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Abstract

In this paper, [ define and price arithmetic average (AV) futures contracts, show how
they can reduce price manipulation, and explore their features as investment choices.
They offer a number of advantages, the fore most important of which is protecting
investors against price manipulation by reducing the level of price manipulation and
manipulators’ profits. The study also shows that the mean and the variance of the price
of an AV futures contract are functions of its reference dates and that it can be flexibly
designed to meet various hedging needs of investors. With these features, AV futures can

serve as a good complement to existing futures.
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In general, stock prices and trading volumes undergo high volatility when financial
instruments such as index futures and options approach their expiration dates. This
‘expiration day effect’ is a phenomenon common in the U.S., Germany, Canada, Spain, India,
and Taiwan and is used to account for the flurry of activity such as price reversals or
excessive volatility of stock prices as options and futures traders unwind their positions
before these contracts expire, wary of the impact this might have on volume and price
(Chamberlain et al. (1989), Hsieh (2009), lllueca and Lafuente (2006), Schlag (1996), Stoll
and Whaley (1987), and Vipul (2005)). Index arbitrage and price manipulation are seen
as the culprits here (Hsieh (2009), Hsieh and Ma (2009), and Stoll and Whaley (1997)).
Since price manipulation is difficult to detect and index arbitrage is likely to remain
popular, plain vanilla futures will be subject to expiration day effects in the future, too.

Besides, plain vanilla futures might not always meet the various hedging needs of a
range of individuals or firms. For instance, global exporters like Apple and Toyota do not
receive their payments in Euros or US dollars on some specific day. They sell iPhones and
Camrys in foreign countries throughout the year and receive Euros or dollars year round.
Therefore, to hedge their exchange rate risks, they need to convert foreign currencies into
their own domestic currencies at an average exchange rate over a time period such as a
quarter. For this reason, not plain vanilla futures but average price futures (AV futures)
might better serve the needs of those exporters and importers in hedging their exchange
rate risks over a given period.

[ find that the volatilities of AV futures contracts are in fact a function of their multiple

reference dates, so the risk profiles could be flexibly, optimally determined, thereby



increasing investors’ utility and attracting new investors to the market.! In addition, this
research on AV futures contracts can shed some light on pricing of currently available
index futures such as CAC40 futures in France, Ibex35 futures in Spain, HIS futures in Hong
Kong, and MSCI TW futures in Taiwan since each of these is a kind of AV futures contract
with an average of multiple prices on its expiration day being its final settlement price.
To date, however, their accurate, no-arbitrage pricing has never been proposed yet. This
paper, therefore, will also discuss how accurate pricing of such futures contracts can be
achieved.

Meanwhile, if average price options offer more benefits to certain investors, I believe
that average price futures will do so, too. It is well known that average price options have
been not only traded in developed economies as shown in Hull (2012, page 112) but also
researched academically as in Kemna and Vorst (1990), Milevsky and Posner (1998), and
Turnbull and Wakeman (1991). In fact, arithmetic average futures have many advantages
over arithmetic average options in that the former, with closed form solutions, are easier to
understand, easier to price, and easier to use. Therefore, AV futures contracts can be even
a better financial instrument for hedgers or speculators than average price options can.

In this paper, | will define and price AV futures contracts, show how they can reduce the
risk of expiration day effects, and explore their features as investment choices.2 [ will

show that an AV futures’ potential for reducing price manipulation and its financial

1 The reference dates of arithmetic average futures are the pre-specified dates that determine the final
settlement price of the futures at expiry.

? Iinterchangeably use the theoretical value of a forward and that of a corresponding futures contract.
In fact, the two values are the same when interest rates are constant, as we assume in this paper (Hull
(2009), pages 126-127). Also, “an AV futures” and “AV futures” are short forms of “an AV futures
contract” and “AV futures contracts.” In fact, whenever I use a, an, this, etc. before the word “futures,” |
mean one “futures contract.”



instrument qualities are functions of its reference dates and that it can, therefore, be
designed to meet the unique needs of different investors. The remainder of the paper is
organized as follows. In Section 1, I will define and price AV futures contracts. In
Section 2, I will show how they reduce the risk of price manipulation. In Section 3, I will
explore important features of AV futures as financial instruments, and in Section 4, I will

conclude the paper.

1. Pricing of Arithmetic Average Futures

The notation used in this paper is as follows.
@ n: the number of reference dates to determine the settlement price of an
AV futures at expiry (n=1, 2, 3, ...)3
@ T (=Tw; the expiry date of AV futures
@ Ty, Ty, ..., T,: reference dates for AV futures, where T, < T,_; < < T, < T
@ r: risk-free interest rate per annum (assumed to be constant)
® S, the market price at time t of the underlying asset of AV futures
© Fx¢ry: the theoretical value of a futures contract X at time t

@ Fyy: the market price of a futures contract X at time t

First, we define AV futures.

Definition 1 (AV futures with n reference dates): A futures contract with the final

3 Plain vanilla futures contracts are a special kind of AV futures contracts with n = 1.



settlement price at expiry T; being % ?=1(STL.), where T, <Tp_1 < <T, <Tj.

Ty, Ty, ..., Ty can be k different times on m different days, where m < k. For instance,
they will be k different times on an expiration day if m = 1. In this sense, T; should be
appropriately named “expiration time,” but we call T; by the more familiar term,

“expiration date.” To price an AV futures contract with n reference dates, we replicate its
cash flow at expiry, %'2?:1 St;, assuming that Ty, <t <Tj, where t is the current
time and 1<k <n-—1, which is case ii) of Proposition 1. First, let us divide
=3 ,(Sr,) into two parts such that A=%-Z§‘=1(STL.) and B = % r41(Sr,). As of

n

time t, A is unknown and B is known since Tj,; <t <T,. Accordingly, to secure B at

—T'(T1—

expiry, one should invest the dollar amount of B-e ® in a risk-free asset and hold it

until T;. To secure A at expiry, investors should buy % - Yk (e7"T1=TD) shares now, and,

. 1 o (Ti—T : 1 o (Ti—T
at each future time T;, sell ~e r(T=Td) shares and invest the proceeds, e r(T1=T4) *St,,
in a risk-free asset and hold it until T;. Since this transaction at each T; will secure them

a cash flow of (%-e‘r(Tl‘Ti)-STi)-er(Tl‘Ti) :%-STi at T;, ultimately, they will get

% . Zi-‘zl(STi) = A at T;. Lastly, the total cost of this replication of the AV futures contract

as of time T; is:

k k
1 1
B.e-Ti-) 4 _.Z —r(m-TDY) | 5, | o718 — B 4 _.Z rT-0Y) | g
[e "-1(e )| S |e "-1(6 )]s,
1= 1=

= %(Z?zkﬂ S, + YK . S;-e"Ti™D) asin ii) of Proposition 1. Case iif) is simpler and



similarly derived, and case i) is trivial.

