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Abstract

The aim of this work is to introduce a new stochastic volatility model for equity derivatives. To
overcome some of the well-known problems of the Heston model, and more generally of the affine
models, we define a new specification for the dynamics of the stock and its volatility. Within this
framework we develop all the key elements to perform the pricing of vanilla European options as well
as of volatility derivatives. We clarify the conditions under which the stock price is a martingale and
illustrate how the model can be implemented.
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1 Introduction

Positivity is an essential property in financial modelling. In the field of equity derivatives since the semi-
nal work of Black and Scholes (1973) several extensions were proposed to handle the stochastic behaviour
of the volatility. Among all the proposed models the Heston (1993) model is, certainly, the most analysed
model essentially because of its analytical tractability. However, when calibrated on option prices one
usually obtains that the Feller condition, ensuring that the process does not reach zero in finite time,
is not satisfied (see Da Fonseca and Grasselli (2011) for calibration results on several indexes as well as
extensions of the Heston model). The mean reverting parameter is problematic to estimate and uses to be
small. Notice that this fact seems to be widely known among practitioners and is sometimes mentioned
in academic works, see Henry-Labordeére (2009) page 183. It seems to us that this problem is mainly
related to the fact that option prices contain integrated volatility. One consequence is that the volatility
remains “too close” to zero and contrast with its empirical distribution which is closer to a lognormal
one. This partially motivates the model proposed in Gatheral (2008) which specifies a (double) lognormal
dynamic for the volatility. In that case, a major drawback is that no closed-form solution is available for
vanilla options turning the calibration a tedious exercise.

From an historical point of view it is well known that the first stochastic volatility model was proposed
in Hull and White (1987) and define for the volatility dynamic a geometric Brownian motion which
is therefore non stationary. A closed-form solution (for vanilla options) for this model was proposed
much later in Leblanc (1996) but it was also shown in Jourdain (2004) that the spot loses its martingale
property for some parameter values. From a modelling point of view the model of Chesney and Scott
(1989) is certainly the most natural one as it specifies for the volatility the exponential of a stationary
Ornstein-Uhlenbeck process. By construction the volatility is positive. Unfortunately, no closed-form
solution for the characteristic function of the stock is available for this model. In Stein and Stein (1991)
a closed-form solution is obtained for a stochastic volatility model whose volatility follows an Ornstein-
Uhlenbeck process, hence Gaussian which is problematic regarding the aspect of positivity.

Our purpose is to develop a stochastic volatility model which is tractable, that is to say, for which most of
the key ingredients to perform derivative pricing can be computed efficiently and has positive distribution
for the volatility.

The structure of the paper is as follows. In a first section, we introduce the volatility dynamics and study
both the volatility and spot properties. For the volatility, we perform a transformation of the process that
allows us to heavily use the results of Donati-Martin et al. (2001) whereas for the stock we closely follow
Jourdain (2004). In a second section, specifying further the volatility dynamic we analyse the volatility
and compute the Mellin transform of the stock using an approach based on the resolvent. For this part,
we were inspired by Pintoux and Privault (2010) and Pintoux and Privault (2011) and heavily used the
surveys of Matsumoto and Yor (2005a) and Matsumoto and Yor (2005b). We postpone the discussion of
related works to the third section and the last section conclude the paper.

2 The Model and its Properties

The dynamics is given is that model by

dfy = fie"dwiy (1)
dve = (a—be*)dt + odwa (2)

with & > 0 and (w1 ¢, w2, )¢>0 a Brownian motion with dwy ;.dws = pdt under the risk neutral probability
measure P. We denote by E the expectation under this probability (also, we may denote EX whenever
needed to avoid confusion). So v; is the instantaneous log volatility and the instantaneous variance is
given by V; = €2¥t. We assume b > 0 and o > 0, yet there is no constraint on the sign of a.



2.1 Study of the Variance Process
2.1.1 The variance as a functional of wy

Let v denote any solution of the SDE (2). Let us observe that v; — vy + bfot exp avsds = at + owa .

Introducing the integral I(t) = fot exp avsds, we note that %(tt) = exp av; so that:

dI(t
In % + abl(t) = a(vg + at + owa )
or yet
dI(t
di ) exp abl (t) = exp a(vg + at + ows 4)

which gives in turn by integrating:
t
expabl(t) =1+ ab/ exp a(vg + as + ows s )ds.
0

We get eventually:

In (1 + ab [ exp (v + as + ows,s)ds)
ab

I(t) =

and by differentiating:

dI(t) > o Vo exp 2at + 20ws ¢

dt -

V}:exp%t:< = = =
(1+adbViy? [, expa(as + owss)ds)=

In (1+abV,? J& exp a(as+ows 5)ds)
= .

Conversely, let v be defined by the preceding equation, i.e. v; = % In Vo+-at+ows ¢
Then vy = %ln Vo and:

/t expronds — /t Voi eXspOé(CLS + ows,) g — In(1+ab fot VO% exp a(as + ows 5 )ds)
0 0 14 abVy? [ expa(au+ ows,,)du ab

so that vy = vy + at + ows,, — bf(;s exp avsds, which is the integrated form of the above SDE.

We have therefore proven that there is existence and pathwise uniqueness for the SDE defining the
variance behaviour. Moreover, we have an explicit solution to this SDE in terms of the driving Brownian
motion we. Lastly, observe also that in the limiting case o = 0, one directly gets v? = (a — b)t + wa . It
is easily checked that lim,_,ov{* = v) pathwise, so that there is no loss of continuity when o converges
to zero.

2.1.2 Basic properties
Dependency on a: From the driving SDE it is easily seen by scaling that

QUyg,a,a,b,0 = Vawvg,1,aa,ab,a0; Vﬁ),ma,bﬁ = VVO",l,aa,ab,aa
this can be checked also directly on the preceding formulas.
What happens for negative b: It follows that the SDE has a well defined solution when b and « are

negative (777?). If b < 0 and « > 0, it follows form the expression of I(t) that the solution is well defined
up to the stopping time

¢
1

T* = inf {t|/ exp a(vg + as + ows s)ds > —}

0 ab



Noiseless limit: The above computations are valid when ¢ = 0. In this case the formula simplifies to:

In(1+ 36“”0 (et — 1))
ab

I(t) =
and by differentiating:

%€2at

(L4 BV (eoot — 1)) %

‘/t:

It follows in particular that @ — ¢ when t — oo.

