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1 Introduction

The implied moment estimators of Bakshi et al. (2003) are in active use to capture the characteristics
of the implied risk-neutral density (RND), especially by recent studies in the areas of asset pricing
and portfolio allocations. Since the implied moments reflect market participants’ expectations of
underlying asset return, the estimators are adopted in order to measure investor sentiment (Han,
2008), improve portfolio selection (DeMiguel et al., 2013), explain the cross-section of expected
asset returns (Conrad et al., 2013).

While the estimators of Bakshi et al. (2003) retain theoretical attractiveness because they do
not rely on any assumptions on the dynamics of underlying price process, the limited availability
of out-of-the-money (OTM) option quotes causes an empirical issue when these estimators are
employed. To estimate the implied moments using the estimators of Bakshi et al. (2003), one

requires OTM option prices for the continuum of strike prices from zero to positive infinity. In



reality, however, option quotes are observable only for a discrete and finite set of strike prices.
Jiang and Tian (2005) point out two issues that are induced by this limited availability of option
quotes. First, since option quotes are available only for a discrete set of strike prices, the integrals of
weighted option prices that are used for the implied moment estimation need to be approximated.
Second, since option quotes are completely unavailable for the extremely low or high strike prices,
the integration of weighted option prices cannot be conducted for the strike price domain from
zero to positive infinity. While the estimation error due to the strike price discreteness can be
mitigated relatively easily by employing interpolation techniques, it is more difficult to deal with
the estimation error due to the complete unavailability of deep-in-the-money (DITM) and deep-out-
of-the-money (DOTM) option quotes. Jiang and Tian (2005) name the second type of estimation
errors “truncation errors” since it looks as if some options quotes have been “truncated”.

So far, two truncation error reduction methods have been suggested by previous literature.
First, Jiang and Tian (2005) propose linear extrapolation (LE), which is conducted by extending the
Black-Scholes implied volatility curve by assuming that the implied volatility is constant beyond the
minimum and maximum strike prices, and then generate option prices whose prices correspond to
the extended curve. Second, Dennis and Mayhew (2002) suggest domain symmetrization (DSym),
which is employed by additionally discarding option prices to make the minimum and maximum
strike prices equidistant from the underlying price. Dennis and Mayhew (2002) argue that DSym
makes the implied skewness estimator less biased since the fair value estimate of the moment-related
contracts, of which the implied moment estimators of Bakshi et al. (2003) are nonlinear functions,
depends on the difference between the weighted average prices of OTM calls and puts.

Since Lee (2015) examines LE in detail and shows that there is a need to further develop the
methodology to address truncation error, we focus on DSym and investigate whether this method
is indeed effective, as well as whether it can be improved. We start from the question of whether
DSym remains effective even when the implied RND is asymmetric. Dennis and Mayhew (2002)
show that DSym can reduce the truncation error of the implied skewness estimator of Bakshi
et al. (2003) while assuming that the underlying price follows a constant volatility process with no
jumps, with which the implied RND is symmetric. Several empirical studies, however, show that
the implied RND is asymmetric in most options markets. Hence, we examine the effectiveness of

DSym under the circumstances where the implied RND is asymmetric. This study reveals that



DSym can be misleading when the implied RND is asymmetric.

Next, we suggest how DSym can be improved to reduce the impact of truncation even when
the implied RND is asymmetric. Our main idea is to change the objective from ‘minimizing the
error’ to ‘stabilizing the error’. Dennis and Mayhew (2002) argue that if the size of estimation bias
is stable across all observations, one can discern differences among the observations even when it
is relatively difficult to estimate the true value. Hence, if finding out the true value of the implied
moment estimation is not the major concern, and the estimation is conducted mainly for cross-
sectional or time-series comparison, making the truncation error less volatile can be more effective
than merely minimizing the mean of the error without concerning the volatility of the error. Given
this idea, we first investigate the relationship between the level of truncation and the magnitude of
truncation error, and then show that one can stabilize the latter by controlling the former based
on the relationship. We call this new method domain stabilization (DStab).

The rest of this study is constructed as follows. Section [2] summarizes the definition of option-
implied moment estimators in Bakshi et al. (2003). Section [3| describes the S&P 500 index options
data used in this study. In Section [, we report the results of our analysis based on generated
option prices. Section [5] summarizes the empirical results. Section [f] introduces DStab and tests its

effectiveness. Section [7] discusses the main findings and conclusions.

2 Model-free option-implied moment estimators

To estimate the variance, skewness, and kurtosis of the implied RND, Bakshi et al. (2003) first
define three moment-related contracts, i.e., volatility contract V', cubic contract W, and quartic
contract X, whose payoffs at maturity are equivalent to the second, third, and fourth-powers of
holding period log-return, respectively. Bakshi et al. (2003) demonstrate that the fair value of three

contracts under the risk-neutral measure can be defined using OTM option prices as
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where C(t,7; K) and P(t,7; K) denote the call and put prices, for strike price K, time ¢, and
maturity 7, respectively. Then the volatility, skewness, and kurtosis of the implied RND for time

t and maturity 7 can be derived as

VOL(t,7) = [V (t,7) — u(t,)%]"*, (4)

e"TW(t,T) = 3u(t, T)e"TV (¢, ) + 2u(t, )3
SKEN(,1) = [iwvé( 7) : e (T>2})3/ e “
_ erTX(ta T) — 4M(t7 T)eTTW(t> 7—) + 6€TTﬂ(t7 T)2V(t7 T) — 3:u<t7 T)4

KURT(t,7) = TV ) = a0 ; (6)

where

t TT T TT
p(t,7) = Ef In {S(M] € 66 °

S| =T Ve - W) = X ), (7)

