN method at micro levels. This interpretation of our
results has something in common with arguments presented in previous researches. As
pointed out by various authors,l ¥ itis likely that the instability of the DLN method in
estimated summary statistics is due to its parametric nature, which may change the
shape of the entire distribution with local price changes. To verify our interpretation of
the results, the sensitivity of the implied PDFs to local price changes is examined in the

next two subsections.

5—3. Test Statistics of the Implied PDFs for Perturbed Data: the Case of a Half Tick

Errors

In this subsection, we perturb the original option prices by no more than a half tick and
derive the implied PDFs from the perturbed data. The effect of marginal price changes
on the implied PDFs is examined. The lower bound on the estimated test statistics is
also obtained. Table V presents the simulation results using the perturbed price data. In
this procedure, the sample pericds are shortened from September 6, 2002 through
September 27, 2002 because of long computer processing time. Despite only 15 days
are included in sample periods, the results do not generally depend on the length of

sample periods.1 ?

The results reported in the first column of Table V imply the converging ability of
implied PDFs for perturbed data to the implied PDFs for unperturbed data. The absolute
deviations of estimated summary statistics between the two PDFs are generally greater
in the DLN method than in the SMIV method. The only exceptions are the Pearson-
mode based skewness measure (5‘2) and the 5'\4, which are quite similar. It may be
inferred that, with minimum measurement errors in option prices, summary statistics
estimated by the SMIV method generally converge to the true values more easily than
those derived by the DLN method. This inference, however, is not valid in the case of
first derivatives of implied PDFs. The absolute deviations between the first derivatives
of implied PDFs for perturbed data and those for unperturbed data are much greater in
the SMIV method than in the DLN method, by at least a factor of two, and even as high
as five to twenty. Their differences are intensified on negative return states and are

nearly negligible on deeply positive return states.

The second column of the Table V presents the standard deviations of estimated

summary statistics and first derivatives of implied PDFs for perturbed data. The 57 to

1% For example, see Bliss and Panigirtzoglou (2002)
19 In the case of half-tick error. we conduct the same analysiz in the longer sample periods; from March 11,
2002 through June 28, 2002. The results do not gyetematically differ from those in shorter sample periods.
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05" and the 25™ to 75" percentile ranges of estimated results are presented in the third
and fourth columns of Table V. All these three columns show the dispersions of implied
PDFs for perturbed data. In the case of estimated summary statistics, the DLN method
produces generally greater variations than the SMIV method. On the contrary, the SMIV
method produces much greater variation in the first derivatives than the DLN method,

by at least a factor of two, and even as high as three to ten.

From the above results, we find that the effect of small price changes on the implied
PDFs is different according to the estimation method used. From the low converging
abilities and high dispersions around the mean of estimated summary statistics by the
DLN method, we can infer that it alters the shape of an entire distribution with small
price changes. From the highly stable first derivatives of implied PDFs, we can also
infer that the DLN method does not sharply alter a specific part of the distribution with
small price changes. Because of this, the parametric DLN method produces a PDF with
a more stable slope, although it does produce a more unstable PDF in terms of summary
statistics. The nature of the non—parametric SMIV method is found to be directly
opposite to the parametric DLN method. The SMIV method produces a more stable PDF
in terms of summary statistics, although it does produce a PDF with a more unstable

slope.

Next, the lower bound on the confidence intervals of the estimated results can be also
derived from Table V. For example, for the PDFs estimated by the DLN method, the
90% confidence intervals for & and & are 0.1805 and 0.2559 and are 6.5% and 12.9%

of their respective mean absolute daily changes (2.7918 and 1.9804). For the PDFs by
the SMIV method, they are 0.008%2 and 0.0530 and are only 0.4% and 5.2%, respectively.
The 90% confidence intervals for first derivatives on the return states of 0.92~0.93 and
1.07~1.08 are 0.0251 and 0.0255 and are 27.3% and 32.4% of their respective mean
absolute daily changes (0.0918 and 0.0788) in the case of the DLN method. For the
PDFs by the SMIV method, they are 0.2067 and 0.0198 and are 87.1% and 24.3%,
respectively. These results shown in Table V indicate that measurement errors of
option prices canh create a sighificant degree of uncertainty to the accuracy of implied