2.1.3 Connection with the Wong-Shyryaev process

So the driving process of the variance is

dvy = (a — be™"*)dt + odws 4

o
2

Consider now Z; = e~ %" =V,

2 .2

d(e™ ") = —ae” *[(a — be™*)dt + odws 4] + X I pavegy

so that
2,52

dZ, = [ob + (22 — aa)Z)dt + a0 Z,dC,

with Zy = e~ where C is the Brownian motion —ws . This process (modulo a convenient rescaling)
has been studied in Donati-Martin et al. (2001) and in Peskir (2006) where it is called the Shyryaev
process. It is also sometimes called the Wong process. We will mostly make use of Donati-Martin et al.
(2001). To alleviate the notation, let us write it as:

dZt = (m + Tth)dt + pthCt

with

a?o?

2

This S.D.E. is affine in Z and thus easy to solve: introduce X the solution of the homogeneous SDE
2

dX; = nX,dt + pX,dC;, so that X; = Xoe(™ 2)t+2C:  and look for solutions of the form U, X; where U

is a process with finite variation. Then d(U;X;) = Uy(nX;dt+pXdCy) + X dUy, so that UX is a solution
as soon as dU; = mX, 'dt. Therefore:

m=ab,n = ( —aa),p=ac

t
Zy = X(Zy + m/ X 'ds)
0

with X, = e(n—%)s+pC.

Now let us look for a scaling factor ¢ such that pC., = v/2D,, for some Brownian motion D. Obviously

2
c= = and:
p2

2
—EB el + u
X (n—5-)ct \/ﬁDC

So, within the notations of Donati-Martin et al. (2001) we have:

v=(n-— = —aac=—a—;

p? ) 2
—)C
2 ao?

Zo
me

Zy =X .t (Zo + mc/c X tdu) = chL,(V)( )
© 0 ¢



where

2 2b
mc = Oébp = E
and Y} (x) satisfying the SDE
¢ t
Y; =x+\/§/ YudBu—ir/ (1+ (1 +v)Y,)du. (3)
0 0

Proposition 1 The instantaneous volatility Vi can be expressed as a function of the process Yt(u)

the relation:

through

e
2

e =V, P =gy
with
2a 2b 2

V=——: qzi C =
aoc?’ ac?’ ao?

The Green function of V: The Green function uy(x,y) associated to Y*)(x) has been computed in
Theorem 3.1 Donati-Martin et al. (2001), so we have the Green function of v or V:

F(M;V) 1 1—p —1
ux(w,y) = m(;) e v[l(y < z)p1(z)d2(y) + Lz < y)d2(x)o1(y)]
where
1= \Vv2+4x
and

o) = (3) v (M)

The function @ is the confluent hypergeometric function of the first kind, which has the integral repre-
sentation:

1
D(a,v;2) = Iw—a)/o e 1 —u)" " Ldu.

and U is the confluent hypergeometric function of the second kind. We will use the following integral
representation (DLMF (2010) 13.4.18):

1-b,z 100 o
\Il(af]_’b;z): Z -6 / wzftdt
2im T(a—1+7%)

—100

where the contour of integration passes on the right of the poles of the integrand.
The moments of V~3: It is also easy to compute the I** moment M® of Z as we have:

dZl =1Z!7Y((m 4+ nZ)dt + pZ,dCy) + (1 — 1) 21 2p? Z2dt

whence
dMY = (mIMY 4 (nl + 11— 1)p?) M) dt.

2.1.4 The pricing of Variance Swaps

We are interested in:

tvs(t) = /OtIE[Vs}ds - /OtIE 257 ds =

Qv
o\“
=



The Laplace transform of vs(¢) via the Green function: By using the standard algebraic opera-
tions on Laplace transforms we know that the Laplace transform of the integral is the Laplace transform
of the integrand divided by A. So the first step is to compute:

1) = [T VBl = [y R u e
) = e ——dr = y~ euy(x,y)dy.
0 v, ()4 0

We have SUH 1 — 6 ()T, + ¢o(x)I; with

N

2 2 p—v
o /1 E+1—v ) % /1 s+1+55— s 1
11:/ y 6_5¢1(y)dy:/ y e ve M+V71+u;* dy,
z \Y « \Y 2 Yy
2 2 pn—v
s\t v\t +v 1
-72:/ - e yqbz(y)dy:/ - e (B2 14— ) dy.
0o \¥ o \¥ 2 Yy

vs(t) = o7 (e = v H) )

where £~ denotes the inverse Laplace transform.

Then

2.1.5 Computation of I1

p—v

1

By the change of variable z = i, I = [fz> “%_16_2@(%,1 + p;2)dz. Let us introduce a =
1+ ”;”,b = 14p, so that b—a = £5%. By Kummer’s tranformation e *®(a—1,b; 2) = ®(b—a+1,b; —2)
and

8l

L = / ' zb_‘”'%_l(l)(b —a+1,b;—2)dz.
0

Therefore, by Fubini’s theorem as in Love et al. (1982), I; = Y00 (=ttla (_jyn o b-a+Z—ltng,

n=0 (b),n!
which leads to -

bta—2 b—a+1) _
I = bt+a—3 ( n 1)y
1= Z(bfaJr%Jrn)(b)nn!( )'e

n=0

b—a+2+1),(b—at+2)

Note that (b—a+ 2 +n) = ( (b—at2),

so that eventually:

I =

gt L (b—a+1),(b—a+ 2), _
Z «a (—1)”1‘ n

(b—a+2) —~ (b—a+ 2 4 1), (b)pn!
x—b—i—a—%

2 2 1
= —5H(|b—a+lb—a+—|,|bb—a+1+—|,——
(b—a+ %) a a x

where H is the generalized hypergeometric function.

2.1.6 Computation of I2

I2 as a complex integral We have in the same way I = ffo zbf‘”%’le’z\ll(a —1,b; 2)dz. Recall the
Barnes integral representation (DLMF (2010) 13.4.18):

27 tdt

1-b,z 100 _
\I/(a—l,b;z)zz e / I'(b—14+1t)I(¢)

2im T(a—1+1%)

—100
where the contour of integration passes on the right the poles of the integrand. Then

1 [ Tb-14+t)(t
e_zzb_a+§_1‘l’(a —-1,b;2) = 7/ ( - )7( )Zé_(a‘”)dt
2im Ila—1+4+1%)

—100



Moreover we know that the integral converges locally uniformly in z, so that we can apply Fubini’s
theorem and permute the integrals. Observe now that a =1+ “+V =1+~ "2+;M_|”‘, so that 1 —a < 0.
and if A is large enough so that 1 + — a < 0, then the inner 1ntegra1 is finite and

1 [ T(b—1+t)T(t) 1 +a—(ett)

=5 oo r(a—1+t)(1+§—(a+t))(5) dt.