Proposition 1 (Theoretical price of an AV futures at t with n reference dates):

n
1
0) EIZSTL-: wheret = T,
i=1
1 n k
it) ;( Z Sr, + ZSt - er(Ti‘t)>, where Ty, <t <T,, 1<k<n-1
i=k+1 i=1
1 n
iii) - ZSt e Timt) where0 <t <T,
i=1

Notice that Proposition 1 generally holds as long as T,, <T,_1 < <T, <Tj is
satisfied, which implies that AV futures can be created in a very flexible way, depending on
the various needs of their users. For instance, n reference dates could be set equally
spaced as T1 - T =Tz - T3 = ... = Tn.1 - Tn = At.* But even if the intervals are not set as
such, Proposition 1 still holds only if T,, < T,,_; < - < T, <T; is satisfied. If the market
price of an AV futures contract is different from Proposition 1, investors can take advantage
of the difference and make an arbitrage profit, the proof of which is provided in the

Appendix.

2. Reduction of Price Manipulation

As Kemna and Vorst (1990) claimed, it is intuitively appealing that average value

4 For instance, At could be a day, a week, 10 days, etc.



derivative securities reduce the risk of price manipulation at expiry. In addition to this
generally accepted but yet to be proven claim, we show how AV futures contracts reduce
the risk. Price manipulation can occur in various ways while it is not clearly documented
how it is being actually done. Thus this study on how AV futures can serve as a

mechanism for reducing price manipulation has to be based on following assumptions:

First, in the general economy, a representative stock S exists along with its arithmetic
average futures contract F, with k reference dates, where 1 < k. S; and F,, refer
to the time-t market prices of S and Fy, respectively;

Second, the stochastic process of Sis, dS =u-S-dt+o0-S-dB, where u and o are
the mean and the standard deviation of the continuously compounded returns of S,
and B; isastandard Brownian motion;

Third, F, s contract size and expiration date are N shares of S and T;, respectively.
Also, F; s reference datesare Ty, Tx—1, ..., T, T, where T, < Tp_q < .. < T, <Ty;
Fourth, there is a (male) risk-neutral, representative price manipulator, M;

Fifth, if M takes a position in Fj, at any time before T; — At, he can try to manipulate
Sr, attime T; — At, where At is the shortest time to execute one’s order in the stock
market>;

Sixth, for convenience, we assume that M takes a long position in one futures contract
at the price of Fj, attime T, where 0 < 1 <T; — At

Seventh, if M buys up the shares worth a-u(a) at time T; — At, he can push up

° There is no point in manipulating the price at a non-reference date(time), and time T, is the common
reference date (time) for all futures contracts with k reference dates.



St, by @, where u(a) is the average cost of $1 manipulation of Sz, given a and Sz, _a;

: ] : o
Finally, we assume %> 0 because the cost of $1 manipulation increases as

a increases ceteris paribus.b In particular, we assume u(a) = c-a, where ¢ > 0;

Suppose that the share price to be realized at T; without M’s manipulationis Sr,. The
conditional mean, Sy, at Ty — At is Ep, _a [STl] = Sr—at- e*2t | as shown in Section III.
If F, = F, and M manipulates Sy, by spending a - u(a) = ¢ - a? his wealth (W) at T; will
be:W =N(Fyp, —Fy;)—c-a?=N(Sp,+a—F;)—c-a’?=N-Sy, + N(a — F,;) —c-
a®. Thus,

Er,_adW]= Er,_n[N-Sr, + N(a = F;) — ¢ a?]

= N-Er_n|Sr, ]+ N(a = Fy;) —c-a? = N-Sp,_p - e*** + N(a— F;) —c-a?

To maximize the effect, the first order condition with respectto a is N —2ca =0ora* =

;V—C. The maximized incremental profit for M due to the price manipulation by « is

Na*—c-(a")? =N -—— =———=—>0.
@ c (@) 2C ¢ 2c  A4c 4c

N (N)Z N2 N2 N2
2¢c

Next, suppose everything is the same but Fy, = F,, where 2 < n. If M manipulates S,

St +a) + X, (St;
by spending a -u(a) =c-a? F,r, = (51 +a) o Tl), and

n

(ST1 +a)+2?=2(STi)
n

(ST1 + a) + Z?=2(5Ti) ) 2]
—FE.:]—-ca

W= N-(Fyr,—F.)—ca?=N- - le—c-az. Thus

Er,_alW] = Er _at [N< "

6 M can manipulate Sz, only by buying the shares up. Then a higher « leads to a higher average price

of the shares he should buy up than does alower a does, which implies a higher average cost of $1
manipulation of Sr,.



N + >, (Sy
= E'ETl—At[STl] + N(L—Z(ﬂ) - Fn,‘r>_c'a2

n
N - ST —At e”.At a+ Zn= ST'
= 1 + N i=al ‘)—Fm —c-a’
n n ’
. " . . N . 1 N
The first order condition with respectto «a is —= 2ca =0ora’ = ~ o and the

maximized incremental profit for M from this price manipulation is

== — . —=—.—>0.
n? 2c n? 4c n? 4c

Accordingly, the size of the manipulation of F, s will be

—a*—c-(a")* =
" (a”)

Sn 0 Tr) S Bi(sn) o pE_ 1w

n n n n n?z 2c

Table 1 summarizes these results.

Table 1 (Price Manipulation Risk of Two Futures Contracts)

Type of Futures(Flel) Manipulation of St, Manipulation of Fr, Manipulation Profit
2
Plain vanilla (k=1) ~ ul s
1 N 1 1 N2
AV (k=n) - L.X 1.

As in Table 1, when the AV contract F, is traded, price manipulation decreases in many

respects, compared with the case of F;. The sizes of price manipulation of stock and

1 .. 1 . . . , . . .
futures decrease to — times and — times, respectively, while M’s manipulation profit also
decreases to = times. For instance, if n is set at 4, the manipulation sizes of stock and

, , . , . 1 .. 1, 1 .
futures and M’s manipulation profit will decrease to " times, P times, and P times,
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respectively, compared with the plain vanilla futures case. This implies that investors in
an AV futures contract and its underlying asset would suffer much less from price
manipulation than they would in a plain vanilla futures contract and its underlying asset.
So far, M’s manipulation target is set at expiry (= Sr,) only. Even with a more flexible
approach, however, the risk of price manipulation decreases in a similar manner. For
instance, suppose M manipulates Sr,, for his existing position in F, at time 7, where
1<k <7t<n. Then the results will be fundamentally the same as above.” Also, M
might have to pay an invisible cost at each attempt of price manipulation since, in reality,
price manipulation takes not only money but also time and energy. Then, with a higher
total cost per $1 manipulation, M’s optimal manipulation size and profit would decrease
further. A smaller profit would, in its turn, reduce the manipulation incentive for M. M
might give up manipulation for a profit lower than a certain level since, in reality, price
manipulators tend to act for a significant amount of profit only. In this sense, AV futures
contracts could reduce not only bad effects of price manipulation ex post but also attempts
of price manipulation ex ante. Lastly, the most important result will still hold for index
arbitrage, another major cause of expiration day effects. Like price manipulation at Tj,

unwinding positions in an index arbitrage at T; can change the stock index drastically, but

F,r, will change only % times as much.

