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Abstract

Options are traded on all of the world’s major exchanges. Among
them, we study an important class of exotic options, power options, the
payoff depending on the price of the underlying asset raised to some power.
The feature of nonlinear payoffs of power options not only offer great
flexibility to investors but also apply to many applications. However, a
number of empirical studies have shown that the classical Black-Scholes
model has systematic biases across moneyness and maturity. We derive
semi-closed form solutions for the values of various power options under
Heston’s stochastic volatility model. The analytic solutions are derived
using stochastic calculus and the Fourier transform.

Keywords. option pricing, power options, stochastic volatility, Heston model.

1 Introduction

Based on no arbitrage arguments, Black and Scholes (1973) and Merton (1973)
derived a partial differential equation for the valuation of European stock op-
tions. The Black-Scholes (B-S) model assumed that the asset price follows a
geometric Brownian motion with a constant volatility. Because of its simplicity
and analytical tractability, B-S model has been widely used among practitioners
for pricing options.

However, a number of empirical studies have shown that the B-S model has
systematic biases across moneyness and maturity, see Fouque, Papanicolaou
and Sircar (2000), Lewis (2000) and references therein. One of major direction,
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to improve these deficiencies of the B-S framework, is to employ stochastic
volatility (SV) models due to random characteristics of the volatility. Various
SV models have been proposed and successful to reduce these biases, such as
Hull and White (1987), Scott (1987), Wiggins (1987), Stein and Stein (1991),
Heston (1993), and Melino and Turnbull (1990, 1991). Among them, we shall
focus on Heston’s SV model since it is analytically tractable and does not allow
negative volatility. Also it allows arbitrary correlation between underlying asset
return and its volatility.

Even though the success of SV models has been recognized among special-
ists, the values of exotic options under SV models have few analytic solutions.
We study an important class of exotic options, power options, i.e. the payoff de-
pending on the price of the underlying asset raised to some power. The feature
of nonlinear payoffs of power options not only offer great flexibility to investors
but also apply to many applications. As Tompkins (1999,/2000) pointed out, the
leverage nature of power options are very useful for hedging of nonlinear price
risk and of changes in implied volatility. Tompkins (1999/2000) also mentioned
examples that the power option pays less than the package of several European
options to get the same level of payoff at expiry. The closed-form solution of the
power options under B-S model has been studied by Heynen and Kat (1996),
Tompkins (1999/2000), Wilmott (1998), and Esser (2003). Esser (2003) also
derived semi-closed form solutions of the power options in the case of an mean
reverting Ornstein-Uhlenbeck process as a volatility process. Macovschi and
Quittard-Pinon (2006) also mentioned the power options under Heston’s SV
models without detailed calculations of characteristic functions. Based on the
formulas of the power options, Macovschi and Quittard-Pinon (2006) introduced
polynomial options under some special assumptions.

We derive semi-closed form solutions for values of various types of power
options under Heston’s SV model. Inspired by Scott (1997), we use stochastic
calculus and the Fourier inversion formula to price the power options.

The paper is organized as follows: In Section 2, we describe the general
settings of Heston’s SV model. In Section 3 we drive semi-closed form solutions
for the values of power options and the valuation of various applications of power
options, such as capped power, powered options, and parabolic options. Finally
in Section 4 we summarize the results. All detailed proofs are presented in the
Appendix.

2 The Heston Stochastic Volatility Model

Let {S;}i>0 denote the price of the underlying asset on a probability space
(Q, F,P). Let us assume that the evolution of the underlying asset satisfies the
following stochastic differential equation:

dSt = /J,Stdt + \/EStth, (1)



where ,/v; is a volatility process and p is a constant expected rate of return. We
assume that the process v; follows a mean-reverting square-root process, i.e.,

dUt :I{(g—’l)t) dt+U\/77tdZt, (2)

where 6 is a constant long-run average of vy, x is a constant rate of mean
reversion, ¢ is a constant volatility of volatility and these parameters satisfy

260/0% > 1 (3)

to ensure that v; stays almost surely positive. Here W} and Z; are two Brownian
motions with correlation coefficient p € [—1,1], i.e. dWdZ; = pdt.