This formula is valid as soon as a > 1+ %, which amounts after a simple computation to

2
Asar= L2l
a

Writing (14 2 — (a +1)) = ?Eﬁg:ggig; = Fi}(}ﬁa(;_ag)llz)t) and recalling the definition of Meijer G
function, I looks like

1 +Ema 2 2 1

—(= G(lla=2)0a—1]00,b—1],Ja— = — 1], ).
@6 (lo- - 00 - e - 2 -1 )

Nevertheless, the paths of integration are not the same for the two formulas, since the defining path in
the Meijer G function is not on the right of all the poles of the integrand.

An explicit hypergeometric series for 12: At this stage the natural step is to apply the theorem
of residues to get a series from the above complex integrals. The poles of the integrand are located:

eatt=1+ % —a(< 0), with residue —%

e at t = —n,n € N, with residue F(a—l-}—f)((bl:rl;i)(a-i-t))n! (—1)ngytta—(att)

e att=-n+1-bn € N, with residue F(a_Ht)(f_f_t);_(aH))n! (=1)nylta—(at+t)

so that by Cauchy’s residue theorem we get:
2
I :F(1+b—a)F(1+——a)

n+1 1+ +n—a I‘(b_l_n) ybil]_—‘(l—b—n)
+7LZO (F(a—l—n)(l—f—i—l—n—a)+I’(a—b—n)(§+b—a+n)) @

I can be computed easily by making explicit the recurrences between successive terms of the 2 series.
Calls to the I' function are only required for the constant and index zero terms.

2.1.7 Final formula for I

Since I(z) = F(ij#) (¢1(z)I2(x) + ¢2(x)I1(x)) we get the final formula for I given by:
2|v|

o

Proposition 2 For any A > X\* where \* = % +

B I(a—1)

pra-12a—Lby)
I'(b)

L& (a—1,b
(y 2 (a’ b 7y)+ (b—a+%)

h)

whereazl—i—“;”,b:l—l—u andy = X and

2 2
h:H([b—a+1,b—a—|—a],[b,b—a+1—|—a],—y)
2
IQZI‘(I—i-b—a)I‘(l—«—f—a)

1)rtlyltd+n-a I'b—1-mn) Yy’ I0(1 —b—n)
+nzo (F(a1n)(1+i+na)+F(abn)(i+ba+n)> ®)




2.1.8 Short term behaviour
We now analyse the short term behaviour of the instantaneous volatility. We start from the formula:

Vo exp 2at + 20ws 4
1+ abe% fot exp a(as + ows  )ds) s

Vi =

2
20wz, ¢ — (2g> t

By introducing the exponential martingale e we get by Girsanov’s theorem:

(20 «

2 o t
PR <1 + abV? / expa((a+o®)s+ 01I)27s)ds>
0

E[V;] = Voe®F

with Wy = wa; — 20t a Brownian motion under ). For a given ¢, the set of paths such that the time
integral is larger than an arbitrary small level becomes exponentially small in probability so that

2 o t
E[V] ~ Voel?et+ “2o)tEe [1 — 2V / expa((a+o0?)s + (771)273)d3} .
0

2y, o202
platatody gy . . ..
~—,7 . Therefore, in the following proposition the
a(ato H‘T

second statement results from the first one by integration:

Now E® [fg expa((a+ 0?)s + oy 5)ds] =

Proposition 3 Ast — 0
o E[Vi] ~ Vo(1+ (2a+ 225 — 2bv; % )t)

o Vs(t) ~ Vo(1+ (2a + 225 — 2pV;2) L)

Short term behaviour when o = 2: There is an easy majorization in case & = 2, which also provides
an excellent approximation for short term maturities: by using the concavity of the logarithm and Jensen’s
inequality:
1 1
tvs(t) = ]EP[% In(1+ 2bVp Ay)] < % In(1 + 20V EF[A,])

a 0’2 7
where EP[A;] = w This will yield an excellent short term approximation because Inl 4+ x ~ x
(2a+202)

near 0 and A; is small in probability for small ¢.

e(2a+20‘2)t71)

PI‘OpOSition 4 (Oé = 2) Let f(t) = ﬁln(l +2b%W

Moreover as t ~ 0,

Then vs(t) < f(t) for every t > 0.

Vs(t) ~ f(t) ~ Vo(1+ (a+ 0 = bVo)t).

The last approximation is useful for practical purposes.

2.1.9 Long term behaviour when a > 0
We start also from the formula:
Vo exp 2at + 20ws
(1+ abVO% fot exp afas + owy,)ds)« .

Since a > 0, the behaviour of the average fg elastowsq)ds will go very fast to infinity as t — oo. It is

clear in particular that fot e(astowa2) ds will become much larger than 1 so that

‘/0 62at+20w2,t

t

osz% texpa as + owsy 4)ds 2
0 0 >

1, L -, and the whole point is to observe that by
(ab) @ (fot exp a(a(s—t)+o(wa,s—wa,¢)ds)
time-reversal we will get an average with a negative drift, whose behaviour at infinity converges to the

Now this simplifies to



202 a
inverse of a Gamma law: by scaling fot e(als=tto(wz—war)gg = A Ota T 200257 BY) gy for some
Brownian motion B. With the notations of Dufresne (1998) with a drift 1 = 2% we have therefore

_2, 2 _2 _ 2
Vi (ab) ™% (g g) "5 (24 10, )

which entails 5
o202

Vi — (ab)” @ (—— )" (Gamma(u, 1))5.

Observing that the expectations will converge too thanks to the monotone convergence theorem, we get:
Proposition 5 Assume a > 0. Ast — oo,

B[V, vs(t) > (=)~ 2E[( Gamma(u, 1))

ao?

Qo

]

where = % In particular,

o For a =2, E[V{],vs(t) — .
o Fora=1, E[Vi],vs(t) — (5)22%(1 + 22).

o2

Note that this is consistent with the large time behaviour of the noiseless limit obtained in 2.1.2 for
the case & = 2. The noiseless limit in the above formula for a = 1 is (%), which is not that of I(t)
which is § irrespective of a: just note that I(t) is not the integrated variance when a # 2, so there is no
contradiction or mysterious lack of continuity behaviour.