3 Data

The S&P 500 index options data used in this study span the eleven-year sample period from January
2000 to December 2010. The daily option quotes and risk-free yield curve data are retrieved from
the IvyDB OptionMetrics database via Wharton Research Data Services (WRDS). The closing
option price is estimated as the mid-point between the closing bid and ask prices. The risk-free
rate for each day and maturity is estimated by linearly interpolating the two nearest points on the
daily yield curve. OptionMetrics also provides the option-implied dividend rate for each trading

day, and this rate is used to approximate the dividend rate ¢(¢,T') for day ¢ty and maturity date T



as
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where n is the number of implied dividend rates available for days between to and T', ¢*(t;) is the
implied dividend rate for day t;, which is between ¢y and T

The following filtration conditions are applied to remove inadequate observations: (1) obser-
vations with any missing data entry are removed; (2) observations are excluded if the maturity is
shorter than one week or longer than one year; (3) observations are included only if the sum of
daily trading volume for the corresponding maturity date is non-zero; (4) observations are removed
if the bid price is zero or higher than the ask price; (5) observations that violate the no-arbitrage
restrictionare excluded; (6) observations with the mid-point price less than 0.375 are removed; and
(7) observations with the bid-ask spread larger than the mid-point price are excluded. Table

summarizes the final sample properties.

4 Investigation with generated option prices

In this section, we investigate the impact of truncation with the option prices that are generated
using option pricing models. Section [4.1] explains how the option prices are generated. Section

evaluates the effectiveness of DSym.

4.1 Generation of option prices

We generate two sets of option prices using the Black-Scholes constant volatility (BS) model and
the stochastic volatility and jump (SVJ) model of Bakshi et al. (1997), respectively. BS model is
chosen to set a benchmark as well as to link this study to Dennis and Mayhew (2002) and Jiang
and Tian (2005) both of which also employ BS model. On the other hand, SVJ model is adopted
to generate a more realistic simulation setting as in Jiang and Tian (2005).

For SVJ model, the underlying price is assumed to follow a process
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In[1 + J(t)] ~ N(In[1 + 5] — 0.50%, 0%), (11)

where r is the constant risk-free interest rate, A is the frequency of jumps per year, V (¢) is the part
of return variance that is due to diffusion process, wg(t) and w,(t) are standard Brownian motions
with Cov[dwg(t), dw,(t)] = pdt, J(t) is the percentage jump size that is log-normally i.i.d. over time
as in (L1)), ps is the unconditional mean of J(t), os(t) is the standard deviation of In[1+ J(t)], ¢(t)
is a Poisson jump counter with intensity A so that P[dq(t) = 1] = Adt and P[dq(t) = 0] = (1 — \)dt,
Ky is the speed of adjustment of V (t), 6, /K, is the long-term mean of V(¢), and o, is the volatility
of V (t).

To generate option prices, we first need to set the value of model parameters. To maintain the
analysis as realistic as possible, we set the parameter values based on the daily model calibration
results on the S&P 500 index options data. Following Bakshi et al. (1997), if there are n call prices
and m put prices that are observed on day t, we find the parameter vector ¢(t) for each model

which solves
n m
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where C*(t,7;; K;) and C(t,7;; K;) are the observed and model prices of ith call option with time
to maturity 7; and strike price Kj, and P*(t,7;; K;) and P(t,7;; K;) are the observed and model
prices of jth put option with time to maturity 7; and strike price Kj, respectivelyﬂ After having
the daily calibration results, we then calculate the mean of daily parameter vectors for the entire

T trading days in our sample period, which can be defined as

1
¢ = > (). (13)

t=1

This mean vector ® for each model is employed as the parameter vector to generate simulated
option prices. Next, we calculate model price of OTM options while fixing the maturity to be
three months. The maturity of three months is chosen to represent the maturities of two and four

months that are considered in Section Bl The elements in ® are listed in the first column of Table[I]

1See the appendix of Bakshi et al. (1997) to find the characteristic functions that constitute a closed-form solution
for model call price in SVJ case. In this study, model price for puts are calculated using the put-call parity relationship.



with relevant summary statistics. The table shows that SVJ model can explain the option price
data much better, which is consistent with Bakshi et al. (1997) and several other related studies.

Figure [1] illustrates some basic properties of the generated option prices.

4.2 Domain symmetry and implied skewness estimator

This subsection investigates the effectiveness of the DSym. We first show that the integration do-
main symmetry should be defined in terms of log-moneyness rather than strike price in Section
Based on this finding, we examine the relationship between the level of domain asymmetry and the

implied skewness estimate in Section [4.2.2]

4.2.1 Truncation in terms of log-moneyness

If OTM option prices are available only for a strike price domain [Kpin(¢,7), Kmax(t, 7)] for time
t and maturity 7, where 0 < Kpin(t,7) < S(t) < Kmax(t,7) < 00, and integrations are conducted
only for this domain for the fair value estimation of V, W, and X, then it is equivalent to assuming
that the OTM option price is zero for the strike price domains [0, Kyin(t, 7)) and (Kpax(t, 7),00),
ie, Pt,7; K)=0for {K : 0 < K < Knin(t,7)} and C(t,7; K) = 0 for {K : Knax(t,7) < K < 00}.

The following proposition shows how this assumption affects the fair value estimation:

Proposition 1. If truncation exists for the strike price domain (0, Knin(¢, 7)) and (Kmax(t, 7), 00),
and the fair value of V, W, and X are estimated without considering the OTM option prices on
the truncated domain, it is equivalent to assuming that, given the no-arbitrage condition, for the
risk-neutral probability measure P*,

(o S5 [} o o[ ]

(14)
where Pf{-} is the conditional probability operator for the measure P* with respect to the filtration

F; for time t.