Based on no arbitrage principle, the value of any option U(s,v,t) satisfies
the following partial differential equation:

a—U—I—}staQ—U—i— V8 0°U —|—1 2062—U+rsa—U—rU (4)
ot 2" 9 TP 0500 T 27 Va2 T 0s

—|—{n(9—v)—A(s,U,t)aﬁ}g—Z =0 ,

where r > 0 is a constant riskless interest rate. Here A(s,v,t) is a market price
of volatility risk. Heston (1993) chose the market price of volatility risk to be
proportional to the volatility, i.e. A(s,v,t) = ky/v for a constant k > 0. So,
the coefficient of ‘?d—g in (4) becomes {x (6 —v) — Av} where A = ko. The final
condition is

U(sv v, T) = 9(8)7

where g(s) is a payoff function at expiry, T. For instance, European vanilla call
option has a payoff function g(s) = max(s — K,0) with a given strike price K.

Under a risk-neutral martingale measure, @, the equation (1) and (2) can
be written as

dSt = ’I"Stdt + \/EStth (5)
dve = K" (0" — ) dt + o/ vedZ4,
where
K=K+ A o= K0 AW dZ, = pdt
- ) - P + )\7 t t — P .

We use the stochastic differential equations (5) as the evolutionary model of the
underlying asset under Heston’s SV model. It is convenient to write

W, = pZs + /1 — p2Zy, (6)

where Zt is a standard Brownian motion independent of Z;.



3 Power Options

Let us assume that the process {S;}:>0, the underlying asset price, follows the
stochastic differential equation (5) under the risk-neutral martingale measure,
Q. Consider a filtration {F;}¢>0, where F; in the smallest o-algebra generated
by {Ws, Zs : s < t}.

There are two main categories of power options: standard power option
and powered option. The standard power options have the payoff depending
on the price of the underlying asset raised to some power, while the powered
options have the standard payoff raised to some power. Macovschi and Quittard-
Pinon (2006) introduced some cases of polynomial payoffs including parabolic
and best options. The pricing formula of the standard power options derived in
Section 3.1 can be readily applied to those classes of polynomial payoffs. We first
derive the formula for standard power options in Section 3.1 and discuss powered
option in Section 3.2. The polynomial options are mentioned in Section 3.3.

3.1 Standard Power Options

The payoff of a standard power option is like a standard European option with
the price of the underlying asset raised to the power m > 0. Then under the

risk-neutral measure @, the value of m-th power call option, C7y,,.,, can be
expressed as
C;T(L’wer(sta Ut, t) = EQ[eir(Tit) ma’X(S?L - Ka O)|~7:t]
EQ[B_T(T_t)S"}nl{S;L>K} | F)
_ KEQ[e*T(T*t)1{5¥»>K}|}}] (7)

for a constant m > 0. Let us first fix a parameter K by K = K/™ depending on
a given constant m > 0 and a strike price K. Let us denote the first expectation
in (7) by

Con (S, w1, 1) = EQ[e " T70SP1 g o o |F, (8)

with a given constant m > 0. Using the above expressions, we can rewrite the
value of power option for a constant m > 0 by

Cm (Stvvtat) :Cm(St,'Ut,t)—KCO(St,Ut,t),

power

where
Co(Si,vr,t) = E9e™™ T 91 g o | Fi).

In order to price various types of options incluing power options, we need to
compute the values of the expectation C,, in (8).

Using the techniques of stochastic calculus and the Fourier inversion formula,
we can compute the value of power options as follows.