3. Features of AV Futures as Financial Instruments

7 I make similar assumptions. For instance, if M spends a - v(a) attime Tj — At, he can pushup S7,
by a given a and Sy, _a;, where v(a) =d-a(d > 0).
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In this section, we explore important features of AV futures as financial instruments.
Investors with long or short positions in a futures contract do not usually hold them to
expiry; rather, they often unwind them at a future time prior to its maturity. But the
market price of an AV futures contract at a future time is a stochastic process and cannot
be predicted perfectly. This is why the expected value and the variance of an AV futures
contract’s possible price at a future time might matter to investors. Besides, they might
be more interested in future profits than in future prices. In this section, I solve for the
mean and the variance of an AV futures contract’s possible price or profit at a future time.
First, I find that the variance of either the price or the profit is decreasing in n, the number
of reference dates of the AV futures. Second, expected future prices or profits of AV
futures are also decreasing in n. Third, the current price of an AV futures contract
decreases with n until its earliest reference date. To explore all these features of AV

futures, I review the log-normal distribution first.

3.1. Log-normal Distribution

As in the Black-Scholes option pricing model, [ assume that S; follows an Ito process:
dS=pu-S-dt+o-S-dB, (D
where p and ¢ are the mean and the standard deviation of the continuously compounded
returns of S;, and B is a Wiener process or a standard Brownian motion. [assume that p

and r are constants, where 0 <r <u. The current time is 0, and the stochastic process of

the natural logarithm of S; follows (2) by Ito’s Lemma:

12



d[ins) = (p—5 o) dt + o - dB. 2)

(2) implies (3).

d[In(S)] = In(Sesqr) — In(Se) ~ N ((u — 10?)dt, o - dt), vt. (3)

Then,
[In(Sge) — In(So)] + [In(Szq¢) — M(Sge)] + -+ + [IN(Se_ge) — IN(Se—24r)]

+[In(Sy) — In(Se—ge)]

= In(S,) — In(Sy) ~N ((u —10%)t, o?- t).8 (4)

Sy, and [n(S,) are known constants att =0, so (4-1) and (4-2) hold.

In(Sy) ~N(In(Sp) + (u—20?)t, 0% - ¢). (4-1)

In(Sy) = In(Sy) + (1 — 20%)t + o (B, — By). (4-2)
Meanwhile, a lognormal random variable X with mean m and variance v2 has the following

moments.

2

In(X) ~N(m,v?) - E[X]= e™ 7and Var[X] = e2™*+* (e¥* — 1). (5)
By (4-1) and (5), the expected value and the variance of S; as of time zero are as follows.
E[S;] = Sy-e*T,and Var[S;] = (S)? - ez"'T(e‘fz'T —1),vT > 0. (6)

Also, the covariance between any two future prices is as follows.

Lemma 1 (Covariance between two futures prices at Tx and Twm):

Cov[Sr,, St | = (Sp)2erTm*Ti)(eo* MinlTm Tkl — 1), v T,,,, T}, > 0.

8 This result is due to the fact that dB is i.i.d. N(0, dt).
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As a corollary of (6) and Lemma 1, I have some methods to compare variances or

covariances.

Corollary 1 (Comparison of variances and covariances):
Var[Sr, ] <Var[Sg, ] if Ty <Tp, and
T + T < T, + T, and Min[Ty,, Ty] < Min|T,,T,]

Cov|Sr,,Sr,] < Cov sy, Sq, |if or .
T + Ty < Ty + T, and Min[Ty,, Ty] < Min|T,,T,]

Corollary 1 will be used to compare the variances of the prices of AV futures with different

numbers of reference dates. Although Corollary 1 does not list all possible cases where

Cov[STm, Srk] < Cov [STp' STq], it is sufficient for the proofs in this paper.

3.2. Volatility of AV Futures

Here I calculate and compare variances of AV futures contracts’ possible prices at a
future time t. For convenience, first I refer to Var[X] as V[X] and Cov[X, Y] as C,[X,Y],
hereafter. Second, I assume that the market price at time t of an AV futures is equal to its
theoretical value at ¢ in Proposition 1 by the no-arbitrage principle. Hence Fy:ry = Fx¢.
Third, plain vanilla futures contracts are a special case of AV futures contracts with n = 1,

so I specify X of Fx in terms of “n” only. Thatis, F,. denotes the market price at t of an

AV futures, for which the final settlement price is 1. Z?zl(ST.). Fourth, the variance of a
n 1A

14



stock price at a future time or the covariance between stock prices at two different times is
always calculated as of now or time 0 unless stated otherwise. Thatis, V[S;|I;] = V[S:],
V[Fuellol = V[Fn], and C,[Sr,,Sr o] = C,[Sr,,,Sr, ] where Ty, T, > Oand I, = the
information set available at time O.

Next, for Proposition 2, I need Lemma 2, the proof of which is provided in the Appendix.

Lemma 2 (Variance of (the average of) a series of random variables):

n

1
Let Fn = E

Z ai] , where a; and a; have covariance Cyla;, aj], Vi,j < n.
i=1

Then,

V[Fn] - V[Fn—l]

n—-1n-1 n—-1n-1
1
= n2(n — 1)2 Z[Cv[an: ay] — Cyla;, aj]] +2(n—-1) Z Z[Cu[an, a;] — Cyla, Clj]] .
j=1i= j=1i=1

Using Lemma 2, | obtain Proposition 2. The proposition compares variances of two AV
futures contracts with different reference dates at a future time ¢, and its proof is provided

in the Appendix.

Proposition 2 (Variances of time-t prices of AV futures):

The variance of the price of an AV futures contract with more reference dates at any future

time t is smaller than that with fewer reference dates given Ty, < t < T}

V[Fn,t] - V[Fn—l,t]

15



n2(n — 1)2
n-1n-1 n-1n-1

x [Colan an] = Colasaj]] + 200 = 1) )" Y [Clan ] - Colana]]| <0,
Jj=11=1 j=1i=1

(C,[St, Silem(TitTi=20), i,j <k
{l Cy|SeSr,|er ™0, i<kjzk+1
| ,Sele™ Y, izk+1,j<k
Lc, [sTi,sTj], ij=k+1)

Meanwhile, investors in AV futures might be interested in not only the volatility of prices
but also that of profits. Determining the variance of trading profits, however, cannot be
done with complete accuracy as of today since there are uncertainties in cash flows to
investors’ margin accounts while they hold futures positions(from today to liquidation
time). Specifically, the profit from trading a futures contract is a function of not only the
change in its price but also (the opportunity costs of) its initial margin and future daily
cash flows from marking-to-market, which is unknown today. Therefore, in order to
compare profits of trading two different AV futures, one assumption is needed: we ignore
(uncertain) future daily cash flows in investors’ margin accounts and focus on two prices:
the current one and the one at a future liquidation time. That is, I compare the variance
of F,¢— Fyo with that of F,,_;; — F,_1. This could be at least partly justified if daily
cash flows to an investor’s margin account, including initial margins, are small relative to
Fot Fao1t Fno.and F,,_1 . More importantly, these daily cash flows themselves are not a
relevant factor in comparing profits from trading different AV futures because they will all

be eventually recovered when positions in AV futures are liquidated(except for the case of

16



a margin call).? The relevant cash flows in comparing profits from two AV futures are the
incremental cash flows, which are investors’ opportunity costs (benefits) of those daily cash
flows, i.e., the interest expenses (revenues) from the cash flows. These opportunity costs
are much smaller than F, ., F,_1, Fp0,0r F_10, and almost negligible.10 In this sense,
comparing two profits from trading two different AV futures without taking into account
(opportunity costs of) daily cash flows might not be very problematic.