PDFs, although a half tick error is only considered.
5—4. Test Statistics of the Implied PDFs for Perturbed Data: A General Case
In this subsection, we examine the sensitivity of the implied FDFs to possible

measurement errors by varying the size of x. Figure I plots the convergence {4D) and

dispersion { SI) ) measures of estimated summary statistics of implied PDFs for
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perturbed data by varying the value of x from 0.5 to 5.0.7° As expected, the degree
of uncertainty to the estimated summary statistics is generally increased with
increasing value of the x. Except for the skewness, the converging ability of implied
PDFs for perturbed data to PDFs for unperturbed data is found to be consistently better
in the SMIV method than in the DLN method in panel A. The dispersion around the mean
of estimated summary statistics is also found to be consistently much greater in the
DLN method in panel B. To summarize, the relative instability of the summary statistics
derived by the DLN method is valid regardless of the value of ¥ and probably tends to
be more intensified with increasing value of the x, especially for the dispersion

measure.

The stability measures of first derivatives are plotted in Figure II. Panel A plots the
convergence measure { 4D) and panel B plots the dispersion measure (SD) of them by
varying the value of x from 0.5 to 5.0. Because of the limited space, we plet only the
results on four return states:! deeply positive, slightly positive, deeply negative, and
slightly negative ones. Irrespective of the value of x, the slope of PDFs estimated by
the DLN method is much more stable than the slope estimated by the SMIV method.
The only exception is the slope at deeply negative return states. Therefore, the relative
instability of the implied PDFs” first derivatives by the SMIV method is valid regardless
of the value of «. It is also likely that it tends to be more intensified with increasing
value of the x, especially for the dispersion measure on the deeply negative return

21
states.

Finally, from the results shown in Figures I and II, we see that the findings reported in
subsection 5—3 are valid, regardless of the amount of price changes. The differences in
performance between the DLN and the SMIV methods reported in Tables Il to V are

found to be consistent and svstematic.
5.5. Pricing Errors between the Fitted Prices and the Market Prices

Another stability measure, pricing errors between market prices and fitted prices of
options using the one—dav—ahead implied PDF as a today’s PDF, is presented in Table
VI. Sample data are divided into eight groups according to their moneyness. The means
of absolute pricing errors tend to be high in ITM call options and tend to be low in OTM
call options, regardless of the estimation method. The difference between two methods

in performance is almost negligible. By contrast, the means of absolute pricing errors

20 The skewness measure plotted in Figure [is 51 . The other skewness measures exhibit similar patterns to

~

J, -
21 Although the other dispersion measures ( PR ) are not presented in this paper. thev, like absolute
deviationg and standard deviations, give similar regults to above.
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normalized by their market prices tend to be low in I'TM and high in OTM call options.
The difference between the DLN and the SMIV methods in performance is also
negligible. Therefore, only focusing on the application of implied PDFs to an option
pricing, estimated PDFs by the DLN method can be considered as stable as those by the
SMIV method.

6. Conclusions

This paper has developed and applied various measures for assessing the stability of
implied PDFs recovered from option prices. We present three different measures: the
estimated summary statistics; the first derivatives of implied PDFs; and the pricing
errors between fitted prices and market prices of options. The latter two measures are
related to the applications of option—implied PDFs, namely, recovering the risk aversion

of investors and pricing other options.

The estimation methodologies, employed in this paper for assessing the stability of
implied PDFs, are the parametric DLN method and the non—parametric SMIV method.
These estimation methods are investigated con a set of option data: KOSPI 200 index
options in the Korean market, which is one of the most actively traded options in the

world.

The results of our study are different from previous ones in the following ways. Even if
the SMIV method, viewed in sumunary statistics, provides more stable implied PDFs
than the DLN method, the results of the other two measures are different. First, when
we focus on the stability of the implied PDFs’ slope, it is found that the DLN method is
much superior to the SMIV method in overall performances. It is likely that this finding
results from the parametric nature of the DLN method, which may result in local price
changes affecting the entire distribution rather than sharply altering a small part of the
distribution. Second, the stability of implied PDFs in the two metheds does not
systematically differ in terms of pricing errors. Their differences are not greater than a

half tick and thus can be considered negligible.