Theorem 3.1 Assume that the price of the underlying asset satisfies (5). Then
for a constant m satisfying the conditions in (18), the value of standard power
option can be written

Crower(St, Ve, 1) = C (St vg, 1) — KCo (S, vt, 1)
where
(S vnt) = = Dr(T—0=mEwetn0" (T-0) )
2 S e Am (BT351,82) 00t B (1.T31,52) 1

and Co(Sy, vy, t) = e*’"(T*t)FO1 with the same K as C,,. Here

Bt [T <f,;(¢)ew<—i¢lnf<>> o
0

T X0}
1 1 [ xp(—i¢In K
R=z+1f &(ﬁwe“;f))w

with K = KY™ for m > 0, and for m >0

fﬁw(ﬂs) = I (T=t)+z()—id L (v +r"07(T—1)) (10)
Xe(Am(t,Tm,SQ,W)fAm(t,T;Sl,S”Zﬂ))ther(t,T;81,82,7)7Bm(t,T;S”l,S”zﬁ),

where

s (R 4 50T (= ) + 2 (200 - 1)

Am t? T; b ) - K 1]‘
( 51,82 7) —SQ(GW(T_t) — 1)0_2 i v - K* + 6,),(T_t) (FY i Ii*) ( )
and
20%* i * 2,76(T7t)('y+n*)/2

Bm t7 T; ) ) = l

( S1, S2 'Y) o2 n _SQ(EW(T—t) _ 1)0-2 +’Y — K+ e'y(T—t) (,Y + H*)

(12)

with

s1=(m+ig)(52 = 1)+ §(m+i9)2(1—p?), 5= (m+ig)L

S1 :m(¥— 3)+sm*(1—p?), s=me (13)

v =/k*? = 25102, 4= +/Kk*?—2502

Proof. We derive the valuation of the expectation Cy, in (9). Let us first apply
the change of numeraire with the Radon-Nikodym derivative

% o S VW[ s _ g (14)

Since the asset price satisfies (5), we have

T T
ST = S"exp (m/ (r— %vs)ds +m/ \/EdWs>
t t

T
= Siexp(mr(T —1t))exp (/t %m(m - 1)1}st> &1

t



Therefore we can write
Crm(Styv,t) = E9e T ISEL g p)o 13| F)

* —1)r(T— m_ [T Lm(m—1)v.ds
= B [elnmrTtgmels amm=bvadsy ey | Fi]

m—1)r(T— m 1 [T Lim(m—1)vsds
= M Dr(T=t)gmpR™[c) ymim=1v.d 1{S(T)>f(}|‘7:t]
Now let us define a measure Q}, on Fr such that for any A € Fr,

) EQ [14exp fT Im(m — Dvgds)|F]
EQvn [114] = ( b2 ) .

EQ" [exp (ftT im(m — 1)vsds> | 2]
Therefore we have
m—1)r(T— m * T Lm(m—1)v.ds
Cn(S,v,t) = e(m=1r(T t)St E< [eft sm(m—1)vsd 1{S(T)>f(}|‘7:t]
= mmUrT=0 g EQT [ smim—Nvads| F101 (Sp > K)

Let us denote the log of the stock price z(t) = InS(¢). Then applying Ito’s
formula, the the stochastic differential equation (5) can be written by

da(t) = (r — %vt)dt + udiv,. (15)

We now define the characteristic function f1 (¢) of 27 under Q}, by the following
conditional expectation

@) = B9[]
* T 1 y
_ E? [exp (ft inTl(m — Dvsds + ZQWT) | 7] (16)
E9 [exp (ft Lm(m — 1)vsd8) | F+]

and the probability

FlL=F% = Q.(Sr>K)
1 1= L, exp(—i¢pIn K)
- grr ] e (fmw)w) .

The value of f},(¢) in (16) have the formula (10) following Lemma 5.1 - 5.3 in
Appendix. Also from Lemma 5.3, we have for ¢ =0

EQ* [eftT %m(m—l)vsds|]:t] _ e—mﬁ(vt+n*9*(T—t))eAm(t,T;sﬁ,sAg,’Ay)vf,—&-Bm(t,T;s},s},fy).
Consequently we obtain
Co(Sp,v,1) = e(m—l)r(T—t)StmEQ* [eftT %m(m—l)vsdsl}-t]Q}n(ST > K)
e(mfl)r(Tft)Stmefmg(ut+ﬁ*9* (T—t))
xeAm(t,T;s],s},’y)vﬁLBm(t,T;s],s},’y)Ql (ST > [A()

Therefore we conclude the theorem. O



Remark 3.2 As Kraft (2005, Proposition 5.1) proved, the characteristic func-
tions are well defined if