Next, the volatility of the profit from trading an AV futures contract is the same for a long
or a short position since Var[F,: — F,o] = Var[F,, — F,:] = Var[F, ], where F,, is
known as of today. Thus assuming either a long or a short position would not matter.

Hence, Corollary 2 is presented here as a corollary of Proposition 2:

Corollary 2 (Variance of profit at a future time t):

V[Fn,t - Fn,O] - V[Fn—l,t - Fn—l,O] = V[Fn,t] - V[Fn—l,t] <0,

where2 <nand0 <t <T;.

3.3. Expected Prices of AV Futures

Here I first compute and compare current or projected future prices of the futures of

9 Suppose that an investor takes a long position in an AV futures with n reference dates and that the

1
260’
the cumulative cash flows to her margin account up to t would be (Fn,(g - Fn,O) + (Fn,za — Fn,(;) + -+
(Fom-1s — Fam-26) + (Fams — Fam-1s) = Fams — Fno = Fnt — Fno, Which is the trading profit in
our discussion. The initial margin would be similarly recovered at ¢, too.
10 For instance, the three-month LIBOR is 0.0023 per annum as of July 1, 2014. Note that 0.0023 per
annum of daily cash flows is “much much” smaller than F, . since daily cash flows to margin accounts

are already much smaller than F, ;.

future liquidation time t is m (trading) days from now. If & denotes the length of one day or 6 =

17



different reference dates as in Proposition 3. Later I work on expected prices or profits of
the futures. As before, the expected value of S; or F,. is calculated as of time 0 unless
stated otherwise. That is, E[S:|I,] = E[S:] and E[Fn‘t|10] = E[Fn,t], where 0<t,
and I, is the information set available at time 0.

In particular, i) of Proposition 3 means that, of the two AV futures being compared, an
AV futures contract with fewer reference dates is more expensive than the other at any
time prior to T,, the earliest reference date of the two futures. Accordingly, any AV
futures with n reference dates costs less than its corresponding plain vanilla futures prior
to T,, where n > 1. This can be a meaningful feature of AV futures since investors are
more likely to take an initial position in an AV futures before T,, for an effective hedge
than after T,. For convenience, this paper is based on the assumption that an investor

takes an initial position at time 0 unless specified otherwise.

Proposition 3 (Time-t prices of AV futures with different reference dates):

An AV futures contract with more reference dates is cheaper than one with fewer reference

dates prior to the earliest reference date (case i).

18



Fn,t - Fn—l,t

( . Ster(Tn—t) n-1 )

——— Y (1-e"T™W) <0, here0 < t <T,
i) Y ;( e ) where n

1

n—
1 S 1 z
”)n Tn n—1 ¢

=1

(Ster(Ti_t))), whereT, < t < Tp_;

Y

=/ 1 1 n-1 k
iii) - Sr, — — 1( Sr, + Z(Ster(Ti_t))> ,WhereT,_; <t <T,
i=k+1 i=1

or Ty 1 < t<Trand1<k<n-2
n

[ 15 ! iS heret =T
lv)n Tn T T | wheret =T,

i=1

\ y,

Next, expected prices of AV futures can be shown as in Proposition 4. I find that AV

futures contracts’ expected prices always decrease with n.

Proposition 4 (Expected price at time ¢ of an AV futures):

The expected price at any future time t of an AV futures contract with more reference dates

is lower than that with fewer reference dates.
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E[Fn,t] - E[Fn—l,t]

Lastly, let me define the profit from trading an AV futures contract with n reference dates
as F, — F,o, assuming a long position. Its expected value is E[F,.|Iy] — F,o. Then

Proposition 5 holds, the proof for which is provided in the Appendix.

Proposition 5 (Expected profits in AV futures trading):
[E[Fn‘t] - Fn,O] - [E[Fn—l,t] - Fn—l,O] <0, where 2 < n.

4. Conclusion

Most plain vanilla futures, whose settlement prices are set for a specific time or day,
are subject to expiration day effects, and will therefore fail to meet various hedging needs

of many investors. AV futures, on the other hand, are much less risky in this regard.

Compared with arithmetic or geometric average options, AV futures are also easy to

20

(S, - ekt nt
i) =D Z(l — ™M= < 0, where 0 < t < T,
: Soe“ " u(t=Tp)+r(T;—t)

i) n(n—l) Z(l—e n i )<0 whereT, < t <T,_4

=) Soe“T
iil) Z (1 — erTimT) +Z(1 — et (Ti=0) [ < 0, whereT,_; <t <T,

i=k+1

0rTp1 S t<Tprand1<k<n-2

S eAu n
0 Z(l etTi=T) < 0, wheret =T,

n(n -1

\
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understand, price, and use, and they can be designed to meet the flexible needs of investors.
In this paper, I create and price arithmetic average futures as a complement to existing
futures, show how these contracts will reduce the risk of price manipulation, explore their
features as investment choices, and discuss their market implications. 1 find that the
mean and the variance of an arithmetic average futures’ price or profit at a future time are
lower than those of its corresponding existing futures and that, in particular, its price or
profit volatility is decreasing in the number of reference dates. 1 also believe that the
pricing formulas can shed some light on the pricing of currently available futures such as
CAC40 futures, Ibex35 futures, HIS futures, and MSCI TW futures, each of which is a kind of
arithmetic average futures contract.

To my knowledge, this paper is the first attempt to price arithmetic average futures
contracts, and I hope that further academic and practical research on this subject will
continue until a range of these futures are actively traded in over-the-counter or exchange-

traded markets.
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Appendix
Proof of Proposition 1 (no arbitrage price)
The current time is t, where Ty, <t <Trand1 <k <n-—1. Suppose the current

market price of an AV futures contract with n reference dates, F,;, is lower than in
Proposition 1 by d(>0). Thatis F,, = %(ZlﬁkﬂSTi +Y5 .S, -e"TimD) —d. In order

to take advantage of this opportunity, an arbitrager can take a long position in the futures,

whose settlement payoff at T; will be (assuming 1 as the contract size of F, ;)

1/x 1{ < k
Fur = P = E(Z STi) - <Z< Z St + z St er(n—o) — d)
i=1

i=1 i=k+1

1(x 1%

=— Es. — —Es-rm-” d.

n( T1> (n.lte +
l:

i=1

To lock in the arbitrage profit, d, he should trade the underlying shares at time t such that

his payoff at T; from the shares will be —%(ZleSTi) + (% k.S eT(Ti‘t)) = (let) A+ B.
For this purpose, he should sell short %(Zilee_r(Tl_Ti)) shares at time t, invest the
proceeds, %(Z{-‘zl e‘r(Tl‘Ti))St, in a risk-free asset and hold it until T;. This risk-free
investment will generate %(Zﬁ‘zle‘r(Tl‘Ti))St et = %(Zﬁ‘zl e"Ti=D)s, = B dollars at
T; and a short position in %(Zﬁ‘zl e‘T(Tl‘Ti)) shares after time t. Next, to eliminate this
short position by T; and create A at T;, he borrows %STi-e‘r(Tl‘Ti) dollars at each
T;(1<i<k), immediately buys % e "(M1~T) shares, and delivers them to the