Proof. Since the option payoff is always non-negative, there will be an arbitrage opportunity if a call
price C(t, 7; K) for time ¢, maturity 7, and strike price K is zero but P(Sy;,—K > 0) > 0. Similarly,

there will be an arbitrage opportunity if a put price P(t,7; K) is zero but P(K — Si4r > 0) > 0.



Hence, assuming both no-arbitrage condition and zero option price is equivalent to assuming that

the probability that the option will become profitable is zero. O

In this study, Proposition [I] is assumed to cause a truncation of the implied RND, given that
some of the unavailable DOTM option prices are in fact observed as nonzero value but discarded
during the data filtration process in almost every case. This means that at least for some of the
DOTM options for which the option price is regarded as unavailable, market participants think
that it is possible for the underlying price to reach the corresponding strike prices at maturity.
In addition, based on Proposition which shows that the locations at which the implied RND
is truncated due to the option price unavailability are equal to the log-moneyness of endpoint
strike prices, i.e., In (Kpnin(t,7)/S(t)) and In (Kyax(t,7)/S(t)), we introduce a log-moneyness-based

definition of integration domain symmetry in Section [4.2.2

4.2.2 Domain asymmetry and implied skewness estimate

To examine the relationship between domain asymemtry and implied skewness estimate, we sug-
gest an alternative definition of domain symmetry that is based on log-moneyness of endpoint
strike prices, based on the findings in Section m in contrast to Dennis and Mayhew (2002)
who define the integration domain symmetry as a state where the minimum strike price Ky,
underlying price S, and maximum strike price K.y satisfy a condition S — Ky = Kpax — 5,
the log-moneyness-based integration domain symmetry is defined as the state where a condition
In(S/Kmin) = In(Kmax/S) does hold.

Based on the two definitions, we estimate the implied skewness while setting the level of domain
asymmetry differently using an asymmetry coefficient. When the integration domain symmetry is
defined in terms of strike price, for a domain half-width W which satisfies Kyax — Kmin = 2W,
and an asymmetry coefficient ¢, we control the level of integration domain asymmetry by setting
Kpin and Kyax as S — (1 —¢)W and S + (1 4 ¢)W, respectively. Under this specification, the ratio
of the distances from the underlying price to the minimum and maximum strike prices in unit of
strike price becomes S — Kpin : Kmax — S = 1 —c¢: 1+ ¢. On the other hand, when the integration

domain symmetry is defined in terms of log-moneyness, we set Ky and K,y in a way that the



following conditions hold:

(1+¢)In(S/Kmin) = (1 — ¢) In(Kyax/S); and Kpax — Kmin = 2W.

Here the ratio of the distances from the underlying price to the minimum and maximum strike
prices in unit of log-moneyness becomes In(S/Kyin) : In(Kpax/S) =1 —c: 14 c. In both cases,
the integration domain is regarded as symmetric when ¢ = 0, biased to the OTM put side when
c < 0, and biased to the OTM call side when ¢ > 0.

Figure [2] demonstrates the estimation results. Two interesting points can be found. First,
when BS model is considered so that the implied RND is symmetric, the truncation error of the
implied skewness estimator is shown to be larger when the integration domain is more asymmetric,
which is consistent with Dennis and Mayhew (2002). However, in Figure [2ain which the symmetry
is defined in terms of strike price difference, it can be found that the estimate converges to the
true value most quickly when the domain is slightly biased to the OTM call side. In contrast, in
Figure in which the symmetry is defined in terms of log-moneyness, the estimate is shown to
converge to the true value most quickly when the domain is symmetric, which is consistent with
Proposition Second, in the SVJ cases where the implied skewness is non-zero, the truncation
error can be smaller when domain is more asymmetric. In Figures |2cf and [2d|in which the implied
skewness is negative, it can be found that the truncation error tends to be smaller when the domain
is more biased to the OTM put side. In contrast, in Figures and [2f] for which the sign of the
mean jump size p and correlation coefficient p in SVJ model are switched to be positive so that
implied skewness is also positive, it is shown that the truncation error tends to decrease as the
domain becomes more biased to the OTM call side.

The results in this subsection have two implications. First, although DSym minimizes the
truncation error when the implied skewness is zero and the integration domain symmetry is defined
in terms of log-moneyness, it may not if one of these conditions does not hold. This also implies that
the effectiveness of DSym depends on the true level of implied skewness. Second, given that the
width of integration domain can decrease significantly by DSym, especially when the raw domain
is severely asymmetric, truncation error can be decreased by allowing the integration domain to be

asymmetric and preserving the width of integration domain when the implied skewness is supposed
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to be nonzero.

5 Empirical analysis

In this section, we conduct a set of empirical analyses on the S&P 500 index options data to
further discuss the findings in the previous sections. Section describes how option prices are
estimated for fixed maturities by generating implied volatility surface. Section [5.2]explains how the
size of truncation error is estimated from a proxy variable. Section [5.3| analyzes the relationship
between the width of integration domain and the truncation error size. Section investigates the

relationship between the asymmetry level of integration domain and the truncation error size.

5.1 Generation of implied volatility surface

Following Jiang and Tian (2005), we only consider a number of fixed maturities by extracting
implied volatility curves from daily implied volatility surface, in order to mitigate the telescoping
problem that is pointed out by Christensen et al. (2()02)E| To generate a surface, we first collect
the Black-Scholes implied volatilities from all observable OTM option prices. Next, we estimate
a bicubic spline function with the use of the implied volatility observations. Finally, we generate
a truncated implied volatility curve for each maturity using the bicubic spline function and the
minimum and maximum strike prices. If the minimum and maximum strike prices are not observ-
able for a maturity, they are approximated by linearly interpolating the corresponding endpoint
strike prices for the two nearest maturities for which option prices are observable. Finally, the
implied volatility curve is converted to a set of OTM option prices with the strike price interval of
0.1. If LE is employed, the implied volatility level at the minimum and maximum strike prices are
extrapolated up to the points where the strike prices are S(t)/3 and 35(t), respectively, where S(¢)
is the dividend-adjusted index level on day t. The strike price interval between the OTM option

prices that are generated by LE is also set to 0.1.