§1 < ’2‘02 and Sy < B (17)

Re(s1) < §— and Re( 9) < .

where s1, 82,7, S1, §2,% are defined in (13). In other words, the power constant
m > 0 should satisfy the following two equations:

pP)m? + (222 — 1)
<54

o2

- <0, (18)

(

SHS) |

Applying the above theorem, the value of other exotic options can be easily
computed. For instance, the gap call option can be computed

Gap call = E9[e™""D(S(T) — K1)1(5, 1,3,

where K71, Ky are given constants, see Haug (2007). Note that the payoff from
this option can be negative, depending on the values of K; and K5. Let us
denote K = K5 then we have the value of gap options:

Gap call = Cy(St, v, t) — K1Co(St, vt t), (19)

where Cy and C are defined in Theorem 3.1.

Power options can lead to very high leverage and thus can cause very large
losses for the writer of these options. It is therefore common to cap the payoff,
min(max(S% — K,0),C), where a predefined constant C is the upper bound of
the payoff at expiry. For the closed-form solutions under B-S model see Esser
(2003), Haug (2007). The value of this option under Heston’s SV model has the
form

Capped power call = E®[e™" T~ min(max (S — K,0), C)|F]
ER[e~ (=0 (sqr — K)1(sms iy | Tt
- EQ[eir(Tit)(S? - (6+ K))1{5’¥L>E+K}|‘7:t]'

Using the result in Theorem 3.1, the value of the capped power option can be
computed as follows:

Corollary 3.3 Assume that the price of the underlying asset satisfies (5). Then
for a constant m satisfying the conditions in (18), the value of capped power
option can be written

Capped power call = C} (S;,vs,t) — KCA(Sy, vt, 1)
_Cyzn(shvtat)+(€+K)Cg(5t7vt7t)7 (20)

where C}, and C} have the Astrikg[% = K'Y™ like standard power option and
C2, and C? have the strike K = (C + K)Y/™ for a constant m > 0.



3.2 Powered Options

At maturity, a powered call option has the payoff max(St—K,0)™ for a constant
m > 0 satisfying the conditions in (18). Then the value of powered call option
can be written

Powered call = E®[e™" T max(Sp — K,0)™|F
= B9 (S — K)™1{s5p5 k)| F]

|
KME

m | 179 —r(T— m—j
(%) ORI Bl TS gy g
0

J

_ ¥ ( Z’L ) (=1) K7 Chy_(Sy, v, 1), (21)

<

Jj=0

where the functions Cy,—;(S¢, v¢,t) are defined in (9) for j =0, ...,m.

3.3 Parabolic Options

We may extend the pricing formula of power options to ploynomial payoff such
as
max(R(St) — K, 0),

where R(z) is a real polynomial. As Macovschi and Quittard-Pinon (2006)
showed closed-form formulas for some special cases when R(z) — K has exactly
n strictly positive roots, A1, Aa,..., A\, such as Ay < Ay < ... < A\, and R(z) — K
alternates its sign between two consecutive roots with R(z) — K < 0 for 0 <
x < A1 (See Theorem 3 in Macovschi and Quittard-Pinon (2006)).

From the formula of Cy,(St,vt,t) in (9), we can readily extend the pricng
formula to polynomial payoffs under Heston’s SV model. For instance consider
with degree 2, which introduced as parabolic option in Macovschi and Quittard-
Pinon (2006):

Parabolic call = E9[e™" T~ max(h(Sr — K1)(K — St),0)|F]

where 0 < Ky < Ks and a constant h > 0. From the formula C,, (S, v¢,t) in
(9), we have the value of parabolic option by

Parabolic call = h{C3(Ss,vs,t) — C3(Ss,ve,t)
+ (Kl + KQ)(Cll<Stvvt7t) - C%(Stﬂvt7t))}7 (22)

where C} and C} have the strike K = K/™ and C? and C2 have the strike
K = Kzl/m. One may set the constant h = 1/(K3 — K7) to standardize an
option. From the result in Theorem 3.1, other options introduced in Macovschi
and Quittard-Pinon (2006), such as best option, balloon option, can also readily
be extended to Heston’s SV model.