—T(Tl—

counterparty of his short position in the ~e T) shares. This series of transactions
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at each T; (= borrowing, buying and delivering, 1 < i < k) will collectively eliminate his

short position in %(Zilee—r(ﬂ—ﬂ)) shares completely, and make him liable for the total
debt of %[Z{-‘zl(STi e TTD) r(i=To] = %(Z{-‘zlSTi) dollars at T;. That is, his payoff

at T; from this series of transactions at each T; will be collectively —%(Z{-‘zlSTi) = A.
This completes the proof.
Meanwhile, if F,, = %(Z{Lkﬂsn + Y, S, -e" D) + d,where d > 0, an arbitrager

can take advantage of this arbitrage opportunity by taking a short position in one AV

futures contractatt. His short position in the futures will lead to the cash flow at T; of

n n k
—Fur, +F, =—E<ZS >+ <l<z S +ZS -er<Ti‘f)>+d>
n,Ty n,t n T; n T; t
i=1 (=1

i=k+1 i=

1 “ 1 “
= __<Z ST) + <_Z St " er(Ti_t)> + d
n t n —

i=1

To lock in the arbitrage profit, d, he should also trade the underlying shares at t such that

his payoff at T; from the shares will be %(Z'leSTi) — (— kLS eT(Ti‘t)) = (let) A+ B.

1

n
For thi Ivk . o~ T(T1=T)) Ik -r(T1-T)
or this, he should borrow - =15t e ) dollars and buy n2i=1e i
shares at time t. As a result, he should pay back (iZﬁ‘:lSt-e‘r(Tl‘Ti)) erTi=t) =

(% i-‘zlSt . er(Ti‘t)) dollars at T;, which will create B successfully. Meanwhile, he has

(% i-‘zle‘r(Tl‘Ti)) shares at t. At each time T;(1 <i < k), he sells %e‘T(Tl‘Ti) shares

1 . . : : : .
for ;e‘r(Tl‘Tl) - S7, dollars and invests the proceeds in a risk-free asset and hold it until

T;. These transactions enable him to consume all the shares he has and receive
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%[Zﬁ;l(e‘rm‘m - Sr,)e" T = —(Z _,Sr,) dollars at Ty, which is A. Therefore, his

ultimate total cash flow at T; from these transactions of shares

A+B=- (Z _1S7,) — (— kLS eT(Ti_t)) dollars. This completes the proof.m

Proof of Lemma 2

1 n 1 n n
== zai‘. Then V[E,] = — ZZC” [a;, a;]]. Therefore,
i=1

j=1i=1

1 n n 1 n-1n-1
Y Z Z Cylay, as]| — (n—1)2 Z Cylas, aj]
]:1 i=1 j=1 i=
n n n-1n-1
= | D2 ) Geleva) —n? ol ]
j=1i=1 j=1i=1
= (let) T =12 [A].
Now,
n n n-1n-1
A=(n- 1)2226,,[al, a;j] —n? Cpla;, aj]
j=1i=1 j=11i=1
n n n-1n-1
= (n?-2n+1) z Z Cyla;, a;] —n® Cpla;, aj]
j=1i=1 j=1i=1
n n-1n-1 n n
= (n?) z Z Cyla;, a;] — Cylag, a5][+ (1 —2n) Z Z Cylai, aj]
j=1i=1 j=11i=1 j=1i=1
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1n-— n
Z [a;, a;] z Cylan, a;] + Z Cyla;, an] — Cyla,, an]
i=1

j=1 i=1
n-1n-1

Cyla;, aj] +(1—2n)ZZC [a;, a;]

=1 i=1 j=1i=

%) zn: Colan, aj] + zn: Colai, an] — Cylan, ay]| + (1 — 2n) zn: Zn: Cylay, aj]

j=1 i=1 j=1i=1

n n n
2n? z [an, aj] —n* - Cylan, an] + (1 — 2n)22 Cplai, a;]
=1

j=11i=1
n
since Z Cylan, aj] =

n
j=1 i=1

= (n?)

||M=

~.

CU al’ an

=2n?|C an,an]+ZC [an, a;][ —n*-C [an,an]+(1—2n)ZZC [ai, aj]

j=1i=
n—-1
=12 Cylan @] + 207 - ) Cylan, ]
j=1
n n-1 n—-1
+(1 —2n) Z Cyla;, aj] + z Cylan, aj] + Cylay, ay]
j=1i=1 j=1
n—-1 n n-1
= (n?+1-2n)Cyla,, a,] + (2n* + 1 —2n) Z Cylan, aj] + (1 —2n) 2 Cyla;, aj]
j=1 j=11i=1
n-1

=(m-1)?%-Cylan a,] + (2n* +1—2n) Z Cylan, aj]

j=1
+(1 - 2n) nz:

n-—1
au a] Z Cv [ai' an]

i=1

ﬂMz
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n-—1

=(n—-1)?%-Cylan a,] + (2n* + 1 —2n) z Cylan, aj]

j=1
n—
+(1 —2n) Z
n-1

=m-12% Clay,a,]+(2n*+1-2n+1-2n C,lan, a;
j

n—-1
vlai, aj] + z Cylan, aj]

=1

£M3

~

j=1
n-1n-1
+(1—2n)ZZC [a;, a;]
j=1i=
n-1n-1
=(n—1)>? C[an,an]+2(n—1)ZZC [an, a;] — (Zn—l)zzc [a;, aj]
j=1i=
n-1n-1 n-1n- n-1n-1
= Cylan, a,] +2(n—1) ZZ [an, a;] —(Zn—l)ZZC [a;, a;]
j=1i=1 j=1i=1 j=1i=

(" Cylan, ay] is a constant with respect to i or j,and sois C,[a,, a;] with respectto i)

n—-1n-1 n-1n-1 n—-1n-1
= Cylan, an] +2(n—1) Cylan, a;] — [2(n— 1) + 1] ZZC,, [a;, a;]
j=11=1 j=1i=1 j=11i=1

7
[uy
S
|
[uN
S

-1n-1

S

= [C,lan, an] — Cylay, a;] 1]+2(n—1) [C,[an, a;] — Cyla;, a]-]] :
j=11i=1 j=1i=1
Hence,
1
VIE] = VIFae] = o5z A
1 n-in-1 n-1n-1
Y (n—1)2 X [C [an, an] — Cyla, a] +2(n-1) Z Z [C [an, a;] — Cylay, a]]]
]=1 =1 ] 1i=
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Proof of Proposition2
(D Suppose thatk+2 <n. Given Ty, <t < T}, thisimplies T,,_; <t <T,. And