2.2 Study of the Spot Process
2.2.1 A full-blown martingale

Consider now the dynamic of the forward f;, it is defined by the stochastic exponential of the local
martingale L; = fot e’sdwys. Then < L >;= fot e?¥sds and Novikov’s criterion tells us that f; is a

uniformly integrable martingale if Elexp %] < 00.

Case o« = 2: In this case:

&

<L> I I(t K
exp = L = exp 3 / e?Vsds = exp % =1+ Qb/ exp 2(vo + as + owsg 5)ds) .
0 0

Therefore, assuming b > 0, exp % < (1+ ﬁV@ exp 2 |al texp 20w§7t)ﬁ where wj denotes the running

maximum of the Brownian motion ws.

1 *
Now exp20w3, > 1 and this is less than max (1, gVo exp 2at)** exp 20:;“

as |wa |, this is integrable and

. Since w; ; has the same law
;

< L >
5 ] < o0

Elexp

Case o > 2: In this case we have < L >;= fg e2sds < 1 (fot e*=ds)a by Holder’s inequality. Now

/t ave g In(1+ ab fot Vo% exp a(as + ows )ds)
e ds =
0 ab

2

2

To conclude note that since a > 2, (fot esds)a < max(l,fot esds)® < max(l,f(;5 e*=ds) and the
equality
max(l,z) =z+ (1 —2)1(z < 1)

P t avs t _auvg
tells us that emax(L,Jy €™ ds) < eJo ¢ dsel and we can conclude as above.



Case a < 2: In this case, the mean reversion force is weaker and we expect that the log volatility may
become large, and therefore also the forward f in case of positive correlation.

We follow step-by-step the reasoning of Jourdain (2004). First note that E[f;] = foE[E(p fot exp vsdws 4)].
Since f; is a positive local martingale, it is a supermartingale and the map ¢t — E[f;] is non-increasing,.
Therefore, f; is a martingale if and only if it is constantly equal to fy, i.e. % =1.

t
E[S(p/ exp vgdws )]
0

turns out to be the probability of non explosion of a Markovian SDE associated to the initial one by
means of the Girsanov theorem, and Feller criterion for explosion provides then an explicit necessary and
sufficient condition for this probability to be one.

Adopting for a while the notations of Jourdain (2004), we denote we by B. Introduce the probability

Q under which dB; = dB; — adt + bVOQ exp aoBdt is a Brownian motion. By Girsanov’s theorem,

% = E(Lr) with Ly = 2By — fV fo exp aocBsdB,. By the Yamada-Watanabe theorem, the law of
(v, B) under P is the same as the law of (vg + 0B, B) under Q, and

IEP[S(p//evasst)] = EQ[E(p\/Vo//eXpUBSdBS)].
0 0

This is equal to:
p t b e a a b_a [!
E(p\/Vo/ exp o Bs(dBs + (=V? expaoBs — —)ds))E(=B, — =Vj? / exp ao BydB;)]
o o o o o] 0

which rewrites as:

t b « t
]EP[E(/ (0V/VoexpoB, — V! expacB, + g)st)] = ]EP[E(/ b(B,)dB,)]
0 0
with

b a
b(z) = pv/Voexpoz — —=V? expaoz + e
o o

The next step is to observe that Ef [5(f0t b(Bs)dB;s)] = P(7Te > t) where T is the explosion time of the
SDE
dZs = b(Zs)ds + dB;.

We can now apply the Feller criterion for explosions, which tells us that P(7. = co) = 1 if and only if
a(—00) = a(c0) = oo

where a(z) = [~ p/( foz = %y)dyd:r where p is any scale function of the Z SDE.

Now the functlon p(x fo exp —2 fo z)dzdy is a scale function, and we are left with explicit compu-
tations.

Observe that fo z)dz = p‘/v"(exp oy—1)— bV (expaoy — 1) + 2y so that

a<72

p\ﬁ bV%

exXpozx —|—2

p'(z) = Cexp (

a
5 eXpoT — 236)
o
for some positive constant C.

Behaviour at —oco : p/(z) ~ Cexp—22x with also fo

x — —00, so that a(—o0) = co when a > 0. This argument is still valid when a = 0. When a < 0, then

7 )dy which is positive and increasing as

fm 5 (y dy ~ C~lexp 222 so that the integrand converges to the constant 1 and the integral diverges.

10



Behaviour at +oc : There again, ff %

driven by the terms in the outer exponential:

dy is positive and increasing as x — oo. The behaviour is

e When p < 0, the exponential terms will dominate the linear one, and a(co) = co.

e When p > 0 and a > 1, the second positive exponential will dominate the first negative one, and
a(o0) = oc.

e When a =1, p/(z) writes

2V Ve 2
Cexp ( \;;(b— po) exXpor — :x)

so that if b > po, a(co) = co. A straightforward computation shows that this also holds when
b=po.

The other cases require a little more work. So let’s assume o < 1 and p > 0. Then p’(z) rewrites
exp Aexpaxr — Bexpxr — Dx

for positive A, B and D has the sign of a.

As a result, a(z) = foz fox exp (A(exp ax — expay) — B(expx — expy) — D(x — y))dady. Tt follows that
g—g(z) = foz fow A(zexp ax — yexp ay) exp (A(exp ax — expay) — Blexpx — expy) — D(x — y))dxdy > 0,
so that if we show that a(co) < oo for a = 1, it will also hold for @ < 1. By the last bullet above this
can only happen if b < po, that is A < B.

With C' = B — A we are led to consider the integral

/ exp (—Ce” — Dx) / exp (Ce? + Dy)dydz
0 0

setting u = Ce”,v = CeY we get a constant times fge uPlemu fg vP~le?dvdu. By Fubini’s theorem

. Ce* p_ Ce* _p_q _ . . Ce* p_ D1
this is equal to [, vP7te? [ u=P~le""dudv. Thisin turnisless than [ vP~tev [ u=P e dudv =

fge vP~1eT' (=D, v) where I' is the upper incomplete Gamma function. Now I'(—D, v) ~y_s00 v P 1e™?,

so that the integrand behaves like v=2 at infinity and the integral is finite.