To summarize, the stability between the parametric DLN and the non—parametric SMIV
methods cannot be assessed by an absolute criterion. The selection of an estimation
method to derive the implied PDFs should be based on the purpose for the estimate. To
investigate the changes of investors® beliefs on a financial market using the implied
PDFs, it is adwvisable to use a non—parametric method, such as the SMIV. This
suggestion is based on the fact that the SMIV method produces implied PDFs with more
stable summary statistics than are produced in the DLN method. However, focusing on

the shape of implied PDFs on the specific return state, we find that a parametric method
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is much more desirable than a non—parametric method. This finding is based on the fact
that the DLN method produces implied PDFs with a more stable slope than are produced
in the SMIV method. One of drawbacks to using this method is that a theoretical
constraint, such as on a process for pricing kernels, may be imposed inmmediately after
the adoption of a parametric method to recover a PDF. In addition, for the purpose of
pricing other options using the estimated PDFs, it is also supposed that the same results

would be induced regardless of the estimation method used.
Finally, the sensitivity analvsis of the implied PDFs to possible measurement errors by
varying the size of errors strengthens the reliability of out results: the stability of

estimated PDFs by the DLN and the SMIV methods is assessed differently according to

the test statistics emploved.
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Table 1. Summary statistics of option cross—sectional data samples

The gample period extends from December 11, 19898 through September 27, 2002. Only call options are
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included and their maturities are not more than 41 davs.

Final sample 1998-99 2000 2001 2002 All
ITM 384 343 330 4584 16561
Number of
‘ ATM 415 430 223 390 1458
cross-sections
OTM 673 1003 395 641 2712
Strikes per cross—sections
Range 6~14 E~13 E~12 E~15 E~15
Average 8.142 8.663 T.128 9.469 8.413
Time to expiry(vears)
Range 0.019~0.096 0.019~0.112 0.019~0.112 0.019~0.112 0.019~0.112
Average 0.052 0.059 p.062 0.060 0.058

Table II. Means and standard deviations of estimated PDF summary statistics for unperturbed data

Panel A presents means and standard deviations of the estimated PDF summary statistics. Panel B presents
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means and three different dispersion measures of the estimated PDF summary statistics absolute dav-to-day

changes.
{Panel A>
o Mean Standard deviation
Summary statistic
DLN SMIV DLN SMIV
GOF 0.0142 0.0222 0.0652 0.0631
,& 92.0741 92.3208 17.9094 17.8227
g 10.0802 9.2727 3.8363 27527
Al 0.3351 0.4185 0.3580 0.5088
5’\2 0.0969 0.2134 0.2261 0.3299
,\3 0.0386 0.0439 0.1036 0.1154
5:1 1.0958 1.1907 0.6926 0.3147
é\ 3.9368 3.4202 1.0141 0.6198
<{Panel B>
Summary Mean Standard deviation ),\(05 to )A(% range )A(zﬁ to )%75 range
statistic DLN SMIV DLN SMIV DLN SMIV DLN SMIV
,& 2.7918 2.0187 3.4943 1.9635 8.4770 5.1976 2.7184 2.1476
o 1.9804 0.9809 3.2329 1.1750 7.1972 3.6404 1.5994 0.8684
,\1 0.3378 0.3966 0.2969 0.3937 0.8254 1.16086 0.3399 0.4080
52 0.1973 0.2914 0.2362 0.25657 0.7258 0.7962 0.2161 0.3445
A3 0.0833 0.0926 0.1060 0.0826 0.2632 0.2552 0.0649 0.0951
54 0.2323 0.2285 0.9425 0.2973 0.7547 0.7129 0.1542 0.2215
C_,; 0.8748 0.4309 1.0376 0.5881 2.4392 1.5193 0.9578 0.4116

Table III. Means and standard deviations of estimated PDF first derivatives for unperturbed data

Extremely positive and negative return states are excluded and sample return states are divided into twenty
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groups.