- l[ > s+ ZS e"(Tin f>] = (let) - [2 al],

i=k+1

Se™ M 1<i<k
Sr, k+1<i<n

V[Fn] = % Zn:znzcv[ai: a;]

where a; = { } by Proposition 1. Then,

~

=1
[ ColSeS1e™ T Tim20, i <k )
{l c, [st,sTj "M i<kj>k+1 |}
|k |

where Cyla;, aj] =

Also, by Lemma 2,

VIFpel = VIFr-1:]

-1

S
S

-1 n-1n-1
1

m [CV[an' a,] — Cyla;, a] +2(n—1) z Z[C [an, a] - Cyla;, a]]] .

j=11i j=1i=

Th
[y

Then, given T, < Tj_1 <+ < Tyy1 <t < Ty < <T, <T; and by Corollary 1,

Cv [an: an] - Cv [aiJ aj]

(C,[Sr,.S7,] = CylSe, Sc]e(Ti+Ti=20), i,j <k)
C,[Sr,.5r.] = C, [St, ST].] T i<kk+1<j<n-—1
) oSt S1,] = Co[SrpSe]e™ ™™, k+1<isn-1,j<k <0
L Co[Sr,Sr. ] — C,,[STi,STj], k+1<ij<n—1)
Similarly,

Cv [an; aj] - Cv [aiJ aj]
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(C,[Sz,,Sc]e™ ™) — ¢, [S,, S,]e"(T+Ti=20), i,j <k)
C,|S1,.51)] — Gy [SeSp,]er ™0, iskk+1<j<n-1

=) ColSt,, Se]e™ ™) — ¢, [Sp, S ]e" Y, k+1<i<n—1,j<k <0
v [Sr, 57, ~ C,[Srp51,], k+1<ij<n—1|

Therefore, V[F,¢] = V[F,-1:t] < Owheren = k + 2.

@ If n=k+ 1, whichimplies T, < t < T,,_; given Tj4; < t < T},

k
1
Fn,t k +1 STk+1 + ZS er(Tl —-t) and Fn 1t [Z SteT(Ti—C) ] Then,
i=1
k+1k+1
V[Fnt = (k+1)2 ZZC al,a] ,
j=11i=
CylS, S]em(TiHTim20), ij <k
Cy[SeSr, ] T, i<kj=k+1
where Cy,[a;, aj] = . .
CU[ST]H_ltSt]eT( j_t); l = k + 1,] S k
Cy [STk+1‘STk+1]' Lj=k+1
Also,
1 k Kk ) k Kk
V[Fn—l t] = %z ZZ Cylai, a;]| = oz Zz C,[S. S ]eT(Tl+T]—2t)
j=1i=1 j=11i=1

Then, by Lemma 2,

V[Fn,t] - V[Fn—l,t]

k K kK k
(k+1)2 k? 22 vl@iss, Gl = Colas ] kZZ[Cv[ak+1;aj] ~ Cylay, a/1]|-

j=1i=1 j=1i=1

Then, given Ty, <t < Ty <:- <T, <T; and by Corollary 1,
Col@rs1 A1) = Cola &1 = Co[Sry, s Srns] = ColSeSele™T¥Ti728) < 0, where i,j < k.

Also,
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Colares 4] = Colas, @] = Cy[Sr, ., Sc]e™ M7 = C,[S,, 5,1e"(T*Ti728) < 0, where ,j < k.
Therefore, V[F, (] — V[F,-1:t] < 0,wheren =k + 1.

@ Suppose that n < k, which implies t<T, given Ty <t<T,.

Then, by Proposition 1,

1w v
e S T‘(Ti—t) — _ .
- E e (let)n E a;
i=1 =1

And,

n n
1
V[Fnt Y] ZZC” [a;, a;]|, whereCy[a;, a;] = C,,[St,St]er(Ti”f‘Zt),

i=1j=1
Also, by Lemma 2,

VIFpel = VIFr-1:]

—-1n-1 n—-1n-1

S
S

1
m [Cv[an' a,] — Cyla;, a] +2(n—1) z Z[C [an, a] - Cyla;, a]]] .

j=11i j=1i=

Th
g

Given T, < Tj_q <+ <Tyy1 <t <T, <--<T, <T; and by Corollary 1,
Colan, an] = Cylay, a]
= C,[S,, S;]em ™20 — ¢ [S,,S,]e"Ti*Ti~2t) < 0 where 1< i,j <n—1<k— 1.
Similarly,
Cylan, a;] = Cylay, aj]
= C,[S,, S,]e"™¥Ti=2t) _ ¢ [s,, S, ]e"(T+Ti72t) < 0, where 1 <i,j<n—1<k—1.
Therefore,
V[Fnt] = V[Fp-1¢] < 0,wheren < k.

@ Suppose t =T,. Then
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n n—1
Foe = - [Z STi] and Fp,_,, = n—[ ST,-] by Proposition 1. Then,

Also, by Lemma 2,

V[Fn,t] - V[Fn—l,t]

1 n-ln-l n-1n-1
ey (n—1)? [Cu[an, an] — Cylay, a] +2(n—-1) Z Z[C [an, aj] — Cyla;, a]]] )
j=1i=1 =1 i=

Then, given T, < T,,_4 < -+ < T, <T;j and by Corollary 1,

Colan an] = Cola, ] =Cy[St,,Sr,] = Co[SrpSr,| <Ovij<n-1.
Similarly,

Cyolan aj] — Cylag, aj] = [sTn STJ] -, [sTi,sTj] <0Vvi<n-—1.

Therefore, V[F, ] —V[F,-1:] < O wheret = T;.

And this completes the proof. [

Proof of Proposition 3

N0O<t<Ty

n-1
Z S er(TL t) — % (St . eT'(Tn—t) + Z St . er(Ti_t)>. Thus,

i=1

1 n—-1 L n-1
Fot —Fpo1e = E . <St el (Tn=t) 4 Z S, - er(Ti_t)> — — . Z S, - e’ (Ti—t)
i=1 i=1
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T
=

. o7 (Tp—t)
— Ste—+<1_ 1 ) St_eT(Ti—t)
n n n—1/ s
i=1
o7 (Tn=0) -1
= St € — 1 . z St R eT(Ti—t)
n nn—1) «
=1
-1
_ (n—1)-S;- et 1 Z S, - er(Ti=t)
B nn—1) n(n—1) L t*€
i=

1 n-—1 1 n-—1
=~ Ng . rmn _ —.ZS e Ti=D)
nn—1) Z t'€ nn—1) - £ €
L= 1=

(since S, - e™ ™Y s q constant with respect to i)

n-—1

= . 1—e™Ti"T)) < 0, wheret < T, <T;,Vi<n-—1.
Y — ;( e ) where n LVis<n

Ster(Tn—t)

i) T, < t < Tpy:

1 n-1 1 n—-1
Fpt—Fopo1e = E(STn + Z St er(Ti_t)> b Z S, - e"Timt)
i=1 i=1
1 n—
— S Z T(Ti—t)
n( Tt n -1

i=1

1

n-1
=—<STn - — Z(S e (T t))) whereT; —t > 0,Vi <n—1.

n

The sign of F, — F;,_;can be anything, depending on the realized values of Sy and S;.

i) Ty < t<T(1<k<n-—2):

n n-1
1
Fpp—Fpqe = 5( Z Sr, +ZS er T 0) — ( Z Sr, +ZS e t))
i=k+1 i=k+1
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Il
S|
+
ANl
sp
M
%)
®
=2
ﬁ
H
\_v/
:
| |~
—_
/\
M
:]n
M
g
®
A
:1
Pr
~

i=k+1 i=k+1
n-1 k
— 1— Z Z S r(T;—t)
n St ( (n— 1)) St + ¢
i=k+1 i=1
1 1
=—|S ZS ZS r@=o ) |,
n\ " (n -1 ( it ¢
i=k+1
The sign of F, — F,,_;can be anything, depending on the realized values of Sr, s and S,

where k+1<i<n.