4 Conclusions
We derive the fast closed form solutions for the values of power options under

Heston’s stochastic volatility model. The semi-closed solutions are derived using
stochastic calculus and the Fourier transform.

5 Appendix

Lemma 5.1 Assume that the value of the underlying asset price satisfies (5).
Then for a constant m satisfying the conditions in (18),

T
EY [exp (/ %m(m — 1Nvgds + i¢$T) | i)
t

_ €i¢(r(T7t)+m(t))f(m+i¢)g(vﬁLn*O*(Tft))EQ [BSQU(T)+51 ftT vsds|ft]’ (23)

where
ok 1 1 . .
s1=(m+i0)(—L = 2)+ (m+id)*(1—p%),  sa=(m+ig)2.
o 2 2 o
Proof. From the definition of the Radon-Nikodym derivative, &7 in (14), we
have

T
EQ [exp (/t %m(m — Dvgds + i¢xT> | F]

1 . &r
E° - —1)wd | F
[exp (/t 2m(m Dvsds + zd)xT> 3 | F]
T
; 1
— T pQ - —1)v.d ; _
e [exp (/t 2m(m Yusds +ig(xr — )

T T4
+m/ VusdW —/ §m2vsds | F]-
t t

From the evolution of the asset price (15), we have
T T T4
E®[exp / im(m — 1vgds +ip(zr — x4) + m/ Vs dW — / 5m%sals | 2]
¢ ¢ ¢
T T 1 T
= E9[exp / im(m — Dvgds + zd)(/ r— ivsds —|—/ VusdWy)
¢ ¢ ¢
T T
+ m/ \/v»des - / imzvsds |~7:t]
¢ ¢

_ T T
— oior(T—1) pQ [exp (/ *§(m +id)vsds + (m + i) / \/EdWs> | F]- (24)
t t



Using the relation (6), we can write

T T
/ JosdW, :/ Vi (pdz, + /1= 2dZ.)
t t

where Z; and Zs are independent Brownian motions. Introduce another filtra-
tion F3, the smallest o-algebra generated by {Ws,s < t,Z,,7 < T} then the
expectation in (24) can be written

T

T
EQ E[exp(/t —%(m +i¢)vsds) exp((m + Z(b)/t

\/Fdes)lf't]lft]

— E9

exp (/f (—%(m + i(b)vsds) exp((m + iqb)p/t VsdZs)

T
E®exp((m + i¢)\/1 — p? / \/v:dzs)lftnft] :
t
Since we have

T T
/ V1= p2JogdZy ~ N (O,/ (1- p2)vsds> ,
¢ ¢

and the independence of F; and Z, we obtain

T
E = exp (;(m +ig)>(1 — p2)/t vsds> :

T
exp((m + i) I — 72 / V2| F,

Also from (5), we have

(m+i¢)p/tT JUsdZs = (m+z’¢>)§ </tT dvs — /tT k(0" _us)d8>

* T
= (m+i¢) (v(T)—v(t)—k*@*(T—t))+(m+iq§)kp/t vsds.

g

SHES

Consequently, we get

T
EQ [exp (/ %m(m — Dvgds + iquT) | F]
t

_ eid)(zmt'r(Tft))f(eriqﬁ)g(v(t)Jrk*G* (Tft)EQ [eSQU(T)681 ftT veds |~7:t]a

where
K
s1= (m+ig)(—F

~ g m P A- D), sm=mtig)l (@)
O

The next Lemma 5.2 gives the concrete value of the expectation in the right
hand side of (23).
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Lemma 5.2 For complez values s1 and so satisfying (17), we have
BQ[esso (Dt [T veds| 7] = AWTIABUD), (26)
where the functions A(t,T;s1,s92,7) and B(t,T;s1,s92,7) satisfy

s (7 ) + 82670 (3 — k) + 28 (700 — 1)

A(ta T, S1, 323 ’Y) - —Sg(e(Tit)'Y _ 1)0_2 _|_ '}/ — Rk* + B(Tit)'y (’Y _|_ Ii*) ) (27)
and
20* k* 2,}/6(T7t)(’y+n*)/2
B(t,T; = 1
(8,75 51,52,7) o2 —59(eT=D7 —1)02 + v — k* + eT=D7 (y + K*)
(28)
with

v =Vk*2 — 25102,
Proof. Let us define
Y(ve,t,T) = BQ[e2/ M st 17 veds | 7).