2Christensen et al. (2002) point out that given the fixed maturity dates, time to maturity for an option is tele-
scoping, i.e., decreasing over time, and therefore makes the time period between present date and maturity date
overlapping for option samples in different days but with the same maturity date.
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5.2 Estimating the size of truncation error

Since the true value of implied moments is unknown for the option prices that are observed from
markets, a proxy variable needs to be employed to approximate the size of truncation error. We
adopt the absolute percentage change (APC) in implied moment estimate after LE as a proxy
for truncation error. As shown in Section [4] LE is shown to reduce the size of truncation error
significantly, although not completely. Hence, it can be conjectured that the absolute percentage

change in moment estimate after extrapolation increases as truncation error in percentage increases.

We define APC as

(Estimate with LE) — (Estimate without LE)
(Estimate without LE)

APC = , (15)

and use this variable to approximate the size of truncation error for the rest of this section. Table
reports some preliminary statistics of APC for the implied volatility, skewness, and kurtosis estima-
tors. Table [3| shows that the mean of APC for the implied kurtosis estimator is much larger than
the one for the implied skewness estimator, and even larger than the one for the implied volatility
estimator. This is consistent with the result in Section [4] that the implied skewness and kurtosis
estimators are in fact affected by truncation more significantly than the implied volatility estimator

is.

5.3 Width of integration domain and truncation error size

In this subsection, we explore the relationship between strike price domain width and magnitude
of truncation error. Section suggests that the endpoint log-moneyness of the truncated in-
tegration domain is closely related to the endpoint of the truncated implied RND. In addition,
Section shows that the level of implied volatility affects the relationship. Based on these find-
ings, we define the width of integration domain in a number of different ways, and investigate how
closely the size of truncation error is related to the width of integration domain when the width is

defined in different terms.
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We introduce four definitions of integration domain width as follows:

(Strike price width) = Kyax(t, 7) — Kmin(t, 7), (16)

(Moneyness width) = ng}zg’ﬂ - Km;,n(%’ T), (17)

(Log-moneyness width) = In (ngzg’ﬂ) —1In I{In;(%’ﬂ> ) (18)
(Volatility-adjusted log-moneyness width) = (LOg;;n;n\E;?E?Z :_V)l dth) , (19)

where VOL(t, 7) is the implied volatility estimate after LE. Roughly speaking, the last measure
gauges the width of domain in unit of implied standard deviation of log-return.

In order to examine the relationship between domain width and truncation error size, we conduct
a set of univariate linear regression analyses where each of the measures above is employed as
independent variables. APC is employed as the dependent variable. Table [4] reports the regression
result for the two different maturities, i.e., two and four months. As expected, the table suggests a
negative relationship between the integration domain width and the truncation error size. A notable
point is that the width of integration domain is shown to explain the size of truncation error much
better when the width is defined in terms of volatility-adjusted log—moneynessﬁ Furthermore, it is
shown in Column [5] that this high explanatory power cannot be fully obtained when only implied
holding period volatility is adopted as an independent variable. This implies that it is important to
consider both the log-moneyness of endpoint strike prices and the level of implied volatility when
explaining the relationship between the width of integration domain and the size of truncation

error.

5.4 Asymmetry level of integration domain and truncation error size

Section [4.2] shows that integration domain symmetry does not always lead to smaller truncation
error, especially when the true implied skewness is far from zero. This section verifies this empiri-
cally by investigating the relationship between the asymmetry level of integration domain and the

size of truncation error.

3In an unreported analysis, it is found that adjusted R? becomes smaller if we replace volatility-adjusted log-
moneyness with volatility-adjusted strike price or volatility-adjusted moneyness.
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As in Section we employ a number of different definitions of the asymmetry level:

(Kmax(t,7) = S(t)) = (S() = Kmin(t, 7))

(Strike price width difference) = 1000 - \/7 - VOL(%,7) ; (20)
T _ (Kmax(t,7)/5(t) = 1) = (1 = Kuin(t, 7)/5(t))
(Moneyness width difference) = /7 VOL{L7) ; (21)
: , _ In (Kuax(t,7)/S(t)) — | In (Kwmin(£,7)/5(t)) |
(Log-moneyness width difference) = /7 VOL(t, 7) , (22)

(Strike price width log-ratio) = In <Kmax(t’ T) - S(t)) =In <Kmax(t’ m)/50) — 1> , (23)

S(t) — Kmin(t, T 1 — Kmin(t,7)/S(t)
In(Kmax(t,7)/5(t))
| In(HKmin (2, T)/S(t))!> ' 24

(Log-moneyness width log-ratio) = In <

For all five definitions, if the asymmetry level is positive (negative), it means that the call (put)-
side of integration domain is larger than the put (call)-side, while the zero level indicates that the
integration domain is symmetric.

Figure [3| presents the histogram of the asymmetry level of integration domain for the maturity
of two months. The figure shows that the asymmetry level is almost always negative regardless of
how it is defined, and most of the positive levels are located near zero. This distribution suggests
that put-side of integration domain is wider than the call-side in the S&P 500 index option market.
Hence, it can be conjectured that if the integration domain symmetry leads to smaller truncation
error of implied skewness estimator, there should be a negative relationship between the asymmetry
level and the size of the truncation error, since an increase in asymmetry level does almost always
mean a less negative value (which is closer to zero), rather than a more positive value (which is
further away from zero).