All in all, the sole remaining case is a < 1,b > po > 0. Let us operate the change of variable u =

2@ expox, we are led to the integral:

zZ u
/ exp (—u + Cuo‘)u_%_l / exp (v — cva)v%_ldvdu
A A

with a positive ¢ (by hypothesis av < 1). We proceed as above: by Fubini’s theorem and letting the inner
integral go to infinity, this is less than:

Z o
/ exp (v — cvc‘)v%71 / exp (—u + cuo‘)uf%fldudv.
A v

. oo —2e2_q —22_q .
We claim that I = [ exp (—u+ cu®)u” o> du ~ exp(—v +cv*)v «> ", and we can conclude as in

the case of the incomplete Gamma function above that a(co) < oo. Indeed, by first scaling through the

2a 2a

change of variable u = vz, I = floo exp (—vz + cv®z*) v o2 27 o2 'dz. Hence
I=v 5Zexp(—v+ cv")/ exp (—v(z — 1) 4+ cv®(2* — 1))27%71&2.
1
Setting z — 1 =t and r = vt we get:

I:v_c%_lexp(—ercvo‘)/ exp (7T+Cva ((1+£) —1)) (1+i> < dr.
0 v v

11



As v — oo the integrand goes pointwise to exp (—r). Since fooo exp (—r)dr = 1, the last point to
check is that we can apply the dominated convergence theorem. This is indeed the case since, on one

hand, one always has (1 + %)%_1 < (1+ r)max(%_l’o) for v > 1 and on another hand by concavity
cw*((1+1)* —1) < cw* o with o < 1, so that for v large enough cv® 'ar <1 — € with € > 0 and the

integrand is less than e~ " (1 + r)max(%_l’o).

We have therefore proven:

Proposition 6 f is a martingale if and only o« > 2, or a < 2 and either:
e p<0
e a>1
e a=1andb> po

2.2.2 Inversion

Since f is a true martingale, we can look at the dynamic of % under the change of measure induced by

the martingale % By Ito’s formula,

1 1 1
d— = ——dfi + zd < f >
fo RUR '
Now df; = \/V; frdwi 4 and d < f >,= V, f2dt so that with g, = %,
dg; = — /' Vigrdwi ¢ + Vigedt

Under the probability Q = %P, Wt = Wit — fot v/ Vsds is a martingale, and even a Brownian motion by

Lévy characterization theorem. So:

dgy = V' Vigi(—dwy ¢ + / Vidt) = —/Vigedinn

What happens to the variance SDE? Under Q, W2+ = wa — pfot v/ Vsds is a Brownian motion, so that

dvy = (@ — be®t)dt + o(dwa y — py/Vidt) + op\/Vidt = (@ — be®t)dt + oda . + ope’ dt

so it will belong to the same family if and only if p = 0, in which case the inverted model is the initial
one, or @ = 1, in which case the mean reversion parameter of the inverted model is given by b — po. In
particular, if b = po, v¢ = a + o2 under Q.

3 The Hypergeometric Model for o = 1 and its Morse Potential
Representation
We further specify the dynamic of the volatility by taking « = 1 so that we are able to compute the

Mellin transform of the forward price which is the essential ingredient to price vanilla options. In that
case, the dynamic is given by:

dfy = fre"dwiy (6)
dvy = (a—Dbe”)dt + odwsy, (7)

with as in the previous case dw; ;.dws ; = pdt.

12



3.1 Volatility analysis

We want to compute E[e?Vt]. Define a probability ) under which g ; = wa s + fo %ds is a Brownian
motion, we deduce after replacing o fg e’udig,, = et — e — "72 fot eVudu that

. b 3 [
) T (ST s WGy S Y )

with 8, = g—g + %, B2 = 2—2 and dv; = odws ;. Denote by F'(t,v) the expectation then it solves, thanks to
Feynman-Kac theorem, the partial differential equation

o d*F B2
OF = —— _22vp
' 2 dw? 2 Thie'F

F0,v) = el®am)v—dse,

Denote by g(o2t,v) = F(t,v) then is solves the partial differential equation

Oy = —Hyg
sy = (o)
2
with H = —1 & ¢ ”22 €2 — e’ with 1y = 2% and 12 = 5; The operator H involves a Morse potential,

1
2 dv? o2

see Grosche (1988), page 228 in Grosche and Steiner (1998)7 Tkeda and Matsumoto (1999) and the surveys
Matsumoto and Yor (2005a) and Matsumoto and Yor (2005b).

We denote by ¢(t,v,y) the heat kernel associated with e~ then we have

+o00o
F(t,vo) =/ q(o®t,vo,y)F(0,y)dy.

—00

The Green function associated we the Laplace transform of the heat kernel is given

+oo 2
G(v,y;5%/2) = / e~ Tly(t, v, y)dt. (8)
0

Taking the Laplace transform of E[e?**] we deduce

+oo 2 . b v 400 ( 2 )t/2 +o0
/ e TIE [et] dt = e oEvtEe / / q(o®t,v0,y)F(0,y)dydt  (9)
0

1 +oo +oo R

= L / / 5 q(t, v, y)dtF (0, y)dy
1 — v+ Lye¥o

= 96 o o G(Uanﬂ] /2) ( )dy

with n? = 04 + 23. We know from Matsumoto and Yor (2005a) pages 341-342 or Matsumoto and Yor
(2005b) page 360 that

L(n-%+3)

.2 —
G(Uayan /2) - V21—\(1 + 27’)

e—(v-«-y)/?W%,n (2v9eY>) M%m (2v2eY<)

with y» = max(v,y) and y<« = min(v, y) while W, ,, and M, ,, are the Whittaker functions related to the
confluent hypergeometric functions by the relations

13



1
Wen(z) = 2"T2e 2w (n—n+2,1+2n;z)

1
M, y(z) = LMo 2/2p (17 — K+ 3 1+ 2n; z) .
It is known that the heat kernel is given by:
+o00 62%u 1_/1( Y teY) coth(w) 121 (v4y)/2

t = e wm & e [ g ety inh t)d 10
o) = [ gt (222600 s, ) (10)

T 2 /09 +oo 2 /(9 sh um
o(r,t) = —e™ /! t)/ e~ /(2 gmreosh(u) ginh () sin (—) du. (11)

(273t)2 0 t

We wish to compute:

+oo vo +oo
/ G(vo, 417 /2)F (0, y)dy / G0,y % /2)F(0, y)dy + / G(vo, 417 /2)F (0, y)dy

oo . .
We have:
v 1
J F(U_EJW) 020 (aet) [ e Y2 M (209e¥) F(0,4)d
LT Turt2p ¢ o (2r2e )/_Ooe w1y (2v2¢%) (0, y)dy
F(n_%‘F%) 0/2W 5 o) (2 . N z0 1104 o a o ;
N = ) v y v F—n—"% _ o -z _a )
where 29 = 212e", % =5+ % and we used the representation for the Whittaker function M, ,(2).