IV) t = Tl:
n n—-1
1 1
Foe = Fao1t ::;Z':E:'STi__11__ 1 :E:'STL
i=1 i=1

Again, the sign of this can be anything, depending on the realized values of S, s, where

1 < i < n, and this completes the proof. [

Proof of Proposition 4

DO t<Ty:
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E[Fn,t] - E[Fn—l,t] = E[Fn,t - Fn—l,t]

n-—1

Ster(Tn—t) ot
= F|——- 1—=e"™Hi=In P "
n(n—1) El( e )| (by Proposition 3)
=

T Tn=t) [

i=1

So - e t+7(Th—t) -1
= : Z(l —e™@i=™) | <0, whereT,<T;, Vi<n-—1.

nn—1)

=

)Ty < t <Tp_q:

n-1
1 1
E[Fn,t] - E[Fn—l,t] =F H(STn - — . Z(Ster(Ti—t)))] (by Proposition N
i=1
o , 1 -
= —_ . _ L T(Ti_t)
E n<n_ o (= DSp, — —— Z(Ste ))]
| 2
_1 1 n—1 . -
= —_ . L T(Ti_t)
E n(n—l O Z(Ste )>]
L i=1 e
o , -
=F —( . Z(ST” — SteT(Ti_t))>]
1 n-1
- m B Z(STn - SteT(Ti—t))]
i=1
1 n-l
Ta(m-1) Z E(STn - Ster(Ti—t))
n(n—1) &
1 n-l
=noio D 2IEGH) —E(se™™ )]
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7
=

1
= S.etTn — § wt+r(T;—t)
n(n—1) [Soe 0€ ]
=1
1 n—1
=—" S el Tn(] — git=Tp)+7(T;i=t)
n(n—1) [Soe#™(1 ~e )
=1
—Soe”'Tn u(t=Tp)+r(T;—t)
:n(n_l)Z(l_e n i )<O,Wh€T€T <t<Tn1<Tn—2<"'<T1.

(i) Ty <t < Ty
In other words, the range of t is T,;1 <t < Ty,wherel <k <n-— 2.

E[Fn,t] - E[Fn—l,t]

1 1 (= N
=E - St, mb— Z St, +ZS e™ (im0 (by Proposition 3)

i=k+1

1
=E_ T(Tlt)
i Yo Y sy ser)

i=k+1

Il
t
S|
S
| |~
—
9
S
|
A
o
|
M=
92
(4
%
=
|
NS
N——

i=1 i=k+1 i=1
1 n—1 n-1 k
— S. — Z S — ZS’ r(T;—t)
nn—1) Z no Ti ¢
i=1 i=k+1 i=1
1 n—1 n-1 k
= E[S —ZES.—ZES =t
T | 2 Elsn) [Sr,] = ) E[S:e™70)]
i=1 i=k+1 i=1
1 wT, wT wt+r(T;—t)
BETCEE)) 250"’ " 2 Soe “Z“
i=k+1
. _
- SoeHTn_i_ZS eHTn Z SoeHTL_ZS eﬂt"'r(TL t)
n(n — 1)
i=k+1 i=k+1
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z; z S e#Tn_ z S eﬂTl+ZS e#Tn_ZS e[tt+T(Tl t)
nn—1)

Li=k+1 i=k+1
1 r n—1
- WTn (1 — @H(Ti=Ty) z WTn (] — @H(E=T)+7(T=D)
e z SeetT™(1—e )+ ) SpetTn(1—e )
Li=k+1
1
_ S ehTn Z 1 — oKT~Ty) Z 1 — eRE=T)+r(T=D)
n(n—1) [ 0€ ( (1-e )+ (1-e )
i=k+1
SOeMTn
- Z (1 — erTi=T) +Z(1 — k=T T-n)| < o,
n(n—1) k+1
i=

where T, <t, T, <T;,Vi<n—1,andt <T;, Vi < k.

lV) t= Tl:

n-—1
1 1
—| Sp. — . Sr. by P ition 3
n( Tn =T Tl)] (by Proposition 3)

1 <
i=1
n-1 n—1
=F 1 1 ZS 1 S
B n\n—1 ¢« T n—-1 Ti
i=1 i=1
1 1 n-1 1 n—1
= E|- Z S+ —S+. = E z S S
n(n— 1 (57, T‘)>] n(n—1) [ (5m, Tl)]
i=1 i=1
n—-1 n—-1
— LZ(E[S ]—E[S ]) — #Z(s et Tn_g eu.Ti)
nn—1) « Tn Ti nn—-—1) « 0 0
i=1 i=1
Soeﬂ n

TGRS Z(l“"’” W) <0,  whereT, <T;,Vi<n-—1.

This completes the proof of Proposition 4.

Proof of Proposition 5
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Suppose Tyy1 < t < Tp,wherel <k <n-—2. Thismeans k+2<nand T,_; <t<Tj,

and this case belongs to case iii) of Proposition4. Then

[E[Fn,t] - Fn,O] - [E[Fn—l,t] - Fn—l,O] = E[Fn,t] - E[Fn—l t [FnO Foyq 0]

_ 5(09” :)( Z (1 — erTiT) +Z(1_eu(t To)+7 (T~ t)))
nwn—

i=k+1
n-1
SOer.Tn T:—T. " . s

“wesD (1 — e"Ti=T)) (by iii) of Proposition 4 and i) of Proposition 3)
=1

Soeli n

= 1— u(Ti—Ty) Z 1— u(t=Tp)+r(T;—t)

Mn-ﬂ@f ) + ) (1- )

1=

1 n—1
+—-z S Ti — Spe™Tn
r Dy 2,0 5™
1=

Soeﬂ'TTL

ECEDR

< Z (1 — eH(Ti- Tn)) +Z(1 — oH(t=Tp)+r(T;- t)) + Z(e WTn+rTi _ g=pTptr Tn))

i=k+1

k
+ 2(1 — eht=TR)+r(Ti=t) 4 =T+ T; _ e—y-Tn+r-Tn)>
i=1

—(let) MTn[ZA+Z il

i=k+1

WheT'e Al = 1 —_ e‘u(TL_TTl) _l_ e_ﬂ'Tn+T'Ti _ e—u-Tn+r.Tn

and B; = 1— ehA=T)+71(Ti=t) 4 o= Tn+rTi _ o= Tn+r Ty
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[ will show [E[Fn,t] — Fn'o] — [E[Fn—l,t] — Fn—l,O] < 0 by demonstrating that A4; <
Oand B; < 0,Vi. To prove A; <0, let us say u=r+a,and T; = T, + B;, where 0 <

aand 0 < f;givenk+1<i<n-—1 Then,

Ai =1-— e(r+a)[>’i + e—(r+a)Tn+r(Tn+Bi) _ e—(r+a)Tn+r-Tn

= 1—er+®Bi 4 o—aTnt+rBi _ p—aTy

= e"Pi(—e®Pi+ e70Tn) — g=@Tn 4 1

<eTPi(—ePi4 e ®Tn) — e=@Tn 4 e@hi = (e"Fi — 1)(—ePi+ e7*Tr) < 0,
since e™Fi > 1, (—e“'ﬁi) < (-1), and e *™ < 1.