Table [5| reports the regression result. The table suggests a positive relationship between the
asymmetry level and the truncation error size, regardless of how the asymmetry level is defined.
The positive relationship implies that truncation error tends to be smaller when the domain is more
biased to OTM put side. This is consistent with the result in Section 4.2] given that the implied
skewness is reported to be negative in the S&P 500 index options market. Another notable point
is that the adjusted R? is larger when log-moneyness is used to define the asymmetry level. This
again supports the idea that the log-moneyness of endpoint strike prices are important in explaining

the relationship between truncation level and truncation error size.
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6 A new approach to truncation error treatment

So far, this study has demonstrated how truncation affects implied moment estimators, and how the
level of truncation relates to the size of truncation error. In addition, we show that the truncation
error reduction effect of the existing truncation reduction methods, i.e., LE and DSym, is incomplete
for the implied skewness and kurtosis estimators, and the magnitude of truncation error therefore
can be significant even when those methods are employed. After investigating these issues, it is
now natural to think about a new method which can control truncation error more effectively. We
suggest that there is a need to tweak the question slightly to make it more realistic: Is there any
way to reduce the “de facto” impact of truncation error on empirical analysis? In other words,
there is a need to change the target from minimizing the truncation error itself to minimizing the
impact of truncation error on empirical analysis.

If the model-free implied moment estimators are employed for making a cross-sectional compar-
ison across the options on different underlying assets or tracking the time-series dynamics of the
implied moments, there is a possibility of circumvention. As argued by Dennis and Mayhew (2002),
if the size of estimation bias is roughly the same for all observations, one should be able to discern
differences across the observationsﬁ Hence, in this case, stabilizing the size of the truncation error
can be an alternative objective of a truncation error treatment method. Based on this idea, we
suggest a new truncation treatment method, i.e., DStab, which makes the size of the truncation
error less volatile across the sample. Section describes how to make the size of the truncation
error less volatile by stabilizing the integration domain. Section [6.2] empirically tests whether the

volatility of the truncation error in fact decreases by DStab.

6.1 Domain stabilization

In this subsection, we describe how the DStab works. This method suggests that with successful
modeling of the relationship between the size of the truncation error (dependent variable) and some
characteristics of integration domain (independent variables), the former becomes less volatile by
stabilizing the latter. In Sections[and[f] the size of truncation error closely relates to the width and

asymmetry level of the integration domain, and the relationship is strongest when measuring the

4Dennis and Mayhew (2002) adopt this argument as a rationale for not controlling strike price discreteness, arguing
that the level of discreteness is roughly the same across all of their sample observations.
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width and asymmetry level in a unit of volatility-adjusted log-moneyness. Given these findings, we
suggest reducing the volatility of the truncation error size by stabilizing the width and asymmetry
level of the integration domain in terms of volatility-adjusted log-moneyness. Specifically, DStab is
conducted by setting the minimum and maximum volatility-adjusted log-moneyness values of daily
integration domains as close to certain threshold values as possible.

To stabilize the minimum and maximum volatility-adjusted log-moneyness values, we need to
trim some available OTM option prices as done by the DSym. Hence, DStab increases the size
of truncation error in most cases, as shown in Section The truncation error volatility does
decrease, however, because this method heavily increases the size of relatively smaller truncation
errors while leaving or only lightly increasing the relatively larger truncation errors. Given these
characteristics, it can be argued that DStab results in a trade-off between the mean and volatility
of truncation error size. Since there is a possibility that the implied moment estimate will convey
misleading information if the truncation error is too large, we employ LE in conjunction with DStab
to avoid exceedingly large truncation errors.

Two issues exist regarding the implementation of DStab. First, there is no definitive rule for
setting the threshold level of volatility-adjusted log-moneyness at which to trim the OTM option
prices. It is difficult to decide the threshold level because there is a trade-off between the better
stabilization and the smaller truncation error, i.e., we need to discard more OTM option prices
if we want to stabilize the truncation level more strongly via a more intensive trimming. To set
a criterion, we first determine the percentage of daily integration domains that will be stabilized,
and then choose the threshold values based on the percentage level. For instance, if we want the
width and asymmetry level of 90 percent of the daily integration domains fixed, then we set the
threshold levels at the 90*" percentile of the minimum volatility-adjusted log-moneyness and the
10" percentile of the maximum volatility-adjusted log-moneyness for the corresponding maturity.
Second, the level of implied volatility, what needs to be estimated, is required ex ante. Conducting
the estimation in two stages circumvents this issue. Sections [4] and [5| show that the impact of
truncation on the implied volatility estimator is much smaller than on the implied skewness or
kurtosis estimator. Hence, we first estimate implied volatility without DStab but only with LE,
and then take the implied volatility estimate for volatility adjustment.

Figure []illustrates the level of the volatility-adjusted endpoint log-moneyness of S&P 500 index
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options with the maturity of two months before and after DStab. DStab is conducted with two sets
of threshold values to fix 90 and 99 percent of daily integration domains, respectively, in terms of
volatility-adjusted endpoint log-moneyness. Figure as compared to Figure shows that the
width of integration domain is larger in the case of the 90 percent stabilization than the 99 percent
stabilization, but the volatility-adjusted endpoint log-moneyness level stabilizes more intensively in
the case of the 99 percent stabilization. This again shows that one faces a trade-off when deciding

the threshold values for DStab.

6.2 Effectiveness of domain stabilization

This subsection empirically tests whether DStab can reduce the volatility of truncation error size
effectively, and compares the effectiveness of domain stabilization with some alternative methods.
In addition to comparing the preliminary statistics before and after truncation treatment, we also
conduct a set of variance comparison tests, using the test statistic of Levene (1960), which is robust
to non-normality, and the two alternative statistics of Brown and Forsythe (1974) that are even
more robust when dealing with skewed distributions. If a method effectively reduces the volatility
of the truncation error size, the test statistics will indicate a significant decrease in variance after
the employment of the method.