Similarly, the representation for the Whittaker function W, ,(z) leads to:

r (77* 2L+ %) +oo
Ty = e M (2une™ / U2, (2use¥) F(0,1)d
2 vel'(1 + 2n) ¢ 7;,77( vpe) . e iﬁ]( vee’) (0, y)dy
r (77_ S+ l) +00
=~ 2 w2y, vo 3Ny n—1+0+2 —z ( S : )
Vo (1 + 21) e Mrém (2v2€") (212) y z e "W (n 0_2,1+2777z dz.

To connect these results to the previous ones we just need:

Remark 7 If we denote a; — 1 =1n— %5 and by = 1+ 27 then the two integrals above (i.e. involved in

J1 and J3) can be rewritten as:

“+o0
/ 1t 0=1le=2y (g — 1,0y 2) dz,
Z0
20
/ 17012 (g — 1,0y 2) dz
0

which can be computed thanks to the expressions obtained for Iy and I5.

3.1.1 The variance swaps revisited

The variance swap is given by:

tvs(t) = /tIE (€] du

14



and its Laplace transform is:
+oo 9 +o0
/ e 2 4vs(t)dt = —2/ e V2E [e2] dt. (13)
0 5% Jo

The equation (13) is the left hand side of equation (9) and leads to the integrals J; and J; given above
and thanks to Remark 7 the series representations for I; and I enable the efficient computation of the
variance swap.

Remark 8 To check that
+oo o2
/ e TR [60”*'} dt < 400
0

we need to verify that:
e —y/2 a b
e W, (2v2€Y) exp (9 + —2) y— —e’ ¢ dy,
vo v’ o g
e —y/2)\f 256 0 a b vy q
7006 %m(yge)exp +§ y— 3¢ Y

are finite. As the Whittaker W, ,, function is related to the confluent hypergeometric function ¥ and
using relation 6.2.2 of Beals and Wong (2010) which is:

U, B52) ~2=% if R(z) = +oo R(a) > 0.

we conclude that because R(v2) > 0 and R (n -2+ %) > 0 for s large enough (n depends on s) so the

2

integrand of the first integral behaves like:

a —2b
V(58 +0) exp {2 ey} as y — +oo
o

and therefore the integral will be finite for all values of 6 (b is positive). For the second integral replacing
the Whittaker function M, , by its expression and using the property 13.2.13 of DLMF (2010), that is
O(a, B;2) ~ 1 for z ~ 0, we deduce that the integrand behaves like:

(1 H038) g Yy — —00
a

for all values of 0 there exists a value of s such that n + 0 + % > 0 so the integral is finite. Notice

0-2
also that to the extent that R(ve) > 0 we can have a potential with complex coefficients and the integrals
remain finite.

3.2 The Mellin transform of the spot

In order to perform the pricing of vanilla options we need to compute the Mellin transform of the spot.

We have
A r t t
(ft) exp (—/\/ e%“du—i—)\/ 62”“dw1)u>}
fo L 2 Jo 0

[ At t t
= E |exp (—2/ e2Vedu + )\p/ eV dwg o, + Aﬂ/ e2””dw§,u>}
L 0 0 0

r 2 1— 2 t t
= E exp (<_; _|_ )\(2p)) / 62Uudu + Ap/ erude,u>:|
L 0 0

where we used the standard Brownian motion (wsz ¢, wﬁjt). Furthermore, the relation:

E

|
&=

¢ ¢ 2t
cr/ eV dwg , = e’ — e — / e’ (a — be’)du — 7 / e’ du (14)
0 7 0 2 Jo

15



leads to:

It A Ap v t a2 [t
E (> = e ¢ OE |:6Xp (aoe”t—i—oq/ evsds_l/ 621)5d8>:|
fo 0 2 Jo
with
Ap
(7)) = -,
g
A o?
@ = - (‘”z)’
20pA
ay = —A2(1—,02)—Tp+x

Using Girsanov’s theorem we deduce that:

t 2 ot
J = E [exp <aoevt + 041/ e’Ust _ %/ 62U5d8>:|
0 2 0
t 2 t [ bevu 1 t — bhevu 2
= E9|exp Oéoevuroq/ evst—%/ e?V:ds | exp / udms_,/ uds
0 2 Jo 0 o 2 Jo o2

with dvy = odw; and W, = w2+ + fot “_Zevu du a Brownian motion under (. Using again the equality (14)

(with the convenient parameters) we deduce that:

ft A _ — (L —22)evo _a’t Q avt N ’ Vg 5; ! v,
E|(< = e o7 o277 e 2P BY Jexp | — + foe” + B1 [ e¥ds— — [ e*ds | (15)
fo o 0 2 Jo

with

b Apo — b
bo = ao—— ="
a b a 1
B = a1+b<02+2)_(b_/\p0)(02+2>7
2bp b?
2 2 2 2
B85 = a5+ 2=—)x(1—p)+/\(1— U)+02
As above, introduce:
Bl 2 Bg
=3 Vi = g

and F(0,v) = exp (% + Boe”). We denote be F(t,v) the expectation in (15) then thanks to Feynman-
Kac’s formula it solves the partial differential equation:

2 d2F 2
atF = %W - %62UF + BlevF,

F(0,0) = eozthoc”,

Proceeding as above we obtain:

+oo
F(t,’l}o) :/ q(02t7U07y)F(07y)dy

— 00

which requires the kernel ¢, known from (10), but is hard to exploit. We can also use the Green function
given by (8) as follows, we compute the Laplace transform:
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+OO 52 a2t 1 +OO
/ e~ Fte BE P (L vo)dt = oo,y 12/2)F(0, y)dy (16)
0

o2 J_o

with n? = fy‘—i + ;—22 and proceed as in the previous example and write the integral appearing in the r.h.s
of (16) as in (12) (as a sum of two integrals denoted J; and J given below). Taking into account the
particular form of F(0,v) we are led to the computation of:

F (77 - *2 + ) Vo
. v 71) 2 v —y/2
J = BTN of W, (2vae “)[me v/ My, (2v2e¥) F(0, y)dy, (17)
T (77 “wt ) —v0/2 R /2
Jy = m 0 M%,n (2vqe 0)/1;0 e Y W%,n (2v2€¥) F(0,y)dy (18)

where zp = 219e". Using the representation for the Whittaker functions W, ,(z) and M, ,(z) the two
integrals above can be transform into