Return states Mean Standard deviation

DLN SMIV DLN SMIV
0.90~0.91 0.1976 0.2229 0.1585 0.3043
0.91~0.92 0.1885 0.1918 0.1606 0.3378
0.92~0.93 0.1759 0.1557 0.1603 0.3701
0.93~0.94 0.1566 0.1190 0.1580 0.3910
0.94~0.95 0.1321 0.0802 0.1535 0.3939
0.95~0.96 0.1030 0.0381 0.1477 0.3161
0.96~0.97 0.0706 0.0085 0.1431 0.3342
0.97~0.98 0.0365 -0.0094 0.1413 0.2889
0.98~0.99 0.0021 -0.0278 0.1422 0.2316
0.99~1.00 -0.0313 -0.0510 0.1437 0.1822
1.00~1.01 -0.0625 -0.0787 0.1445 0.1563
1.01~1.02 -0.0810 -0.1070 0.1450 0.1571
1.02~1.03 -0.1162 -0.1323 0.1455 0.1650
1.03~1.04 -0.1380 -0.1518 0.1462 0.1698
1.04~1.05 -0.1561 -0.1667 0.1463 0.1687
1.056~1.06 -0.1708 -0.1764 0.1451 0.1603
1.06~1.07 -0.1820 -0.1821 0.1421 0.1485
1.07~1.08 -0.15901 -0.1839 0.137%0 0.1364
1.08~1.09 -0.1952 -0.1837 0.1302 0.1239
1.09~1.10 -0.1978 -0.1826 0.1222 0.1128

Table IV. Means and three different dispersion measures of estimated PDF first derivatives

absolute day-to—day changes
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Rt statos Mean Standard deviation X, to X . range X, to X, renge
DLN SMIV DLN SMIV DLN SMIV DLN SMIV

0.90~0.91 0.0968 0.1304 0.1323 0.2b34 0.3b84 0.7283 n.09z7 0.19568
0.91~0.92 0.0963 0.2141 0.1312 0.3078 0.36560 0.8748 0.0961 0.2293
0.92-~0.93 0.0918 0.2373 0.1323 0.3321 0.28850 0.9271 0.0878 0.2b564
0.93~0.94 0.0882 0.24686 0.1336 0.3267 0.2945 0.8534 0.0829 0.2725
0.94~0.95 0.0870 0.2486 0.1348 0.3307 0.2832 0.8181 0.0754 0.2645
0.95~0.96 0.0839 0.2475 0.1401 0.2873 0.2959 0.8732 0.0714 0.2765
0.96~0.97 0.0863 0.2444 0.1473 0.3278 0.3363 0.8590 0.0727 0.2329
0.97~0.98 0.0880 0.21186 0.1678 0.2782 0.3344 0.7467 0.0763 0.1964
0.98~0.99 0.0918 0.1728 0.1675 0.2191 0.3b29 0.5815 0.0775h 0.1548
0.99~1.00 0.0962 0.1369 0.1696 0.1662 0.3779 0.4320 0.0761 0.1328
1.00~1.01 0.0989 0.1172 0.1637 0.1280 0.3814 0.3442 0.0832 0.1104
1.01~1.02 0.0980 0.1114 0.1619 0.1203 0.3814 0.34564 0.0830 0.1108
1.02~1.03 0.0977 0.10786 0.1363 0.1273 0.3670 0.3b29 0.0921 0.1023
1.03~1.04 0.09486 0.1063 0.1207 0.1321 0.3223 0.3707 0.0860 0.1012
1.04~1.06 0.0910 0.1030 0.10686 0.1285 0.30686 0.3763 0.0849 0.0977
1.05~1.06 0.0870 0.0963 0.095686 0.1176 0.2835 0.3432 0.0841 0.0892
1.06~1.07 0.0832 0.0881 0.0870 0.104% 0.26899 0.29565 0.0780 0.0848
1.07~1.08 0.0788 0.0797 0.0805% 0.0940 0.2383 0.2601 0.0786 0.0737
1.08~1.09 0.074z2 0.0705% 0.07hH4 0.0819 0.2204 0.2188 0.0736 0.0747
1.09~1.10 0.0696 0.0624 0.0714 0.0720 0.1999 0.1893 0.0708 0.0645

Table V. Test statistics of estimated PDFs for perturbed data

All the test statistics reported in this table are derived with the X equal to 0.5.
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AD SD PRo.os PRo.zs
DLN SMIV DLN SMIV DLN SMIV DLN SMIV
Summary statistics