The alternative methods to which we compare DStab help achieve two goals. The first two
alternative methods are employed to determine whether the two main features of DStab, i.e., the
use of log-moneyness and volatility adjustment, enhance effectiveness. The first alternative method
is another version of DStab for which the endpoint log-moneyness is replaced with the endpoint
moneyness, while the second one is DStab without volatility adjustment. In addition, two versions
of DSym are also employed as alternative methods to compare DStab to DSym. For each version
of DSym, the integration domain symmetry is defined in terms of strike price and log-moneyness,
respectively.

Table [§] reports the test results. Three interesting points can be found here. First, the size
of truncation error becomes less volatile by DStab. In Panel A, the standard deviation of the
proxy variable shows a decrease after DStab is employed. Furthermore, in Panel B, the variance
comparison test result shows that the decrease in the standard deviation is statistically significant,

both for the implied skewness and kurtosis estimators. Second, DStab becomes less effective if
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log-moneyness is not considered or volatility adjustment is not applied. Panel B shows that the
decrease in the truncation error volatility is less significant if moneyness replaces log-moneyness.
Furthermore, Panel B also reveals that the truncation error becomes more volatile after DStab for
the implied kurtosis estimator if the volatility adjustment is not applied. Finally, both the mean
and volatility of truncation error increase after DSym regardless of which moment is estimated or
how the integration domain symmetry is defined. A possible reason for this is that while DSym
fixes the asymmetry level of the integration domain, it does not consider the width. As mentioned
in Section the width of the integration domain closely relates to the size of the truncation
error. Furthermore, truncation error is found to be smaller after DStab than after DSym. Panel
A shows that the mean of truncation error size is smaller for either 90 or 99 percent stabilization
when compared to DSym. This is because the number of discarded OTM option prices can set
smaller for DStab in which the requirement of integration domain symmetry is relaxed.

Overall, the results in Table [§ show that DStab reduces the volatility of truncation error size
effectively while minimizing the size of additional truncation error that is caused by further dis-
carding OTM option price observations. Notably, this method shows significant effectiveness even
when used for implied kurtosis estimation. Given that no truncation error treatment method has
been suggested for implied kurtosis estimation thus far, reliability of the implied kurtosis estimator
can increase by this method. Furthermore, DStab is also fould to be more effective for controlling
the truncation error size of implied skewness estimate when compared to DSym, and this result

makes DStab an even more attractive option for truncation error treatment.

7 Conclusion

Option prices are available only for a discrete and finite set of strike prices in most markets, and
this limited availability is different from what is assumed in some models. Although it is relatively
easy to mitigate strike price discreteness by using numerical techniques, it is more difficult to
deal with the complete unavailability of extremely DOTM option prices, i.e., truncation. Given
that truncation makes the implied moment estimators of Bakshi et al. (2003) biased, a proper
treatment is needed to alleviate the estimation bias that is due to truncation. In particular, the

implied skewness and kurtosis estimators, which rely more heavily on DOTM option prices, are
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more exposed to such errors, and therefore it can be conjectured that truncation should be treated
more carefully for implied higher moment estimation.

This study investigates how effective DSym of Dennis and Mayhew (2002) is for mitigating the
impact of truncation on the model-free implied moment estimators of Bakshi et al. (2003), and
suggest how DSym can be improved so that it can mitigate the effect of truncation even when the
implied RND is asymmetric. Our new method, DStab, is found to make the truncation error less
volatile, whereas the error becomes more volatile after DSym.

With this result, we provide an empirical foundation for further studies on the higher moments
of implied RND by answering questions on the impact of truncation on the implied skewness
and kurtosis estimators of Bakshi et al. (2003). Especially, this study enables the higher moment
estimators to be used with more reliability by proposing a new method of truncation treatment. It is
especially encouraging that DStab is found to be effective for the implied kurtosis estimation, given
that no method has thus far been suggested for controlling the impact of truncation on the simplied
kurtosis estimator. In addition, given that the market tends to be less liquid for individual equity
options, our method can provide a more reliable way in which implied kurtosis can be estimated

for the individual equity options.
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Table 1: Summary statistics of daily model calibration result

This table presents a set of summary statistics of the daily model calibration results and some related variables
that are used for setting the model parameter values and generating simulated option prices. Panel A presents the
Black-Scholes model calibration result. Panel B describes the stochastic volatility and jump model calibration result.
Panel C compares the squared errors of the two model calibration results. Panel D provides information about the

other variables that are used for generating simulated option prices.

Standard 5th 25th . 75th 95th
Mean . . Median . .
error percentile  percentile percentile  percentile

Panel A. Black-Scholes (BS) model parameter

o 0.2033 0.0622 0.1249 0.1530 0.2020 0.2315 0.3316

Panel B. Stochastic volatility and jump (SVJ) model parameters

Ky 4.4592 1.8378 2.0605 2.9532 4.2420 5.4808 8.0536
0. 0.2108 0.1248 0.0641 0.1220 0.1833 0.2662 0.4585
Vo 0.0494 0.0600 0.0088 0.0176 0.0342 0.0572 0.1422
Oy 0.8116 0.3603 0.3564 0.5504 0.7700 0.9764 1.4665
W —0.1000 0.1301 —0.3193 —0.1964 —0.0886 —0.0006 0.0933
oJ 0.1546 0.1136 0.0144 0.0555 0.1341 0.2358 0.3609
p —0.6812 0.1114 —0.8718 —0.7566 —0.6760 —0.6044 —0.5060
A 0.1583 0.1398 0.0150 0.0593 0.1207 0.2132 0.4562

Panel C. Squared error (SE)

Sum of SE (BS) 16514.51  20298.67 3262.96 5209.51 8742.31 21507.79 49264.25
Sum of SE (SVJ) 876.24 3131.26 80.92 198.60 425.21 845.74 2576.11
SE per option (BS) 30.85 22.67 11.49 17.02 24.92 39.16 62.34
SE per option (SVJ) 1.98 8.29 0.26 0.54 0.96 1.90 6.11