Vo 1 a
/ e_y/QM%’n (2v9eY) F(0,y)dy = (2u2)2 " %2 14

and
/ (5*?4/21/1/%777 (2u0eY) F(0,y)dy = (21/2)%_?%]2
vo
with zg = 2v9e"0,
%0 a _1_ Bo 1
I = / P PR Rbd (T] _ay 1+ 2n;z> dz (19)
0 vy 2
and - )
I, = / S (h )y (77 g 3 1+ 277;z> dz. (20)
zZ0 V2

The behaviour of these integrals will be driven by the quantity —% + 2%, so let us investigate it:

Lemma 9 Let §(A\) = —1 + 2615)2(&)) . Denote by A_, Ay the roots of the polynomial (A\po —b)%+ o2 X(1—N).
Then:

A) is defined for X €]JA_, Ai[, with A_ <0 <1< Ay
0

) =
1)=04b<po, 6(1)=—-14fb>po

5
o
S

e §(A\) <0 for XA €]0,1]

o When p <0, 6(A) <0 for A €]A_, A¢]

Proof. Observe that
0?32 = (Apo —b)* + o?A(1 — \)

so that with vy = ’82
B 1 (Gyo-
v 2/(\po —b)2 +02A(1 - )
In particular, 2%()\ =0)=—1and 5702()\ = 1) = sgn(po—b) 3. Note that —7—&—5?2 = %(\/(A (/X))’j;blx(l 5
po— o —
1) < 0assoonas A € [0,1[or A =1and b > po. If p < 0 then 2’37"2()\ = 1) = —3 and the maximum

m of A — 25702(/\) is attained between 0 and 1 with —1 < m < 0. Moreover 3, is well defined as long
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as A < A < Ay with A < 0 <1 < Ay. The last constraint to check is By < 0. Assuming p < 0,

this amounts to A > - which is negative and even smaller than A_ since it cancels the first squared

po
monomial in the expression of 3. It follows that all the range A_, A, is allowed, with the exponent 267"2

living between —% and its maximum m for A € [0, 1] and decreasing to —oco close to the A_ or Ay.
|
Computation of I;: Because ® (77 — Z—; + %, 14 2n; 0) =1, I is well defined if and only if n+ 2% > 0,

. . 2 2 .. n—22+3)n 14 e
which is always true since n = y/ 2; + 2. By Fubini’s theorem, I; = ) 2 (270 (%0 n=lt oy ed(N)z gy,

n=0 (14+2n),n! JO
Let i, = fOZO zn71+072+n66()‘)2d2.

When §(\) < 0: Then i, = (—86()\) 7722 "y (n+ <% +n,—6()\)zp) with ~ the lower incomplete
Gamma function. Then by integration by parts we have

- a
O(N)ipy1 = zg+ LA [CVE (17 +=+ n) in
o
So there is a straightforward recurrence to compute the term of the series of I;.

n+ﬁ+n

When §(A\) =0: Then i, = f&_gﬂ

Computation of Io: Let us investigate first the key coefficients in I5.
Note that ]
n__ (o 1),5
vy o% 2] 2w
We have:
Lemma 10 I(A = 1) is finite
Proof. We know that ¥ (17 — Z—; + %, 14 2n; z) ~ z%*ﬂ*%7 so the integrand behaves like
3 (“14sgn(po—b)=
2 2

Y14 a_
2T 72

at infinity. Therefore I will be finite if b > po. If b < po then it will be finite if and only if I + % < %
which is true since 71 = — (% + %) ]
When §(A\) < —1 (in particular, when A €]1,\;[): We have

14 1 L[ Tlb—1+0() gy _
=1t SN (oL o) o 7/ =14 %5 —t (SN +1)z g
‘ ¢ (" b T TR ) = o T(aa—1+¢t) ¢

—1300
Withaa:nf%Jr%andbb:quZn.

Moreover, we know that the integral converges locally uniformly in z, so that we can apply Fubini’s
theorem and obtain

- L [T L0140 /°° L S =t Oz g gy
20

" 2ir ) ;. T(aa—1+1)
where the inner integral is finite since §(\) + 1 < 0 by assumption.

a 14 Po z —a
Now j(t) = [25 = 34850702 = |14 fa |73 HD (ot & —1, 3|1+ 22]) where T, ) denotes
the upper incomplete Gamma function. Since zg # 0 we know (DLMF (2010) 8.2, (ii)) that I'(a, z) is an
entire function of a, and will not contribute to the poles of the integrand.
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An explicit hypergeometric series for I12: We apply the theorem of residues to get a series from
the above complex integral. The poles of the integrand are located:

e at t = —n,n € N, with residue 1}“(“’*71*”)(71)"3‘(—71)

(aa—1—n)n!

[(—n+1-bb)

e att = —n —+ 1 — bb,n & N, Wlth residue m(*l)n](fﬂlﬁ’ 1 — bb)

so that by Cauchy’s residue theorem we get:

= (D) T(bb— 1 —n)j(—n)  D(1—bb—mn)j(—n+1— bb)
L2 = Z n! T(aa —1—n) + I'(aa — bb —n)

)

n=0

I can be computed easily by writing down the explicit recurrences between successive terms of the two
series. Calls to the I' and T'(,) functions are only required for the constant and index zero terms. We
have the following recurrence relations for a generic j*(t) = f: 20 te P2y

e Prozotntl g1

3 57 (=n)

(= +1)) =
Complete expression of the double transform

> s2 ff A 1 a b AP\ Y0 o0 7’]2
/ eiTtE <> dt = 96_0721104_(‘772_7)6 / G(U07y? 7)F(O7y)dy
0 —00

fo 5
where F(0,3) = 307" 12 4 & ang

2 22D (- L

Glv,y, L) = 2 7w 7o v e=v2(C" e (4 S )W (; 200e ) D(; 200e” )+ 1(y < )W (; 200" ) D (; 206 )]

) ) 2 1—\(1 + 277) bl ) b )
where the 1st and 2nd arguments of the Kummer functions are n — Z—; + %, 1+ 2n. This leads to

—a 20— 1
o0 2 A 277+1 VT F(n7ﬂ+§) b oA

e TR (ft> dt = v e(M=52)vo o(Jz = —12)e™ g 120) 10+ (; 20)11].