,& 0.0234 0.0008 0.0578 0.0037 0.18085 0.0089 0.0761 0.0070

g 0.0408 0.0021 0.0844 0.0180 0.26h9 0.0580 0.1037 0.0297

,\1 0.0177 0.0038 0.04085 0.0262 0.1289 0.0762 0.0495 0.0448

5‘2 0.0113 0.0154 0.0209 0.0419 0.0616 0.1199 0.0223 0.0716

AE 0.0036 0.0027 0.0080 0.0091 0.0244 0.0265 0.0098 0.0155

5:1 0.0073 0.0107 0.0142 0.0240 0.0435 0.0743 0.0175 0.0362

é 0.0579 0.0029 0.09z22 0.0190 0.2786 0.0604 0.1045 0.0264

First derivatives on return states

0.90~0.91 0.0034 0.0727 0.0082 0.0540 0.0251 0.1674 0.0098 0.0871
0.91~0.92 0.0029 0.0689 0.0079 0.0507 0.0247 0.1600 0.0093 0.0738
0.92~0.93 0.0033 0.0663 0.0081 0.0662 0.02561 0.2067 0.0094 0.0999
0.93~0.94 0.0039 0.0449 0.0087 0.0737 0.0257 0.2281 0.0097 0.1192
0.94~0.95 0.0043 0.0341 0.0092 0.0561 0.026%2 0.1768 0.0101 0.0871
0.95~0.96 0.0047 0.0220 0.0093 0.0467 0.0262 0.1471 0.0097 0.0726
0.96~0.97 0.0050 0.02z28 0.0093 0.0337 0.0255 0.1073 0.0093 0.0499
0.97-0.98 0.0051 0.0168 0.0093 0.0273 0.0258 0.0871 0.0095 0.0406
0.98~0.99 0.0048 0.0158 0.0092 0.0229 0.0266 0.0726 0.0095 0.0339
0.99~1.00 0.0044 0.0093 0.0091 0.0189 0.0268 0.0595 0.0101 0.0279
1.00~1.01 0.0039 0.0058 0.0089 0.0156 0.0275 0.0502 0.0104 0.0215
1.01~1.02 0.0037 0.0062 0.0087 0.0147 0.0277 0.0475 0.0110 0.0204
1.02~1.03 0.0036 0.0073 0.0086 0.0146 0.0276 0.0475 0.0111 0.0196
1.03~1.04 0.0034 0.0074 0.0088 0.0115 0.0278 0.0372 0.0111 0.0155
1.04~1.06 0.0031 0.0068 0.0091 0.0099 0.0278 0.0318 0.0110 0.0136
1.06~1.06 0.0031 0.0036 0.0092 0.0079 0.0274 0.02586 0.0108 0.0105
1.06~1.07 0.0035 0.0040 0.0091 0.0072 0.0267 0.0228 0.0106 0.0098
1.07~1.08 0.0037 (0.0038 0.0088 0.0064 0.02565 0.0198 0.0101 0.0088
1.08~1.09 0.0038 0.0034 0.0082 0.0065 0.0237 0.0171 0.0095 0.0079
1.09~1.10 0.0037 0.0029 0.0074 0.0047 0.0215 0.0148 0.0087 0.0068

Table VI. Means of pricing errors using the estimated PDFs for unperturbed data

Means of abscolute pricing errors hetween the fitted price and the market price of options are reported in this
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tahle. The last two columns report the means of absolute pricing errors normalized by market prices of

options.
Moneyness Number Means of pricing errors Means of normalized pricing errors
of data DLN SMIV DLN SMIV
K/S <0.97 1481 1.5181 1.5140 0.1868 0.1869
O.Q’TEK/S@.QB 207 1.1750 1.1719 0.2334 0.2325
O.QSEK/S@.QQ 242 1.22589 1.2195 0.2708 0.2686
O.QQEK/SQ.OO 26b 0.9851 0.9807 0.262% 0.2604
1.00£K/S<1.01 249 0.9843 0.9853 0.2736 0.2731
1.01£K/S<1.02 228 0.89781 0.9653 0.322% 0.3181
1.02SK/S<1.08 260 0.7755 0.7781 0.2971 0.2972
l.OSSK/S 2641 0.4941 0.4841 0.4101 0.3969
Total 5h63 0.9012 0.8945 0.3162 0.3096

Figure I. Comparison of the DLN and the SMIV summary statistics (perturbed data)

<{panel A : absolute deviations between the summary statistics for perturbed and unperturbed data>
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Figure II. Comparison of the first derivatives by the DLN and the SMIV method (perturbed data)

{panel A : absolute deviations between the first derivatives for perturbed and unperturbed data>
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<{panel B : standard deviations of the first derivatives for perturbed data>
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