Let us first assume that s; and ss are real values satisfying (17) i.e., s1 <
k*2/(20?), 59 < (K* +V/K*2 — 25102) /02, Then the process y is well-defined and
the Feynman-Kac stochastic representation theorem provides us that y is the
solution of the following partial differential equation

1, 0
+ ot 4 s10y =0 (29)

* [ )k 8
— + k(0" —0) 5 502

9
v
with an initial condition
y(v, T,T) = e™".
By analogy with Black-Scholes formula, we guess a solution of the form:
y(v, t, T) — eA(t,T)v—i—B(t,T).
By substituting the proposed value in (29), we obtain the following ordinary
differntial equations(ODEs) for A(¢,T") and B(t,T):
1
A/ = k'A- 50'2142 — 81, A(O) = S9,
B'" = —k*0*A, B(0)=0.

The solution of the above Riccati equation can be written (27) for A(¢,T), for
example, see the analysis in Chesney, Elliott & Gibson (1993), Pitman and Yor
(1982). From an integration, we have (28) for B(t,T).

Now consider complex values s; and so satisfying

K*? K* 4+ \/Kk*? — 2Re(s1)0?
= 202’ - o2 '




Then the left hand side of (26) is well-defined and similarly we can show that
the equation (26) holds for complex values s1, s defined in (25). Therefore we
conclude the lemma. ad

From Lemma 5.1 and Lemma 5.2, we consequently obtain the following
formula:

Lemma 5.3 Assume that the value of the underlying asset price satisfies (5).
Then for a constant m satisfying the conditions in (18),

. 1 1 [ exp(—i¢In K
Qh(sr>RK) =3+ [ Re (fﬁl(qs)”b)) a3
T Jo 110)
where
fv%@(qj)) = P (T—)+a(t))—id & (vi+r"60" (T 1)) (31)
w (Am (6,T551,52,7) = Am (£,T;51,582,9) )ve+ B (8,T351,52,7) = Bm (8, 1351,52,9)
Here the functions Ay (t,T; s1,82,7) and By, (t,T; s1,82,7) satisfy

59 (74 K*) + 507 T8 (y — k*) + 251 (eTD7 — 1)
_SQ(e(Tft)'y _ 1)0-2 +y—Kk*+ e(T—t)y (’7 + Ii*)

Am(t7T7 S1, 8257) =

)

and
20%* i * 2,76(T7t)('y+n*)/2
Bm taT; ) 5 == 1
( $1,52,7) o2 —55(eT=D7 = 1)02 + v — k* + e(T=D7 (y + K*)
with
s1=(m+i¢)(% §)+%(m+2¢) (1=p%),  sa=(m+igp)2
$1 —m(kap %) m2(1 —p?), &= me

N e R
Proof. From the relation (16) in Theorem 3.1,
EQ [exp (ftT Im(m — 1)vgds + iqbgcT) | Fi]
B exp (f; Sm(m — 1)v,ds) |F]

Note that the expectation in the denomicator is the special case of the expec-
tation in numerator with ¢ = 0. This gives the values s and s from s; and s
respectively. Therefore we get

fm(®) =

eid)(r(T—t)—l—x(t))—(m-l—iqﬁ) § (ve+K* 0 (T—t))eAm (t,T;81,82,7)vt+Bm (t,T;51,82,7)

1 —
fm(®) = e~ ME(WitK*0*(T—1)) g Ay, (¢,T;51,82,9)ve+ B (£,T351,52,7)
— P (T—t)+a(t)—idp L (vi+K"0" (T —1))

w e(Am (6T581,52,7) = Am (6,T581,82,9) )0+ B (8,T81,52,7) = Bm (8,T351,52,9)

O
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