/ % e 90 20) 1o+ 20

(21)

3.2.1 A purely analytical approach to the martingale property

Since f is a positive super martingale, E [(J{—)} < 1 and it follows that f is a martingale if and only if

(t)
g A 2
/ eijt]E (ft> dt = -
0 Jo s
with A set to 1. Therefore there is some hope to re-find the results of the ”full-blown” section (in case

a = 1) in the previous calculations when A = 1. Note also that when A = 0 this should hold irrespective
of the model parameters.

for some s > 0

We start by the following:

Lemma 11 If A =0, then:

vi — a 4 1
.V270'2+2
b X,
.02 o V2 =

This also holds when A =1 if and only if b > po.
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Observe now that:

Lemma 12 Under the conditions of Lemma 11,

n+ d%

= 277‘)+% e d(n— % + 1,14 2n; )

o [, = zg+726‘z°\11(77 — %5+ 1,14 2n; 2)

Proof. Combining lemmas 9 and 11 we get that I; writes:
0 142 a
II:/ U= (n——271—|—277;z) dz.
0 ag

With aa = n — % + 1,bb = 1 + 27 the integrand is Zbb=aa=1e=2¢ (qq — 1,bb; z) and by (DLMF (2010),
13.3.19) this is also

1 d bb—aa —=z .
T—— e *® (aa,bb; z) .

Since bb > aa and ® (aa, bb; 0) = 1 the first assertion follows. Iy rewrites

o a a
I = / Mz eE g (77 - —,1+2n z) dz,
o

Z0

and by (DLMF (2010), 13.3.26) this is also
d

—azbb_“”e_zlll (aa, bb; 2) .

Since VU (aa, bb; z) ~ z7%* as z — oo the result follows. m
To conclude, let us first assemble the pieces together:

In case A=0or A =1 with b > po  Combining the expression (21) with lemmas 11 and 12 and using
A
20 = 2v9eYowe get, with A(zp) = fooo ) [(}’:{’)) } dt,

2F (n_ %) 2n —20

O(n— & + 1,14 2n;20)
———2%%z"e
a2I'(1+ 2n)

n+ oz

a
A(z) = [D(;20)P(n — o + 1,14 2n;20) + U(; 20) ].
We know that in the case A = 0, this expression is the Laplace transform with respect to time of 1. Since
it is equal to the Laplace transform with respect to time of of E {(%)} when A\ = 1 with b > po we have

proven the martingale property in that case.

Working out the identity with Kummer functions: We know that this expression should be equal
to 6% for any s. Can we show this?

When zp — 0 Then ®(;2p) — 1 and at least when 7 > %, U(aa,bb,;z) ~ %zl_bb with bb = 1+ 2n
so that

o (1 — (2 NG
m%sz( =) fg) N i(n)_i]

o?L(1+2n) Tn— & +1)  (+ 20— 5)
which is equal to 0%77[77—1% 17+1%] =2
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When zp — oo Then ®(aa, bb; zo) ~ Mezozékbb and YU(aa, bb; z) ~ z5 ** so that:

T'(aa)
TN POl U)W S &L ]
’ 02z wln-%)  (+%Th-%+1)
2 (n-2%) 2

S

which tends to T TS T]) =
The last piece is the following:

Lemma 13 Let a,b such that a >0 and b > 1. Then Vz

D(a,b;2)¥(a+1,b;2)(b—a—1)+ P(a+1,b;2)¥(a,b; 2) =

Proof. To alleviate the notations let ® = ®(a,b;z) and ¥ = ¥(a, b; z) and let us drop the dependency
in z. We know that the Wronskian ®W¥’ — U’ is given by — al;((bi
of the derivatives we get

)z_bez. By substituting the expressions

z Ve :z(%q)(a—ﬁ—l,b—i—l)—i-(I)\Il(a—i-l,b—i—l))

so we want to prove the identity
2(TPP(a+1,0+1)+ 02V (a+ 1,0+ 1)) =b(®¥(a+1,0)(b—a—1)+ ¥P(a + 1,b))

which in turn amounts to ¥ (z®(a+1,0+1) - bP(a+1,b)) = bP((b—a—1)¥(a+1,b) — 2V (a+1,b+1)).
Now by (DLMF (2010), 13.3.4) we have:

2®(a+1,b+1) — bd(a+1,b) = —bd
and by (DLMF (2010), 13.3.10)
b—a—1)¥(a+1,0) —2¥(a+1,0+1)=-U

and the result follows. m

3.3 Pricing vanilla option

We want to compute
c(t, fo) = e "E[(fe — k). ]

We take the Mellin transform with respect to the strike as in Jeanblanc et al. (2009) (see also Panini and
Srivastav (2004)) to obtain

e—rt

“+o0o
M(c(t, fo), A) = e /0 R ((fe — k), ] dk = 2O—1)

E[f}]. (22)

It involves the Mellin transform of the spot that was previously determined.

In fact, if we denote h(s) the right hand side of (21) then

2w

—100

2] =25 [ i (23)
Y

and the option price is given by the inverse Mellin transform

2mi

c(t, fo) = < /wm/\/l()\)k_(’\_l)d)\. (24)
Y

—100
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4 Related Works

Our work contributes to the literature aiming at overcoming the issues faced when implementing the
affine model. The model proposed here is also presented in Henry-Labordere (2009) page 281 where it
is called the Geometric Brownian. The techniques used in Henry-Labordere (2009) are different from
those used here (certainly they can be connected). Also, it seems to us that the problem of martingale
property of the stock is not analysed for that particular model. Lastly, we don’t know whether the for-
mulas developed in this book lead to a reasonable numerical implementation. To illustrate the problem
at stake and underline the usefulness of the series representation for I1 and I2 we just need to mention
the fact the use of equations (10) and (11) (this function being the Hartman-Waston density) often lead
to tedious numerical problems, see for example Barrieu et al. (2004).

We were able to obtain an explicit solution for the case o = 1 but we also established that the martingale
property in that case depends on the parameter values. Extending the results to a general « is certainly
of interest. If we understand Henry-Labordere (2009) in this general case the model might not be solvable.

Another work to which we are related is Itkin (2013) who studied a stochastic volatility model using Lie
group analysis. He obtains a closed-form solution for the transition probability for the volatility process
involving confluent hypergeometric functions. Our model coincides with his when a = 1 but the author
mainly focuses on volatility derivatives and the techniques used to derive his results are different form
ours.

5 Conclusion

We propose a new stochastic volatility model for which we develop the key elements to perform equity
and volatility derivatives pricing. We found the conditions on the parameters ensuring the martingale
property of the stock. For a particular set of parameter (i.e. @ = 1) we compute the Mellin transform of
the stock which enables the pricing of vanilla options. The model has, by construction, a volatility which
is positive and therefore solve a major drawback of the traditional square root process, used for example
in the Heston (1993) model, which imposes a constraint on the parameters (i.e., the Feller condition)
that is not satisfied in practice.
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