Panel D. Other variables

# of options 460.05 242.88 236 283 332 633 948
S&P 500 index 1183.21 189.91 860.02 1068.13 1179.21 1324.97 1491.56
3-month risk-free rate 0.0301 0.0205 0.0031 0.0119 0.0263 0.0505 0.0671
3-month dividend rate 0.0167 0.0051 0.0073 0.0137 0.0182 0.0205 0.0231
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Table 3: Summary statistics of the truncation error proxy variable

This table presents a set of summary statistics of absolute percentage change in the implied moment estimate after

linear extrapolation (APC), i.e.,

APC =

(Estimate after extrapolation) — (Estimate before extrapolation)

which is used as a proxy for the size of truncation error in Section [5| Since this variable can have an abnormally high
value for the implied skewness estimate if the estimate originally has a near-zero value and its sign is switched after
the linear extrapolation, we discard daily observations if the value of APC for the implied skewness estimate is larger

than 1,000 percent. There are three such observations in our sample and, after this additional filtration, 2,750 daily

observations remain.

(Estimate before extrapolation)

Time period Maturity Moment Mean Median Std. 5" 05" N
dev. pct. pct.
Volatility 0.0146 0.0120 0.0104 0.0048 0.0337 2,750
2 months Skewness 0.0990 0.0770 0.1294 0.0112 0.2460 2,750
Entire Kurtosis 0.2131 0.1945 0.1140 0.0689 0.4197 2,750
sample period Volatility 0.0172 0.0120 0.0190 0.0042 0.0467 2,750
4 months Skewness 0.1338 0.0790 0.3244 0.0112 0.3371 2,750
Kurtosis 0.2217 0.1855 0.1547 0.0576 0.5069 2,750
Volatility 0.0167 0.0137 0.0116 0.0051 0.0380 997
2 months Skewness 0.1386 0.0992 0.1917 0.0170 0.3344 997
9000-2003 Kurtosis 0.2484 0.2254 0.1245 0.0810 0.4854 997
Volatility 0.0193 0.0155 0.0142 0.0040 0.0474 997
4 months Skewness 0.1634 0.1238 0.1878 0.0150 0.3795 997
Kurtosis 0.2691 0.2412 0.1450 0.0676 0.5394 997
Volatility 0.0147 0.0123 0.0100 0.0055 0.0327 999
2 months Skewness 0.0732 0.0676 0.0570 0.0069 0.1563 999
9004-2007 Kurtosis 0.2040 0.1935 0.1043 0.0713 0.3846 999
Volatility 0.0162 0.0109 0.0207 0.0048 0.0492 999
4 months Skewness 0.0780 0.0617 0.1436 0.0079 0.1540 999
Kurtosis 0.1863 0.1652 0.1521 0.0571 0.3535 999
Volatility 0.0116 0.0093 0.0082 0.0039 0.0242 754
2 months Skewness 0.0806 0.0690 0.0705 0.0114 0.1699 754
9008-2010 Kurtosis 0.1786 0.1649 0.0976 0.0591 0.3218 754
Volatility 0.0158 0.0109 0.0217 0.0037 0.0451 754
4 months Skewness 0.1685 0.0736 0.5511 0.0172 0.3828 754
Kurtosis 0.2062 0.1731 0.1551 0.0529 0.5008 754
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Table 6: Effectiveness of the domain stabilization method

By reporting the sample mean and variance of the proxy variable for the size of the truncation error before and
after treatment, as well as a set of variance comparison test statistics, this table shows how the mean and variance
of the truncation error size are changed after applying a number of different truncation treatment methods. An
n-percent domain stabilization is done by discarding the OTM option prices whose location on the corresponding
integration domain is more left-sided than the n'® percentile of the left-side endpoint of the daily integration domains,
or more right-sided than the (100 — n)th percentile of the right-side endpoint of the daily integration domains for
the corresponding maturity. On the other hand, domain symmetrization is done by discarding OTM option prices so

that the width of integration domain is maximized while satisfying one of the following conditions:

S — Kmin = Kmax — S,  (Strike-price-based symmetrization)
In(S/Kmin) = In(Kmax/S), (Log-moneyness-based symmetrization)

where S is the underlying price, Kmin is the minimum strike price after symmetrization, and Kmax is the maximum
strike price after symmetrization. In order to minimize the impact of outliers, a daily observation is discarded if the
value of the proxy variable for the truncation error size, i.e., APC, is larger than 1,000 percent for any method or
measure. The mean and standard deviation of the proxy variable are reported in Panel A. In Panel B, three different
types of variance comparison test statistics are presented to show whether the change in the variance of the proxy
variable is statistically significant. In Panel B, a (4) mark is placed together with the test statistic when variance is

*k

increased after the treatment, and a (—) mark is placed when variance is decreased. In this table, and * denote

statistical significance at the 1% and 5% levels, respectively.