Next, [ prove B; < 0,where1 <i < k. Letussay

T,—T,=(T;—t)+ (t —T,) = Bir1 + Pir = Pi,whereT; —t = f;; > 0,Vi < k,and
t —T, =iz >0. Then

Bi =1- eu(t—Tn)+r(Ti—t) + e—ﬂ-Tn+r-Ti _ e—/,t-Tn+r-Tn

= 1 — er+®Bip+1mBir 4 o=(r+a) Tn+7(Tn+By) _ o=(r+a)Tn+rTy

— 1 — BT Bi 4 g=aTu+TBi _ g—aTn

= (1 - e®PatTBi) 4 e=aTu(grBi — 1)

< (1 — e“'ﬁiz"'r'ﬁi) + e—a'Tn(eT'ﬁi+a'ﬁiz — 1) = (1 — ea'ﬁiz+r‘ﬂi)(1 —e @) < 0,
where «a, 2,7, Bi,and T, > 0.

Next, suppose T, < t <T,_;, which belongs to case ii) of Proposition 4. Then

[E[Fn,t] - Fn,O] - [E[Fn—l,t] - Fn—l,O] = E[Fn,t] - E[Fn—l,t] - [Fn,O - Fn—l,O]

SoeHT‘n

i Z(l — M=) _ 1) Z(l — =)

(by ii) of Proposition 4 and i) of Proposition 3)
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SpetTn
I Z(l — eHTTTiD) 4 1) Z(soe = e’ ™)
S wTn s S wTn
= L . Z(l _ eu(t—Tn)+r(Tl-—t)) 0€ Z(e‘“ Ty4rT; _ —M'Tn+T'Tn)
nn—1) - n(n -1)
pr, Nl
— ‘ioe ) . Z(l — eH(E=Tp)+r(T;—t) + e HTn+rTi _ e—u-Tn+r-Tn)
nn—1) d«
eh'T
= (let) ——— ( 1) ZB“ whereB; = 1 — gHA=T)+T(Ti=t) 4 o=HTn+7Ti _ o=WTn+T Ty

[ will show [E[Fn,t] — Fn,O] — [E[Fn—l,t] — Fn—l,O] < 0 by showing that B; < 0, Vi.
Again, y=r+aTi—t=0;1>0,t—-T,=0i2>0

andT; —T,=T;—t)+({t—T,) =Pi1r + b= P; >0givenl1 <i <n-—1. Then,
Bi =1- eu(t—Tn)+r(Ti—t) + e HTntr Ty _ og=Tn+r Ty

=1- e(r+a),6’i2+r-ﬁi1 + e—(r+a)-Tn+r-(Tn+ﬁi) _ e—(r+a)-Tn+r-Tn

= 1 — e®Bi+TBi 4 o=@ Tn+TBi _ g=aTy

= (1 —e%Putmhi) 4 e=@Tn(emhi — 1)

< (1—e®Pietrbi) 4 emaTn(erhit@bia — 1) = (1 — e¥PutThi)(1 — %) < 0,
where a, f;,,7, 5;,and T,, > 0.

Next suppose 0 < t < T,, which belongs to case i) of Proposition 4. Then

[E[Foe] = Fno] = [E[Fn-1,t] = Fa-1,0] = E[Fnt]l = E[Fa-1¢] = [Fro — Fa-10]

n—1

S el t+7(T,-t) Tty T
e’ (Ti—Tn — eTWi—1In
T a(n-1) z(l )= 1) Z(l € )

(by i) of Proposition 4 and i) of Proposition 3)
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n-1

t+7(Tp—t) t+7(Tp—t)
_ Soet™ " Z(l _ et (Ti- Tn)) Soet™ Z(e—ﬂ't+r-t _ e—ﬂ't-l-r't—T(Tn_Ti))

n(n—1) T a(n—-1)
n-1
Soeu-t+r(Tn—t) Z
— . (1 _ eT(Ti—Tn) — e HtHTE 4 e—u-t+r-t—r(Tn—Tl-))
nn—1) £
SpettHT(Tn=0) n-1
= (let) n(n ZA“ WhereA — 1_er(Tl Tn) — e Wttt 4 ompttrit- —r(T, T)

Again, y=r+aand T; =T, + B;,where 0 < aand 0 < f; givenl <i<n-1.

A= 1 =TT 4 orTiT)+tr—p) _ ptir—u)

= 1—e"Bi 4 grBi—ta _ p-ta

= (1—e™hi) — e t@(1—e™Fi)

= (1 - er'ﬁi)(l — e ') < 0,sincel —e™Pi < 0,and 1 — e~ > 0.
Last, suppose t = Ty, which belongs to case iv) of Proposition 4. Then
[E[Fn,t] - Fn,O] - [E[Fn—l,t] - Fn—l,O] = E[Fn,t] - E[Fn—lt [FnO Fnyq 0]

Soeﬂ n

= o=D Z(l — kT 1) Z(l — erTi=T)

(by iv) of Proposition 4 and i) of Proposition 3)

T, n-1 T, n-1
_ Do ) (1 - entrimy - Soet N (et — gty
nn—1) < nn—1) «
i=1 i=1
pr, Mol
— ‘Sg)e 111) ) Z(l — eH(Ti—Tp) 4 o—HTp+rTi _ e—y-Tn+r-Tn)
nn —
i=1
= (let) —( 5 Z B;, where B; = 1 — etTi"Tn) 4 o= #TntTTi _ o=t Tn+7Tn

Again, y=r+aand T; =T, + B;,where 0 < aand 0 < B;given1 <i<n-—1.

39

Then,

Then



B, = 1—etTiT) 4 o= TntTTi _ o=iTn+7Tn
1 — e(r+a)/3i + e—(r+a)-Tn+r-(Tn+/3i) _ e—(r+a)-Tn+r-Tn
= 1 — e®BiATBi 4 o= @TuHTBi _ g=aTy
= (1—e®PitThi) 4 e~ Tn(e™hi — 1)
< (1—e¥Pitmhi) 4 e=¢Tn(erPitabi — 1) = (1 — e¥PitThi) (1 — e7%Tn) < 0,
where a, §;,7,and T,, > 0.
Then, [E[Fn,t] — Fn,O] — [E[Fn—l,t] — Fn—l,O] < 0 for any future time t and for any AV

futures with 2 < n. This concludes the proof. ]
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