Panel A. Mean and standard deviation of truncation error

7 = 2 months 7 = 4 months
M Meth M
oment ethod easure Mean Std. Mean Std. N
dev. dev.
No method applied 0.0988 0.1295 0.1272 0.2786 2,745

Volatility-adjusted log-moneyness 0.1351 0.0625 0.1932 0.0688 2,745
90 percent stabilization Volatility-adjusted moneyness ~ 0.1562 0.0677  0.2154 0.0766 2,745

Log-moneyness 0.1019 0.0745 0.1205 0.0829 2,745
Skewness Volatility-adjusted log-moneyness 0.2633 0.0929  0.4544 0.2128 2,745
99 percent stabilization Volatility-adjusted moneyness ~ 0.2838 0.0900 0.4287 0.1793 2,745
Log-moneyness 0.1191 0.0819 0.2968 0.2019 2,745
. L Strike price 0.5658 0.1931 0.5212 0.2803 2,745

Domain symmetrization
Log-moneyness 0.7925 0.2533 0.8383 0.4026 2,745
No method applied 0.2130 0.1140 0.2204 0.1515 2,745

Volatility-adjusted log-moneyness 0.3473 0.0906 0.4274 0.0864 2,745
90 percent stabilization Volatility-adjusted moneyness ~ 0.3797 0.1015 0.4557 0.1076 2,745

Log-moneyness 0.5094 0.3493  0.4825 0.3225 2,745
Kurtosis Volatility-adjusted log-moneyness 0.6408 0.0661 1.0458 0.0898 2,745
99 percent stabilization Volatility-adjusted moneyness  0.6671 0.0733 1.0348 0.0820 2,745
Log-moneyness 0.7033 0.4627 1.1414 0.6842 2,745
. s Strike price 0.6926 0.2232 0.6879 0.2873 2,745

Domain symmetrization
Log-moneyness 0.7944 0.2256 0.8478 0.2815 2,745
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Figure 1: Option price properties

This figure illustrates a set of properties of the simulated option prices that are used in Section [4] Simulated option
prices are generated using two option pricing models, i.e., Black-Scholes constant volatility (BS) and stochastic
volatility and jump (SVJ) models, and the model parameter values that are determined based on the model calibration
results on the S&P 500 index options dataset. The underlying price, risk-free rate, and dividend rate are set as the
mean value for the same dataset. The time to maturity is set as three months to represent the maturities from
two to four months, which are considered in Section Figure shows the option price level for strike price
domain [700,1600]. Figure visualizes the option price difference between two models. Figure [1c|demonstrates the
Black-Scholes implied volatility curve for both models.
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Figure 2: Asymmetry level of integration domain and the implied skewness estimate

This figure illustrates the relationship between the asymmetry level of integration domain and the implied skewness
estimate. In Figures and for each domain half-width W, the strike price domain of integration is set to be
[S—(1—c)W,S+(14+c)W], where S = 1178.3 is the dividend-free underlying price and c is the asymmetry coefficient.
In figures[2D] and 2] on the other hand, strike price domain of integration is set to satisfy the following conditions
for each W:

(14 ¢)In(S/Kmin) = (1 — ¢) In(Kmax/S); and Kmax — Kmin = 2W,

where Kmin and Kmax are the minimum and maximum strike prices, respectively. The Black-Scholes constant
volatility (BS) model is used to generate option prices in Figures and The stochastic volatility and jump
(SVJ) model is used to generated option prices in Figures while the sign of values for parameters p and p are
switched to be positive in Figures and [2f] to set the true implied skewness as positive. The straight line in each
subfigure indicates the approximated true level of implied skewness, which is obtained by an estimation using the
OTM option prices for the strike price domain [3/5, 35], where S = 1178.3 is the dividend-free underlying price. The

strike price interval is fixed at 0.1.

[} [0

® T

£ £

@ @

[0} [0}

% True value %

g 8 True value

2 =

[0} Q

X X

w [7]

g 05 3

a a

E E

. 100 200 300 400 500 600 700 800 - 100 200 300 400 500 600 700 800
Domain half-width (W) Domain half-width (W)
(a) BS (strike price based) (b) BS (log-moneyness based)

2 2

[0} (0]

£ £

@ @

[0} [0]

[} [)]

w [%2}

[0] [0

C c

z-05 z

X 3 X

w [2]

o o

Q@ @

a > a

§ ApproX. § Approx.

true value = true value >
157700 200 300 400 500 600 700 800 157900 200 300 400 500 600 700 800
Domain half-width (W) Domain half-width (W)
(¢) SVJ (strike price based) (d) SVJ (log-moneyness based)
Approx. o TADPIOK. N A

Qo true value Q@ true val

@ r [} r R

£ E

@ ?

@ [0}

2 ?

2 e

g g

[ w

hel hel

2 o}

= =

E E ©

160 260 360 460 560 660 760 860 160 260 360 460 560 660 760 860

Domain half-width (W) Domain half-width (W)

(e) SVJ (sign switched, strike price based) (f) SVJ (sign switched, log-moneyness based)
30



Figure 3: Sample distribution of domain asymmetry level

This figure presents the sample distribution of the asymmetry level of the integration domain level for the maturity

of two months. The asymmetry level is defined in the following five different ways:

(Emax(t,7) = (1)) = (S(t) — Kmin(t, 7))

(Strike price width difference) = 1000 /7 VOL(5,7) ,
(Moneyness width difference) = (Kmax(t, T)/S(t\)F; .lzlgé(lt;f{mm(t’ T)/S(t))7
: : In (Kmax(t,7)/S(t)) — [In (Kmin(t, 7)/5(1)) |
Log- 35S h diff =
(Log-moneyness width difference) 7 VOL(t, 7) ,

. . . LN Knax(t,7) = S(t)\ _ Kmax(t,7)/S(t) — 1
(Strike price width log-ratio) = In <m) =In ( 1= Komn(t.7)/50) ) ,

. S In(Kmax (¢, 7)/5S(t))
(Log-moneyness width log-ratio) = In <‘ (Ko (7, T)/S(t))|) ,

where Kmin(t,7) and Kmax(t,7) are the minimum and maximum strike prices for time ¢ and maturity 7, respectively,
S(t) is the dividend-free S&P 500 index level at time ¢, and VOL(¢,7) is the level of implied volatility for time ¢
and maturity 7. Implied volatility level is estimated using Bakshi et al.’s (2003) implied volatility estimator and the
linear extrapolation method. Linear extrapolation is applied up to the points where the strike prices are 3/S(t) and

35(t), respectively.
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